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Lectures on the Theory of er OE 


By PROFESSOR SYLVESTER, F. R.S., Savilian Pi ofessor of Goometr y in the University — 
of Oxford. 


Cad 


[Reported by James HAMMOND, M: A.] 


LECTURE XXXITIL. 


In this Lecture it is proposed to investigate the differential equatión of a 
g : ` 


cubic curve having a née absolute invariant -rz FE: 


Since the value ee TE ar the same 5 for any homographic transformation of 


the cubic as for the e curve, the differential equation in auen must be 


8 ; 
Dee Plenarily absolute principiant = 2 | ` 


This equation is (as we see at once by differentiating it) the integral of another 
of the form -~ Principiant = 0, ` 


which is satisfied, independently of the value of the absolute. invariant, at all 
points on a perfectly general cubic. » 2 
. Now, the differential equation .of the general cubic is of the 9™ order, and 
when expressed in terms of A, B, C,..... contains no letter beyond Æ. Hence 
the integral of this equation, which we are in search of, will be of the order ` 
and.will contain no capital letter beyond D. | 
- When no letters beyond D are involved, all plenarily absolute seaman 


are functions of the two fundamental, or protomorphic, ones, 
| AC—B A'D—8ABC+92P 


l As A | 
Thus the differential equation of a cubic with a given absolute invariant is of the 
form ,[AC—B AD 3ABO+92B\ S? 
pa a E Ae 2 g At. —) = Fy 
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M. Halphen actually integrates the differential equation of the géneral _ 


cubic, which he shows (on p. 52 of his Thase sur les Invariants Différentiels) may 
be put under the form 
EGdE + {26 + 8)(E + nn) ag =o, 
. where, in our notation, - ` 
24 ae + 2) 288 (AC— a 


The integral of this equation, which M. Halphen obtains partly from geometrical 


considerations, involves an arbitrary parameter depending on 2 . His result is 
- ag follows: =R ” 
where > | | 
late Se be Ait PESE LANE 2 Net (E aN, 
| PQ WE 4 (E+ 3AE — 3.5) E + (E +8) | 
a | T? — 64hAS? = 0. 
(Two misprints, which are here corrected, occur in the expression for À as given 
on p. 54 of the Thèse.) 
In this result the invariant § differs in sign from the invariant usually 
denoted by that letter. Thus the discriminant is 7*— 64,53 instead of 7?+ 648°. 
When À — 1 the ee oe and the differential equation becomes 
J — = = 0. 
This is divisible by a numerical we of 6%; in n fact, 
| R= — Q + 93 3 SOP, : | 
where | = BP (NC + E — 2,88€ — 35) + 2° 838 — 0 
is the differential equation of a nodal cubic, previously obtained by Halphen. , 
It is from a knowledge of the fact that P—0 and another algebraic rela- 
tion between E and ¢, which he finds by trial to be Q—0, constitute two 
particular integrals of the differential equation to the general cubic, that he 
arrives, not by any regular method but by repeated strokes of penetrative - 
genius, at the general integral 


Pa 


Mi ND.: 

In a. the relation-7? — 6448? = 0 he supposes that, by means of 
_ the equation to the cubic and its differentials as far as the 8 order inclusive, 
the coefficients of the-cubic have been expressed in terms of the variables a, y 
and the derivatives of y with respect to x up to the 8 order, and that the 


mih 


La 


~ 
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values thus obtained for the coefficients have been: substituted in Aronhold's 
Sand T. 

The abbreviations- introduced by the use of our notation enable us to 
actually perform this calculation, which would otherwise be impracticable in 


| consequence of the enormous amount of labor required; and wé ‘shall use this 
8 
method to obtain the plenarily absolute principiant which, equated to ca gives 


the differential equation to a cubic with a known. absolute invariant. 
. Using the symbolic notation explained in Lecture XXXII, the equation of 
the cubic and its first eight differentials are 
w = 0, 
— 0, 
ne PE ne | - 
UÈ + Guru + wus 0, | | | 
3 (2.1) + 6u,w (8.1) +3 (3.2) + 7 (4.1) + 3u(4.2) + (4.3) — 0, 
Sur (3.1) + Gwu (4.1) + 3u (4.2) + 3w? (5.1) + 3u (5.2) + (5.8) = 0, 
Su (4.1) + Guu (5.1) + 3u (5.2) + 34” (6.1) + 3u(6.2) + (6.8) = 0, 
Bu? (5.1) + Giu (6.1) + Bu, (6.2) + 3w (7.1) + 3u (7.2) + (7.3) =, 
Buz (6.1) + Ewu (7.1) + Bu (7.2) + 3% (8.1) + 8u (8.2) + (8.3) = 0, 


where : | U=p+quty, w=g +t, Up == 24, Uz = 60; 
as usual, = dy poe 1. dy fes 1 dy 
dg? T 2 de? 6‘ de’ """? 


(m. d denotes the coefficient of 4" in (ah? + bh + cht +, ..)*; and if, as in 
Salmon’s Higher Plane Curves (2d edit., p. 18 D, the ETS of the cubic is 
taken to be | 

r + 3a + Bay + 3b + 6bxy + 35,4 + aa’ 4. Beaty + 8e,0y? + cy? = 
then, in the above equations, the symbols 


Pp; PIs w, PY, PU P, f, g, q, 1 
stand for à T, do ;, di; bo ; bi, bz, Co ĉi? Co, Cge 


bona 


| These nine > equations are sufficient to determine the values of the coeff- 


cients of the cubic which have, to be substituted in — es in order to obtain our 


T° 
. differential equation, which will be, as we have seen, of the form 
| m AC— BÈ AD—3ABC+2B\ B- .- 
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Since this equation contains nothing which involves 2x, Y, or t, these letters 
must have disappeared spontaneously in the process of forming it, and conse- 
quently we may, at any stage of the work, give x, y, and t any arbitrary values — 
"aotéhout thereby affecting the result. Let, then, 


x=0, y= 0,t=0, so that u =p, w0 =q, w = 2a, ug = 6b, 


"e 


and the first four equations ‘become 
=p =r = 0, 
Wu = pg = A = 0, 


j 1 
= -z (Buy + u uu) = pq meaa 


€ t 


5 (Au + Eur + wu) = of + 6pga + 3h = + 6,0 + Sab = 0. 


us in the last five equations | 


= — ĉj; : S 
it ay ; - | | ey 
Ww = JG =e, : E | 
À =p" = l, = ae 
u= p = by o : 
1 = C3; E 


r 


~- 


.we have 


30, (2.1) +-6b, (8.1) + 36 (3. ind 1) + 38, (4. + (4 8) = 0, 
3c, (3.1) + 68, (4.1) + 36 (4.2) +.3a, (5.1) + 38d, (5. 2) + c3(5.3)— 0, 
3a (4.1) + 60,(5.1) + 8c, (5.2) + 8a, (6.1) + 30, (6.2) + c (6.3) = 0, 
3c, (5.1) + 60, (6.1) + 8c(6.2) + 3a, (7.1) + 30 (7.2) + c(7. —. 
Bo, (6.1) + 62; (7.1) + 36 (7.2) + 3a; (8. 1) + 38, (8. 2) + 3 (8.3)= 


Substituting i in Fa a -= for 7, a, Do, © their values given by the equations | 
1 0, by + aya==0, & + bba + 3a,6 = 0, 


and for the mutual ratios of a, bi, ba, Ci, Co; c; their values found by solving the 
last five equations, we obtain the differential equation required. 


* These equations are only set out for the sake of distinctness ; when our abbreviations are intro- 
duced, only two terms survive in the first tates and only thrée tera in. the last two of these five 
equations. s . 


` 
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Reone to’ = S Higher Plane Gua p. 188, we see that, when r= 0, 
= (ca?) + (a) — (0°), | 
= = 4 (caÿ) — 3 (Pb’a") — 12 (cba) + 8 (F, 
whore (ca), (cba), ...% are functions of os dis Dos By, be, Cos Cry Cy Cg, Which, 
when a,=0, ieee | on | | | 
(ca?) = = (as — ci) a, 
.… (67) = Gb; —B, 
Fe Fa?) = (ces — 360616 + 205), 
(a Da) = (cils — Aeycibals — 26 pC, 9b, — 4606301 + 8¢p¢3b ob, | 
+ 802b? + 4bb,— 126163001 — 80,062 + 90300) a. 


We have now reached a point at which the work will be greatly facilitated — 
by the introduction of the capital Pas À, B, ČC, D. This.is usually done by 
writing for Gs. Dy. 0 Fy. Os 


+ Le 0, A, B, Q, D+ Bw 

But i in athe present instance we may make a further ee by writing 
| A=1, B=0, 0= 0, D=D,; 

for the only offect of this will.be to make the final result take the form 


EB (C;, D,) = — m 
. instead of | AGE Le un 2BN 88 
; E o At ) dE pa ’ 


The form of the function will not be affected by writing in it A=1, B= 0, and 
the letters A, B can be restored at pleasure by making 


oma i 2 8 
- g = 4- BY py _ ÆD—3ABO+ 2B. 


Ai 2 LT | - 44. 
: Hence we may write for | | 
a, b, ©, d, Br fa Ji 
1, 0, 0; 1, 0, C1, B+ —. 


“Tastead of the coefficient df 
| hn in K + bh a cht i sal 


ws ~ 
+ 
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) 


(m.u) will now signify . 
co. 4” in | 2? + 2° + On +-(D, + - w)". 


Thus we havé 


(2.1) 
.(8.1)= 0 _ (8.2)=0 
| | (4.1)= (4.2)=1 _(4.3)=0, 
(Det (DL 2) 0 « (5.3) = 0, 
(6.1) = (6.2) =0 | (6.8) = 1, | 
(7.1) = 6. (7.2) = 2 i (SJES 0, 
(8.1) = D+. (8.220 (8.8)=0. 
Hence the equations which give ai, b1, bz, C1, &, C3 become | 
| q+ b= 0,. | Lu 
CG + a= 0, | 
66, + g= 0, 


Cy a a 0, + 2b = 0, 
+ i 25N 
Bb Oy F ey + a (D; + = == 0, 
From the first four of these, coupled with the equations 
| bta = 0, & + 66,= 0, > : 
obtained by making a = 1 and b = 0 in the original equations which give dy, ©, 


we find Co — C= = 6b, 
| Ce b, = cr VE Ci, | 
G= b=—-g4=Q, : - 
by assuming a, = —.C, (which we are at liberty to do since any one of the 


coefficients may be chosen arbitrarily). 
The last equation then. gives 


AH" : | b= 
Substituting these values in the pr pie à given expressions for (ee), (cha). 


we have 
(ea) = — — (6b, + C?) C}, ` 


(cba) = — (485 — 98, — CP) CP, E 
(P) = O — bn E | | 
_ (ča?) = (21603 + 188, C8 + 208) CF, ` s 


(cba?) = (81208 + 208302 —.240, C8 + 9 CP + 408) CE. 


Pal 
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“Hence S = (a) + (cb? j= PF 
E == — Of + 3b,C? — CP — bi, : 
and © T= oe 3) — 3 (ca?) — 12 (PBa) +. 8 (PE 


— 8.0? — 3 (803 — 12b, + 9) C&— 1288 (2b, — 3) 0? — - 8B8, 
= To express S and Tin terms of A, B, C, D,’we write 
g, = 4 — D, | 9 _ #D—8ABC+ 2B ` 9 
As 2 16 ZA’ 16 ’ 
or, if we use Halphen’ s notation in which 





pers (40H) gpn” ETTA 2B°) 
7 _@ = AS te 
we have . i 25, 3809 ZE, af, 301 = + 3°. 
and consequently, 

28,3 (2b; — 3) = E — 8,5: 


2, 3? (Shi — 12b, + 9) = (24. 3b, — À. 32) + 248 — dg 82) + 21.84, 
Hence - 
— 216,349 = 218, 3408 + 2. 31b, (2b, — 3) OF + 2. abt 
= 0+ (E + PAE — 3.5) E + (E +394 
— 91, ST 24, 3802 + 2%, 31 (8B? — 12b, + 9) OS + 2. 378 (2b, — 3) OP + 2 3%! 
= 28 + 2.3 [(E— 3 + 24.34] P+ 98.8 (EE 39E — 3. 5) 0 +-(E + 3°), 


where the expressions on the right-hand side are 2°Q and 2R in Halphen’s nota- | 


tion. Thus | . — QU 86— Q, — 22.3 T = R ; 
3 ; Q? _ 990 31298 a BAS? 
OR HT URSS. M 


This result agrees exactly with Halphen’s, if we ue that his Sis - 
taken with a different sign from ours. 


a 


Since ` —_ ` D, 9 ÆD—34B0+ 2B 8 
À ema A6 . 244 2? 

we may write i 
pE = 2 A‘b, = $(4D — 3ABO + 2B?) + 8At, 
and in like manner | 

| | p = ASC? = (AC — BY. 
Now - PART OHHH VS, 
which is divisible by 4. Hence if _ a A 

- l D? + AY = LO, x 
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we have = DAS (B + CE) 
= "9 (£D — 6ABCD + 4A C® + 4B°D — 3B or) 
"4. 94 8242 (AD — 3ABC + 2B?) + 3% A5, 
The equations which give Sand Tin terms of b, and C, may be written 
— S = (bj -CPF — 31, C8, | 
i — T= À (B+ Ciy — P, 3 (bi + Ci) b, CP + 370}, 
and conse quently, a 
— WAP S=. — 22,3, 
— 921 Ais T= oF — où 32 Opp + 2”, 33 AP? 
g ©, D, Y are the rational integral principiants 
= Y (£D — 6ABCD + 44 C3 + 4B°D — 3B?C!) 
+ 2%, 84 (LD — 34 BC + = + 3°4°, 
i = r (£D — 3ABO + 2.8%) + 3° A*, : | 


=(AC— PB, 
ein as wé have seen, are connected by the relation _ 
ae P + 2p — LO. 
The differential equation of cubics with a given absolute invariant is 
(©? — 22, 3b) 2S 
(0° — 27.3 0PF + 2". SAP) de 


or, as it may also be written, ; 
(© — 22. 3P ETP + 288? (O3 — 2. 3?ODW + M, SLP — 0. 

For a nodal cubic, the discriminant 7” F 26593 vanishes. Hence the differential 
. equation of a nodal cubic is : 
(OF — 211: POOP + M, 38 A) — (©? — 22, 3PY) = 0. 

When expanded, and divided-by 2”. 3°, this reduces to 
LO — OPP? — M PLOD + 2DE + 2", 84% = 0, 
which (since £O — * = 2°) divides out by 2°%, giving 
O— 3. LLOP + ah? + M, SSA = 0, 

or, what is the same thing, _ 

©? — 2.3 AOD + a8? + 24 85 44 (LO — D?) = 0. 
This may also be written in the form 

(© — 2.3 AD + P. 3848)? + 2 (D—#4Y = 0, 
or, replacing © and ® by their values in terms of A, B, C, D, 
APRES CD+44 C°+4B5D+3B°0?)—%. 3 (AD 24B C+2B*)— 3840}? 
+ 25 (4 D — 34BC + 2B) = = 0. 


. SYLVESTER: Lectures on the Theory of Reciprocants. 9 


For a cubic whose invariant # vanishes, the differential equation is 
oO — 2° 3b — 0, 

and for a cubic whose invariant 7 vanishes, 

| O? — 24. POPP + -21 FLP = 0. 

For the cuspidal cubic, both S and T vanish, so that the algebraic equation of 
the cuspidal cubic is a particular solution of each of these equations. We can, 
however, replace the system i 

| @? — 22,8% = 0, - 4 (1) 
OF — 2", POOP + A. PLP = 0, > (2) 
by another pair of equations, for one of ,which the cuspidal cubic is a par re 
solution, and for the other the complete primitive. 
Multiplying the first equation by © and ‘subtracting the second from it, we 
have, after dividing by 24.38, 
Ob — W, 247 = 0. (8) 
From S and (3) we obtain | 
D? — — 212 3b°% — 920 94 Alte. 


Hence . PASSA. - (4) 
But AO =? + 2p, | 
so that AO = dé + apy, 

“Substituting in this the values of @D and d found from (3) and (4) and dividing . 
by P, we have At OF PAL + ORD, 
which gives D = 841, (5) 
Substituting this value of @ in (4) and rejecting the factor '3°4*, we obtain 

e = aU; | 


i. 6. . (= +)= a 


In the course of the work we have only rejected powers of # (i. e. of 
AC — B’) and of A, of which neither corresponds to the cuspidal cubic. 

Since D = 344, it follows that 4°D — 3ABC + 2B5—0. The equation to 
the cuspidal cubic above obtained is a particular solution of this, its complete 


primitive being (see Lecture XXXI) y= PZA , where à is an arbitrary 
constant. 


Vou. X. 
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LECTURE XXXIV. 


X 
. The preceding 88 lectures contain the substance of the lectures on Reciprocants actually delivered, 
entire or in abstract, in the course of three terms, to a class at the University of Oxford. 

A good deal of material remains over which the lecturer has lacked leisure or energy to throw into 
form, which he hopes to be able to recover and annex to what has gone before as supplemental matter 
in the convenient form of lectures numbered on from those which have already appeared. 

The one that follows is entirely due to Mr. Hammond, who has rendered invaluable aid in compiling, . 
and in many cases bettering, the lectures previously published. 

It constitutes pr dei the most difficult problem in elimination which has been effected up to the 
present time. J. J. 5. 

The problem in question is to obtain the differential — corresponding 


to the complete primitive 
(Ua + mwy + n) = (le + my + na + m'y + ni? 

(say Y= X*Z'~*) by the process of ane all the arbitrary constants 

except À. 

The damea to be performed become greatly simplified by aid of the 
following Lemma. If X be any linear function of x and y, and M, the absolute 
pure reciprocant corresponding to M; then 

X, — 4M, X, = 0, 
ONS. i dX, dX, 


where a, ee a = atX,. 
da D da — 2 de : 
For if we suppose Kole + my +n, 
two successive differentiations give . 
4 + 
aX, = {+ mt 


and RX, + a bN = ma. 
Writing the second of these equations in the form 
dix, + a R = ps 2m, 
and drone again, we find 
X,— a *0X, Eb a 4X, + (4a¢ — 50") a 7° X; = 0, 
or, since 4M, = (4ac — 5?) ans, 
"x, + AUX = 0. 
N. B.—Throughout the following work all letters with numerical suffixes 
are to be considered as derived from the corresponding unsuffixed letters in the 


+ 
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same way as, in what precedes, X,, X,, and 4, are derived from X; viz. by 
successive differentiations, each of which is accompanied by a division by a’. 
Writing the equation ee og 
(in which X, Y, Z denote any three linear functions of x, y) in the form 
log Y=A log X + (1 — A) log Z, 


we obtain by differentiation and division by až, 


yp Haye + (1-2). | | (1) 
Let now - ` AN = UX, | 
| Y,==vY, . 

A = wa, 


so that (1) takes the form = 
# v= Au +(1—ÀA)w, 
and consequently . = An +(1—2)uw, 
| v = Aus + (1— 2) uw. 


By means of the Lemma it can-be shown that 


w+ Suu, + uw + 4ÏMu = 0, (2) 
v + 800, +e, + 4Mv = 0, (3) 
w + 3ww + w, + 4M w= 0. (4) 

For, since A, = Xu, | 

we have AX, = Xyu + Xu = X (w + wy) 

and Xe = Xu + 2Xiu + Au =X (u? + Buu, + us). 

Substituting these values for X; and X; in 

7 | X,+4M,%= 0, 
we obtain E -Èp Buy +y + 4Mu—0, 


which proves equation (2). The equations (3) and (4) connecting v, v, v, and 
w, W, W are similarly established. We now write 


+ v + w = ah 


uU — W == Bz 


These, combined with | v = Au + (1—A)w, 
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v =a — (1 — 2A)z 


give > u = o — (à — 2)z 
w= — (À + 1)z l 





: 1.d bes i : 
which, when operated on by a7* 7, tWice in succession, yield 


v = @, — (1 — 2A) a Vo, = Wy — (1 — 2A) % 

w, = a — (A + 1) z Wa = Wy — (A+ 1)% 
When expressed in terms of ©, a, œ% aid z, 4, %, equations (2), (3), and (4) 
become transformed into 


Uy = Q —(A— 2)% Uy = (ay — (A — 2) + } 


a) +A PR —(Qa—ÿ# =0, (5) 


r PM led (1 — 2A} R — (1 — 2a) = 0, (6) 
P— (a+ 1)Q. + (A+1PR —(A+1P2! =0, — o (3 


i 


_ where, for the sake of brevity, we write 
D + 300; + ot 4HLo = P, 


Bate + 802, + 80 + za +4Mz— Q, 
Baz + 822, = R. 


In order to simplify (5), (6), and (7), we multiply the first of them by À,” 


the second by — 1, and the third by 1—A, and take their sum, which is 
obviously independent of P, and from which it is easily seen that the terms con- 
taining Q and ¢ will also disappear. For | | 
-2(A— 2) —(1— 2a)-+4+ (1—a)(at 1) =0, 

and oo AG) (1 — 2a)? (1 — ala + =O. 
We are thus left with 

a (a — 2)?— (1 — 2a)? + (1 —a)(a + 1}ÿ}R=0, 
which, on restoring the value of R and reducing, becomes 


A(A—1) xz (az + a) = 0. 


+ E -p respectively, betas 


Now the values of u, v, w, which are equal to — Fo a a 


distinct from each other, z cannot vanish; for z= 0 would imply u= v = w. 


Hence, considering 4 to have any finite numerical value except 1 or 0, we may 
write oz + = 0 
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in di (5), (6), (7j, which will then become 


P (Soie + % + 4M) — (à — 2)? = 0, (8) 
— (1 — 2A) (301z + & + 4M) — (1 — 22) = 0; - (9) 


— (À + 1) (Bayz + 2 + 42) —(a+ 1)? = 0. (10) 
Adding these rs: we find j 
8P = (x — 2)? + (1 — 22) + (A+ 1)? 2? 
= 3 (à — 2)(1 — 2a)(A + 1) 2. 
Restoring the value of P, and writing for shortness 
(A — 2)(4 + 1)(24— 1) = p, 
- there results wo + 8001 + o + 4M, + pe’ = 0. 
From any pair of the equations (8), (9), (10) we obtain by subtraction 
302 + 2 + 42 + 3 (%2 — a+ 1) — 0. 
Thus, for example, subtracting (10) from (8), we have 
8 (3012 + 2 + 41,2) = [A — 2)? — (A+ 1)? } 2 = — 9 (4 — 2 T 1). 
Collecting our results, we see that equations (5), (6), (7) may be replaced by 


a” + 800, + o + 4Mo +p? =0, - (11) 
| Bag + 2 + 4M + 38q2= 0, (12) 
a+ %4==0, (13) 
where 7 | = (A — 2)(A + 1)(24 — 1) 
and = =% — } + 1. 


Differentiating (13), we obtain 

. (12 + oz + 2 = 0. 

Subtracting this from (1 2) and adding (13) multiplied By ©, the result divides by 
gz, and we find 


a + 20, + AM, + 8g = 0, ET (14) 
which, when multiplied by œ and subtracted from (1 1), reduces it to 
o0, + o + pé — 3go = 0. (15) 


Now it has heen shown in Le XXX that 
a fe M, m 5A,, 


ete A, == 6B, 


d 
1 a 
a B,=7C, + MA, 
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whence it follows that (14) gives on differentiation 
oa, + a, + 104, + ee =. 

Combining this with (15) we have 

104, = pré — 392 (oz + %), 
or, , finally, since az + 2, = 0, | 

104, = pz’. 
Differentiating this, we have 

20B, = pa — pra; 
a. e. 2B, + A,o= 0, (16) 
_ whence, by differentiation, 

140, + 214, + 6B,0 + A,a,=0. 

Subtracting (14) multiplied by A, from the double of this, we have 

28C, — — 4,0° + 1280 — 3qr' A = 0. 


Substituting-in this for a its value — Es , found from (16), there results 


28 (4,0, — Ba) = Bge PAS. 
But it has been shown that 
S 104, = pr, 
Hence the elimination of z gives 
28°? (An Ca — BL F = 3°¢ 2p AS — == 1039 A5. 

Or restoring for p and g their values in terms of À, and replacing the abso- 
lute reciprocants A,, B,, C, by the non-absolute ones A, B, C (which is effected 
by merely multiplying throughout by a power of a), we have | 

24,78 (2 — 2 (2 + 1)(22 — 1Y(AC — BY)? = 38,5? (A? — a + 1)AE (17) 
_ For other methods of obtaining this differential equation see Halphen’s Thèse 
sur les Invariants Différentiels, p. 30;and Lecture XXX of-the present course. 
It corresponds in general (i. e. unless A= 0, 1, œ) to the complete primitive 


Y= XZ ima, 
When A= 0, 1, œ, the differential equation (17) becomes ; 
28° (AC — BY = 8.54? (18) 
which corresponds to the complete primitive 
Y= Xe”, m à = (49) 


This case has been discussed in the Thèse and in Lecture XXX. 
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We may obtain (18) from (19) by a method of elimination similar to that 
-employed in deducing (17) from its complete primitive. Thus the first differen-. 
tial of (19) may be written | | 


LA, AX-2x 
Y F OP 
which becomes v= u+ 3z 
when we assume 23 
A y= AU, V= Yo, A= Zu + 3Xz. 
By means of the Lemma we obtain: 
w+ Suu+ w + 4M u= 0, | | (20) 
nt ere | ee (21) 
Sue + Bug + Sue + z + AM = (22) 


The first m of these are identical with (2) and (3) ni one the third 
is found as follows. Since 
Z = Zu + 3X2, 
4, = Zu + Zn + 3X2 + 3 Xz 
= Z (uw + wu) + 8X (2uz +z). 


; — 


= Z, (w + wm) +. Z (2uù + ue) + 3x, (2uz +H) + 3.4 (Aux + Que, +2) 
= Z(ui + Suu + um) + 3X (Bus + a + 3uz Le 
Thus we have - 


Z + 4M, 7 = Z (w + Buu + + AM,w) + 3 X (Su? z+ Sue + Buz + Za + 4M a) 
„But. 4s + 4W,2, = 0, and w + 38uu, + w + 4Mu—= 0, which shows that 
Sue + Buz + Sur + % + AM = 0. 

Equations (20), (21), and (22), of which we have just proved the last, are 
merely convenient expressions of the fact that X, Y, Z ave linear functions of 
x, y. We.combine them with the first, second, and third differentials of the 
primitive equation (19) by writing | 


v= u + 3z 
nat tat 
V == Un F 32% 


When this is done (21) becomes 
(a+ Su +u, + 4Mou) + 8 (Sur + Buz, + 3u ++ Az) + 27e (ue + à rere =0, 
which, in consequence of the identities (20) and (22), reduces to 

(u+ e)z +a =o. 
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Let now ù = o — z, (so that az +2 = 0). Substituting in (20) and (22) we find 
a’ + 30a, + a, + 41f,0 — 3 (o — 2)(oz + 4) — 2 — 30g — r — 4M = 0, 


and (30 — 62z)(az + %) + 32° + 80% + 2 + 42 = 0 

respectively. Adding both equations together, and remembering that oz + g= 0, 

we obtain o + 300, + © + Ho + 22= 0, (23) 
| 80,2 + & +412 +3 = 0, | (24) 

which, combined with az te, =0, (25) 


replace the system (20), (21), (22). 

Comparing these equations with (11), (12), (13), we see that the two sets are 
identical if we make à == 0, when p becomes 2andg=1: Hence, by perform- 
ing exactly the same work as in the previous case, we shall find 

. 5A, = 2 (instead of 104, = pz’) 
and 28 (A,C, — B?) = 32 A? (instead of 392? 4°). | 
| And, finally, eliminating z between this pair of equations, at the same time 
replacing the absolute reciprocants A,, B,, C, by the corresponding non-abso- ` 
lute ones A, B, C, we have | 
283 (AC — PF = 8°, 5? A8, 


which is what (17) becomes when 4 has any of the values 0, 1, or œ. 


Algebraic Surfaces of which every Plan e- Section is 
Unicursal in the Light of n-Dimensional 
| Geometry. — 


By Eurax H. MOORE, JR., Evanston, JU. 


et mm 


Picard, in a-recent memoir,” established the following theorem : 

Les seules surfaces. algébriques dont toutes les sections planes sont unicursales, 
sont les surfaces réglées unicursales et la surface du quatrième degré de Steiner. 

In the present article I wish to give another proof of the same theorem, and 
-to develop several allied propositions in the geometry of n-dimensions. 

Picard notices at once that a surface of the kind under consideration, viz., 
of which every plane-section is unicursal, must be itself unicursal, and, accord- 
ingly, that there isa 1.1 correspondence between a point of the surface and a 
. point of a plane (determined respectively. by the homogeneous coordinate-sets 
(x, y,t, u), (a, 8, y)) defined by the equations : 

a) =f, b, y) y=A(, b, y) =h, B, y) t= aa, B,y), 
where the f are integral homogeneous functions of a, B, y of, say, degree n. 

It is shown, 1. c., pp. 77, 78, that there is no loss of generality in assuming 
that all the multiple points common to the triply-infinite system of curves 
(2). Afla, 8,y)+ BAG, b, y) + Chla, B, y) + DA (a, B, y)=0 
are ordinary multiple points; and that in these points the curves have no common 
tangents: Let x, be the number of k-ple points common to the f-curve-system. 

: To every curve of the system of curves (2) corresponds, in virtue of (1), the 
plane- section of the surface lying in the corresponding plane of the triply-infinite 
system of planes ` 
(3) . | ARE B SE Ca + Dt= 0. 

Every plane-section is unicursal : so every curve of system (2) must be unicursal. 
* € Sur les surfaces algébriques dont toutes les sections planes sont unicursales ” (Kronecker’s 


Journal d. Math., 1886, C, pp. Role 
VOL, X. | 
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If N is the degree of the surface, two planes intersect in -a straight line which ` 
meets the surface in N points; any two plane-sections intersect in V points ; so 
any two curves of the system must intersect in N points (distinct from the’ 
common base-point system common to all the curves). In this way we have the 
intersection- and unicursality- -equations 


(4) — > 30, = n — N, | 
: # 16) | 7 3 k(k— 1) % = = (n—1)(n— 2), 


, where in (5) the justifiable assumption is made thatthe arbitrary curve of the 
system (2) has no multiple point outside of the common base-point system. 
Subtracting, we nd 


(6) -> T (% a5 1)a, = = n(n + 8) —(N +1). 
In order that a point should be a k-ple point on a curve, = k(k + 1) conditions ` 


. í : : LE. | 
must be imposed on the curve. ‘À curve of order.n is determined by z” (n + 3) 


conditions. So from (6) the curves of order n passing through the common 
base-points of the system (2) contain N+ 1 arbitrary parameters; that is, are 
determined by N+2 linearly independent curves. 0” of the system. | | 

Here we cease to follow Picard, and notice that a sur ‘face of order N of 
which every plane-section is unicur sal ma y be regarded as the projection of a two- 
dimensional surface of order N in a flat space of N + 1 dimensions. "4 

- After Clifford, for two-dimensional surface we shall say aia à ead, and for 
flat space of N + 1 dimensions simply (N + 1)- flat. 

Let Yı, Yo,++++Ynw4_ be the homogeneous coordinates of a out in an 
(N+ 1)-flat Misy Then the pap | | 
(7) | =f 8,7) . (=1,2,.:..N4 12), 
where f. (a, 2, y)= 0 forx=1, 2, . NV+ 2 are the equations of any N-+ 2 
linearly independent curves of the sas C”, of which the first four are, how- 
ever, the f, 4, /s, Ja of the preceding investigation, give the point-point repre- 
sentation on the (a, 8, y)-plane of a certain two-spread in the (V+ 1)-flat lypi. 
This two-spread is met by the (N — 1)-flat of intersection of the. two dé + 1)-flats 


Say. = 0; Zar Y, = 0 


ina number of doints equal ‘to the order of the two-spread ; these points corre- ` 
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"spond to the N points of intersection of the two curves of the system 
SOS, (a, 8, y)= 0, Zail f, (a, 8, y) = 0: 


Hence the two-spread is of order N. 

The equations (7) show at once that the two-spread may be projected fram 
the (N— T passing through the coordinate vertices 5, 6, . N+ 2 on te 
3-flat ys = Y =... = Yy49>= 0 into the surface under pastored: 


n= Ala 8:7); =h, 6,7), Yah Pry), = fla, B, y), 


' if for æ, y, z, tof equations (1) we Sie Vis Yor Yar Ya- 

Conversely, a two-spread of order N in an (N+ 1)-flat is unicursal and eve-y 
N-flat section of it is unicursal. For by successive projections from points ən 
the. spread it is projected into a two-spread of order N— 1 in an N-flat, of ord2r 
N—2inan (NV — 1)-flat...., of order 2 in a 3-flat and then into a plane. n 
like manner a curve of de N (in which the two-spread is cut by an N- flat ey) 
in an N-flat may be projected into a line.” | 

' Thus a two-spread of order N in an (NV + 1)-flat is itself unicursal and eve-y 
flat-section of it is unicursal; and clearly, however projected, the spread retains | 
these characteristics; in particular, it'is projected from an (N— 3)-flat not inter- 
secting 1t upon a ime flat into a unicursal surface of order N every planz- 
section of which is unicursal. = 


4 


The 1.1 Side Du between a ran ead of Order N in an (N+ 1) fat ane a 
Plane. 


a ere Yx+2 are the homogeneous Par re in ie (N + 1)-fat 
Ry41. Choose N— 1 points, A,, 4,,....Ay—1, of the spread at random; that -s, 
so that the-(N — 2)-flat passing through them meets the spread in no other poirt. 
Let ` L'=Sly,=0, L'=Sy,=0, Ey = 

be three asyzygetic N-flats through these points A. Then 

(8) ` © BL— al = 0, | (9). yL'—al/"—0 

* is an Eyi meeting the spread in N points; that is, in the N — 1 fixed points A 
and in one other point P depending on the ratios a:@:y. In fact, by a suitaEle 
choice of coordinate axes of a, 8, y in a fixed plane in the (V+ 1)-flat, tae’ 
point of intersection P' of the Ry_, with this plane will have the hom- 


* Clifford : ‘ On'the Classification of Loci,” Mathematical Papers, pp. 305-331. 
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geneous coordinates-a, 8, y. This is the 1.1 correspondence by projection 
between the points of the two-spread and those of a plane. 

Consider the system of equations formed by joining to (8) and (9) the 
equations of the two-spread (equivalent to N— 1 independent equations) and 
the equation of a variable N-flat : 


4 


(10) — Uy = Ua F WY +. see F Uyy Yny = 0. | 
From these equations—one more than sufficient to determine y,, .... Yy4.—we 
may eliminate #,....%xx+. The-eliminant equated to zero is the condition 


that the N-flat u, = 0 pass through some one of the N points common to (8), (9) 
~ and the spread, is in fact the tangential equation of these N points, and so is of 
degree Nin the u. The eliminant is of degree N in a, B, y also, because, con- ` 
sidering a: and the u as constant, there will be N values of a:y which will 
make the equations consistent, or, what is the same thing,.make-. the eliminant 
vanish, viz., the N values for every one of which the N-flat yL — aL” = 0 passes 
through one of the W points common to BL — aL” = 0, the spread and the 
N-flat u, = 0. 

The eliminant is then a RS function of i Nw TA ee of the v, 
and also of a, 8, y. Considered as a function of the u and equated to zero, it 
is the tangential equation of the N points common to (8), (9) and the spread ; 
i. e., of the N— 1 fixed points A and of the one variable point P depending upon | 
‘a:8:y. Hence the eliminant may be separated into the product of N—1 
factors linear in the u and independent ofa, B, y (the tangential expressions for 
the N— 1 fixed points A), and one factor linear in the w and of degree N in 
. a, 8, y (the tangential -expression of-the point P). ,From this last factor we 

‘have the tangential equation of P, 


(11). F, (a, B, y) + P (a, By) +... + wpa Eng e (0 By) =0, 
which must be identical with ` ‘ 
(12) UY F UY, + 0+ eb Uy pe Yue = 0, i 
where the y are the coordinates of i P: 
Hence the coordinates of a point P of the spread are proportional to homo- 


geneous functions of eus N of the coordinates of P’ the projection of P on 
the (a, 6, y)- pene that is, 


(13) y = pF. (a, B, Y), (x= 1, 2. 0+ 2), 
where p is an arbitrary constant, the proportion-factor. ae 
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There is a 1.1 correspondence between the points on the unicursal curve of © 

intersection of the spread with the N-flat Ay, 

(14) Ea aY F ays F nie -F ayp Yny = O, 

and the points of the curve of order N in the correspondence-plane 

(15) afila, 8, y) +a Fla, Bry) t... + dye, Frp, B,y)= 0. 

Hence this curve, in fact every curve of the system determined by the N+ 2 
fundamental curves F, (æ, B, y)=0, must be unicursal. Two curves of this 
system must meet in and orly in M points (aside from the points common to all 
curves of the system), for these points are to correspond to the W points where 
the spread is intersected by the Ry_, of intersection of the two Ry correspond- 
ing to the two curves. In Ryp, the system of Ry is (N + 1)-ply infinite, hence 
the corresponding system of curves must be (N+ 1)-ply infinite. 

Suppose the system of curves of order N has a, common:r-ple points (for 
the moment assumed to be without further singular ity). The intersection--and 
unicursality- -equations may be written 
(1) | Baa, = N°—N, 


(i) Sr (r— ta, = (NW —1)(V— 2). 


e 


* The base-point system cannot contain two multiple points the sum of whose 
orders is greater than N; otherwise every curve of the system would breals wp 
into the line J joining the two multiple points and a ‘supplementary . curve, which 
is-impossible. Hence, either all the ax for k> À equal 0, or if one equals 


unity all the remaining ones equal 0. MN | os 


From (II) we have what is the same thing, ©, 
(II) 3r (r — 1) a, = N? — 3N + d a ae 
which, subtracted from (I), gives 
(IID) . | Sra, = 2N— 2= 2(N— 1). 
There is a genera’ say the general, solution, 
Gy = 1, m=N—1; a == 0. (V—1>r> 1). 
There is no other, solution with a multiple point of order > z >» say of 
order N—s, where 1< ae >: For, suppose there were such a multiple 


point, the multiple point of next highést order might be of or der s (so that sum 
of- orders shall just equal but not Res WV). 


PII gE 


>+ 
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In (IT), (TID MATA for dys 1,-and for a, ears N—s) 0, and expose 
outside the summation signs the. leading terms, and we have 


(IIa) ` 8 (s — 1)a, PAU DE Oe 
t< 8, 
(Illa) . o Sa, + Sto, =N + s— 2 
Multiplying (Ia) by s — 1 and subtracting (IIa), one has i 
(Va) ` - (s — 1) Sta, — It (t — 1) a, = (s — 1)(— N + 25). 


a 
Now since s>1 and also s > #, the left side is positive or zero, while sincè ee a 
the right side is negative. That is, the assumption. that there is a slution—in 
addition to.the general solution—with a multiple point of an Creer > 7 leads 


to an absurd equation. 
‘Any ‘other ane must then have the order òf the multiple point on 


highest order, say s, Z -> 5 l y. The equations become, where <s, 


~ AID) : s (e — 1)a, + 3t (t— la, = (N— 1)(N— 2), 
(IIb) . sas + Sta, = 2(N— 1)... 
Multiplying (IIIb) by s — 1 and subtracting (IIb), one has 
(IV b) (s — 1) Sta, — St (t— 1) “= (N—1)(2s— N). - 
Here the right side is negative when s < —— 3 zN, 5 
or zero when ` | re z N, 


and not positive, since by hypothesis 8 Za N ; | 
The left side (¢<s) is. positive unless either s = 1, ns .£==0, or a = 0 for 
every, t <s, when it is zero. ` | 

Thus there are only two possibilities : 8= LN and either s= lor(s> 1, 
but) a, = 0 for every £<s. In the first case, | 

| s=1= Sy, ON, 

From (IIb) . $0, =a, = 2(N— 1) = 2. 

This is, however, in fact, the general solution for N= 2, | à 
Qı gud ayı = 1 and a, quê a = N—1= 1; or a = 2. 
In the second case, | | 


l s= > Nand Te every t <s. 


. Unicursal in the Light of n-Dimensional co à a 23 


Equation (IH), with which (IIb) in view of (IVb) is Hana becomes 
sa, = 2(N— 1) = 45 — 2, i 
| s(4—a,)= 2. | 
Since s>i1,s= 2, 4—%=4—H21,-° ~% = 9; and N= 28 = 4, 
This exceptional solution, N= 4, a, = 3, gives the 1.1 correspondence between 
-an exceptional two-spread of order N= 4 in five-flat Æ, and the (a, 8, y)-plane, 
(16) = pF, By © EEL 2,.... 8), 
where the F are homogeneous functions of a, P» y of fourth degree, aa such ` 
that 7 
(17) @Fy(a,B,y)+aF, (0%, B, y) +.. + ao, Ê, ost 
is the equation of the 5-ply infinite ea of unicursal quartic curves through 
three double points. By a quadratic transformation in the (a, 8, y)-plane: of 
which the three double points are the fundamental points, this system of quartic 
curves transforms into the general (5-ply infinite) system of plane conics, say 
(18) BB, =E BY) (=I, 2,....8), 
where the G are homogeneous functions of a’, 6’, y (the new coordinates) of 
the second degree, and 9’ is a proportion-factor, Thus the correspondence is 
given by | 
(19) | : | yY = p" GC en E", y'); Te 1,2,....6), (p’ = pp) 
I call this spread Steiners quartic two-spread in a space of five dimensions. 
For it projects by the planes- passing through a fixed line on a fixed three-flat 
mto an ordinary Steiner’s quartic in: three dimensions.’ The coordinate-system 
Yrs Yor» +++ Yz is as yet perfectly general. We may specialize by taking the 
coordinate-vertices 5, 6 on the line from which we project, and by taking for 
y, = 0 and y,=0 two À, passing through the F; on which we project. Then 
the two-spread will be projected into a unicursal surface in the R, whose point 
for point correspondence with a plane is given, after suitable choice of planes of 
reference, by the equations o 
(20) - I= E (æ, 8’, y) . (x= 1, 2, 3, 4); 
or, in fact, Steiner’s quartic. | | 
The general solution . . 
| ay] = ll, a=N—1. 
gives the 1.1 correspondence between a two-spread of order N in an (N + 1)-flat 
and the (a, 8, y)-plane; | | 
(21) g Y= pF, (a, B, y), (x—=1,2,....N+9), 
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where the F are homogeneous functions of a, B, y of degree N, and such that 
(22) aki (a, B, y) + ake, B, y) + -e Hange Fra, By) = 0 
is the equation of the (V+ 1)-ply infinite sale of curves of .order N through 
one (N— 1)-ple point and N— 1 simple points. A line through the (W— 1)-ple 
point is met by a curve of the system in N—(N—1)= 1 effective point. The 
curve on the two-spread corresponding to this line must then itself be a line, 
being met-in only one point by the Ry meeting the two-spread in the curve | 
corresponding to the curve of the plane-system.. That is, all two-spreads of 
order N in an (N + 1)-flat are ruled. ui 

It is now necessary to remove the restriction in singularity made with 
reference to the common multiple points.of the system of curves of order Nin 
the (a, B, y)-plane. Clebsch (Vorlesungen über Geometrie, pp. 491-496) has 
shown how an i-ple point, as complicated as may be, may be considered as an 
t-ple point which has absorbed a certain number of. other multiple -points of 
definite order; of these, ever y k-ple point is equivalent (in questions relating to 


the class or the deficiency of the curve) to À (ž— 1) double-points of which’ 


a certain number are cusps. Now, from “this standpoint, let y, denote the 
number of r-ple points common to all-curves of the system (that is, y,=a,+8,, 
where a, is-the number of explicit r-ple points common and @, is the number of 
r-ple points absorbed by the various explicit multiple points common to all 
curves of the system); and let ¢ denote the number of cusps. ‘In the unicur- 
sality-equation a cusp plays the role of an ordinary double-point. In the inter- 
section-equation a %-ple point (whether explicit or absorbed), common to the two 
curves, counts for a number of intersections equal to Æ + the number of cusps 
it contains + the number of intersections in multiple points absorbed ‘by it. 
(Clebsch, to be sure, discusses only one curve, and not at all the intersec- 
tion of two curves ;+but the truth of the statement made will appear from the 
discussion of Clebsch, when one bears in mind that in an ordinary quadratic 
transformation with a fundamental point at the k-ple point common to the two 
curves, # of the intersections at the k-ple point disappear, but all others remain 
as intersections of the transformed curves.) Thus the base-point system is 
equivalent to S7*y, + c intersections of two arbitrary. curves of the system. 

The general intersection- and unicursality-equations are then 
(D) ~ | Sry, + e= N*—N, E 
Doo. EL rt Dye (NIN 2), 
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whence 
(IIT) rc Sry, em 2N 2, 
The general solution ‘is | 


Yy-1— À, yite =N =l; 


The base-point system cannot contain two multiple points (explicit òr 
absorbed) the sum of whose orders exceeds N; for if so, every curve of the 
system would degenerate, which is not admissible. This will be proved 
: presently ; but with its aid we can show, as before, that aside from the general 
solution -just given, there is the single exceptional solution corresponding to 
Steiner’s quartic two-spread, 

| cm0, N=4, p=3. 


The equations (IVa), (IVb) are in. this case, where the s and ¿ have the same 
meanings as before, | 


(IVa) e(s—1) + (s — 1) Sty, — St (t— 1) = (s — 1)(—N + 2s), | 
which is, as before, an absurdity ; 


(IV) e(e — 1) + (s — 1) Bt, — St (t — 1) ye = (N— 1)(28 — N), 
which furnishes two possibilities: first, 
s=1, N=2, c=0, 


since only multiple points contain cusps, y, = 2, which is a particular case of the 
general solution; second, 


s>1, = Wy, c=0, s=2, N=4, y; =3,. 


which corresponds to a Steiner’s quartic two-spread as previously defined, as will 
be shown later. | 7 

We return to the proof that if the sum of the orders of two multiple 
points (explicit or absorbed) on a curve of order N exceeds N, the curve degen- 
erates. The order of an absorbed multiple point is not greater than that of the 
absorbing multiple point. , The theorem is evident, then, except in the case where 
an explicit multiple point, say, of order 4, absorbs an 4-ple point where 4 + 4>N. 
By reference to Clebsch (Vorlesungen ü. Geom., p. 493), whose notation we 
use, such an absorption occurs as follows: 

You. xX. - 


_ 


ea 
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Let the i-ple point be at x =«,—=0, where 7.tangents (7<i) fall together 
in the line ia, + Ha = 0, say « æ—0. The equation of the curve may be 
written ; | 

C= Ji i (H, Xa) aang’ * Than La) of a + Jipe (a1; vo) ag . 
+. + fr 2%) = 03 


where the f, g denote homogeneous functions of the arguments of degree equal 
_ to the subscript-numeral. 

Now let £} (@ 2) forv=1.,..% (where 4 LT1<i) contain a as a factor 
at least 4 —7 times. Then the sgis ou may be written 

C= gi (t, a) ore TP a" Le pe (Er; Ly) as tT 

Hs... Hat gun 4 oy (lis XG 7" + ete. = 0. 
This -ple point (cf. Clebsch, 1. c.) has absorbed an -ple point (and also, with 
which we are not at present concerned, ¿— 4, cusps). Now, the hypothesis of 
our theorem is that . 
~+h4>H, i> N—1, 

and the last term on the left in .the equation of the curve is, for r = N — i (in 
fact < 4), 


i —(N— X) — mh ti-y 
QE A n pona (E Lo) =a pe Jan-1, —: (is T), 
and in fact the curve breaks up, consisting of the line a taken 4 + à — WN times 
and a supplementary curve. 
Corresponding to the general solution 


` . Yn-1—=11l, yy + e= N1, 


there is, as befor e, a unicursal ruled two-spread of order N in (V+ 1)-flat. 

The exceptional solution 

N= 4, eee ee | 

has three cases. - 

(A). a, = 3, a= 0. Three explicit double points.’ This is the case pre- 
viously discussed which led to the definition of Steiner’s quartic two-spread in a 
' five-flat. … 

(B). a= 2, 6,=1. Two explicit double points, say (a, x), (a, a3), of . 
which one, say (a, 2), has absorbed a third double point mene the line %. The 
equation of the system of quartic curves is 


CE anis + dirons (biw + baw) + x (art + Gite + ez) = 0- 


° | Unicursal in the Light of n-Dimensional Geometry. - 97 
By the quadratic transformation, . 

Ky 3 Lo : La == 23 2 ZiZa $ es } 
Zy Ro 123 Milo 2 Lag) | 


which has a fundamental point at (x, x) and two coincident ones at (a, Ta) 
along the line æ, this system of quartic curves transforms into 
CE aes + bizs + bizig + er + Cats + cg 
that is, into the 5-ply infinite system of plane conics. Hence- the two-spread 
given by case (B) is a Steiner’s quartic two-spread as defined under case (A). 
(C). a= 1, 6,== 2. One explicit double point (,, x.) which absorbs a 
second along the line a, which has in. turn absorbed a third (along the conic 
Ly — x). Endeavoring to construct the system of quartic curves having in 
common a singular point of this nature—after the discussion of Clebsch, a clear 
though rather long problem—we find that, by suitable choice of reference lines 
and constants, the equation may be written | 
C= a (aurez — xj)” — bay, (aps — VY + 209 (cxi + dau, + exs + fæ) = 0. 
By the quadratic transformation, | 


w 


A t Se yea fey 2 aes bie 
Zi 3 hy i My Mi: L3 Xg — Vi 
which has three consecutive fundamental points at (a, 2) along the conic 
Lots — xi, this system of quartic curves transforms into 

= az — bets + ci + dag + eg + f (z + 2?) = 0; 
that is, since the six quadratic expressions are asyzy getic, into the 5-ply infinite 
system of plane conics. Hence the two-spread given by case (C) is a Steiner’s- 
quartic two-spread as originally defined. 

The principal results of the article may. be collected in the following 
theorems: _ 

An algebraic two-spread [two-dimensional surface] of order N in a flat space 
of any number of dimensions of which every flat section is unicursal, is the projection 
of a two-spread of order N in an (N + 1)-flat [flat space of N + 1 dimensions]. 

A two-spread of order N in an (N + 1)-flat is unicursal and every N-flat section . 
of tt is unicursal. | | 

AU such two-spreads, with the exception of Steiner's quartic two-spread in a 
five-flat, are ruled. 

Projections of these spreads have cor responding proper ties. 
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In a memoir by Veronese, “ Behandlung der projectivischen Verhältnisse 
der’ Räume von verschiedenen Dimensionen durch das Princip des Projicirens 
und Schneidens” (Math. Annalen, 1882, XIX, pp. 161-234), in V, §4, p. 224, 
unicursal ruled two-spreads of order N in an (W+ 1)-flat are considered, and 
further by the writer, “Extensions of certain Theorems. of Clifford and of 
Cayley in the Geometry of n-Dimensions’”* (Trans. Conn. Acad., VII, 1885), 
who proved there that all two-spreads of order N in an (N+ 1)-flat are wnicursal, 
and in this article that all, with the exception of Steiner’s quartic, are ruled. 
EVANSTON, ILL., July 2, 1887. i 


* T take this opportunity of saying that when the article ‘‘ Extensions,” etc., was written I had not 
seen the article of Veronese, and that my theorems A of I, p. 10, and 1 of IV, p. 24, are given by 
Veronese on p. 167 and p. 192 respectively, and further in a note, p. 228, he gives my first abbildung- 
system of p. 12. a i 


On Professor iii ’s Extension of eee Method | 
of Derivations. 


By Morean Jenkins, M. A. 


Professor Cayley’s Extension of Arbogast’s Method of Derivations (Trans- 
actions of the Royal Society, received October 18, read December 13, 1860) 
gives a method of formation and arrangement of all the combinations of a 
given degree and weight in the letters a, b, c, d,...., the weights of the 
successive letters being 0, 1, 2, 3, etc. by derivation from one term, namely, 
the most expanded term of the system. The principle of the arrangement is 
that the-smallest change in the index of the power of any letter prevails over 
any number of changes in the indices of the powers of. any subsequent letters; 
that is, any term containing ¢ will precede any term containing c? accompanied 
by the same, or by lower powers of the preceding letters, irrespective of any 
changes which may occur in the subsequent letters. If we adopt Professor 
Cayley’s comparison of this arrangement to a genealogical tree of descent in 
tail male; we may perhaps call it the genealogical arrangement. : 

I propose to make some remarks with a view to facilitate Professor Cayley’ S 
process; but, as it would still be subject to the difficulty referred to in the last 
two lines of his memoir, namely, “that a considerable amount of practice would . 
be required before the process could be readily made use of,” I propose to 
' explain another process which will, I hope, be considered to have some advantage 
in respect of facility and certainty of formation, apart from the saving of time 
and space arising from the use of associated collections. 

Following Professor Cayley, we describe the final distinct letters of the term 
considered as the ultimate letter, the penultimate letter, the antepenultimate 
_ letter, and the pr oantepenultimate létter ; the words ultimate, penultimate, ante- 
` penultimate, and proantepenultimate denoting the powers of those letters which 
exist in the given term. The last letter, the last but one, etc., denote the final 
letters of the series from which the letters of the term are taken. 

Arbogast’s method of derivation consists in advancing a letter of the ulti- 
mate one place, if possible, that is, if it is not the last letter, and also a letter of 
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`“ 


the penultimate one place, provided it is the contiguous letter or the immediate’ 
antecessor in the alphabet of the ultimate letter: thus, if À be the last letter, — 
from df°g we derive df’gh and dfq’, 
from deg? “ “ . only degh, 
from gph “ “ ony dal. 


This process is a process of dragging by means of which from one term we may 
obtain either one or two terms of one greater weight. . 

A corresponding process may be applied to the beginning of a term, the 
words primary, secondary, . ..., first, second, .... taking the place of ultimate, 
penultimate, ...., last, last but one, étc., respectively ; thus, 

from df*g*? we should derive only ef’9’, 
from deg? ‘ * ‘“ ceg? and Ëo’, 
from Pgh “> “ #7 only edg°h, | 


p) 


the terms so. derived being of one less weren than the terms from which they 
are respectively derived. 

The reverse of the dragging process will be ‘a pushing process; but whilst 
the constituents. which are affected by the dragging process are the not-last 
ultimate and the contiguous penultimate, the constituents affected by the pushing 
process are the last-ultimate with the.simple penultimate or thé simple not-last 
ultimate alone, suitable changes being made in the names of the constituents _ 
affected if we operate on the beginning instead of the end of a term. 

If we have a oe of powers of arranged letters divided into any 
two collections, as be’d*.... ]lg*h'v?....5 and we call an end of either collec- 
tion which is also an end of the whole combination an outside end, and the 
other ends of the collections inside: ends; then, if we either drag the two. 
inside ends or push the two outside ends or push the outside end of one 
collection, and drag the inside end of the other collection, we obtain a 
contraction; if we reverse the pushing and dragging we. shall obtain an 
expansion. The effect either of a contraction or of an expansion is to produce 
a fresh combination having the total weight unaltered, because the. weight of one 
collection is increased by one, and the weight of the other collection is decreased 
by one. In order to avoid the complication which would arise from the trans- 
ference of letters from one collection, we may make the restriction that if the 
extreme letters of the inside ends of the two collections are contiguous letters 
of the alphabet, they may be treated as | final letters of their collections, and, 
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therefore, not movable out of their collections ; thus, from Be] [d?f?g, considered 
as a combination of two collections between a and c and between d and # 
respectively, we may, by pushing the two outside ends, or, what is equivalent, 
by contracting b with g, obtain 6’c’|[d@?f*; by dragging the two outside ends we 
abs 2 £27 ! | : | 
obtain Cy Heyl: the meaning of the connection being that either one of 
@one collection may be associated with either one of the other collection. Again, 
by pushing the inside end of the right-hand collection, instead of dragging the 
outside end, we may add dej? to the derived right-hand collection. But we do 
not, at any rate ‘at. present, suppose c or 4 to be pushed or dragged out of its 
own collection.  . | | 
In Professor Cayley’s memoir, U, P, À, and P' are used to denote the ulti- 
mate, the penultimate, the antepenultimate, and the proantepenultimate respec- 
tively ; and the rules for the application of the contractions known as reversible _ 
contractions are given in the following table, transcribed from the memoir: 
| P A P 
U, P, non-contiguous let- | P, A, contiguous lettore: | 


ters. The ultimate a simple | The ultimate a simple letter, 
Uj letter, or.a power of the last | or a power of the last letter. 


letter. 
. P, A, non-contiguous let- A, FP’, contiguous letters. 
P ters. Penultimate a simple | Penultimate a simple letter. 
| letter. Ultimate the last let- | Ultimate the last letter, or a 


ter, or a power thereof. power thereof. 


"m 


This table will be found equivalent to a combination of the pushing and 
dragging rules when the given term is divided into two collections in two 
different ways, first by cutting off U, and then by cutting off P, U from the given 
term; if we then push U or P, U from the outside end, and drag .... P'AP 
or P'A from the inside end, attending to the restriction above stated in regard 
to inside ends, we shall obtain the rules of the table. 

For, from....AP][U we shall obtain the contraction UP if U, P satisfy 

‘the conditions of the left-hand column of the table. From....P’A][PU we 
shall obtain the contraction UA if U, P and A satisfy the conditions of the 
upper portion of the middle column of the table; and so on through the other 
two cases of the table. 


5 ” i i R 
32 JENKINS: On Professor CAyEUe Extension of o 


No proof-of the rules is offered because they are proved in the memoir 
from which the table is taken. i 

The chief difficulty in practice, in forming the genealogical arrangement by 
means of reversible contractions, will probably be found in correctly applying - 
the general direction which follows the table; that is to say, “The contractions” - 
(not more than 3 in number, because the conditions for the contractions UA, PA 
are mutually exclusive) “are to be applied in the order UP, UA, PA, PP'> 
but all the contractions originating in a prior contraction of a given term are to 
be exhausted before proceeding to a posterior contraction of the same term.” 

The last part of this direction will be found equivalent to the statement 
that where the last part of a combination is incontractible in consequence of it 
- containing only powers of two contiguous letters, or less than this as a limiting 
case, we must go back to the earliest preceding term which contains the previous 
part of this combination unaltered, and contract the last letter of this previous 
part with the nearest non-contiguous letter. 

Examples may be taken from the following complete E arrange- 
ment of combinations of letters having total weight equal to 17, degree equal to 


6, and extent equal to 7. 


df? 


adh? ab}? aeh, beef 
egħ alcgh deg bg 
Fh drh = Qf def 
Jg? dg? ace f ‘dé 
abel? eh accg bc°dh 
abdgh efg def : eq 
efh : abf’ de’ ri 
eg? abeèfh adif bedg 
f°g g ade? def 
&Cgh abcdeh b'gh é 
cdfh Jg b3cfh bed?f 
cdg? ee | 4 cl 
ceh - of b°de ” bd'e 
cefg on FI oh 
cf? a) os i 
adeh Gf . ef e 
dfg . abdef eeh Cf 
deg abe to dé 
def? aceh bedh ede 

| wef fg deg cd 
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If we take the term def, êf cannot be contracted, the earliest preceding 
term containing @’ is a@bch?, from which, by contraction of a with c, we obtain 
ab®}®, which is the next term; or again, if we take the term ad?/?, f° cannot be 
contracted, being a limiting case of a sequence in powers of e and f, the earliest 
preceding term containing ab° is ab’cgh, from which, by contraction of b with g, 
we obtain abc°fh, which is the next term. 

The contractions made according to the rules of the table are called rever- 
sible because, by expansion of the last two letters exclusive of the last, in the 
derived terms we revert to the generating term. Thus the individual denoted 
by a’cdfh has 3 sons denoted by æcdg”, a’ce’h, and a’d’eh, because, by the rules 
of the table, 3 contractions can be made on &cdfh; and it is indicated that these 
3 are brothers by the fact that, by expansions performed upon g’, ê and de 
respectively, we revert to the same term a’cd/fh. 

But we may not have the preceding terms written out, and may desire to 
obtain the next succeeding term to a given term without resort to the preceding 
terms. For this purpose we may either use an arithmetical formula or combine 
a non-reversible contraction with the greatest amount of expansion of the latter 
part of the term on to which the earlier letter of the contracted pair is thrown, 
which is consistent with the non-disturbance of the letters of the former part 
from which the earlier letter of the contracted pair is taken. To obtain the 
requisite arithmetical formula we must note that if W be the total weight of a 
given combination of letters, S the sum of the indices or degree, and Æ the 
extent or weight of the last letter when the weight of the first letter is zero, the 
most contracted term is expressed by the formula | 


7 is (x) l 1+7 e y a) 


and the most éxpanded term by the formula 
Ca) W (+) 
I I 


where Tand R are used to denote the integral quotient and the remainder in 
the division expressed by the fraction which follows those letters. 

To apply these formulae, suppose we take the term abet; here et being 
‘incontractible, we wish to expand it to the utmost extent consistent with the 
non-disturbance of ab. Therefore, taking c for first letter, the weights of e and 


' hare 2 and 5 respectively. Hence, using accented letters for the weight, degree 
Vou, X. es 
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and extent of e" when ab is rejected, W’ is equal to 8, S’ to 4, EH’ to 5, 
(=) to 1, 1(4—+) to 2, R (+) to 3. This gives fh as the most ex- 
panded term between c and À which is to be derived from &. Hence abc'fh is 
the earliest term containing ab; and from it, by contracting b with f, we obtain 
aceh, which is the next term to abé, | | 

Or we may expand e to the utmost extent between c and À by any expan- 
sions in any order. Thus from ef we should obtain in succession def, &/?, eg, 
fh, and then proceed as before. It may be noticed that the most contracted 
term formula shows what is also evident from the method of contraction, that 
the most contracted term is the same whatever the first and last letters may be, 
and may therefore be obtained from the formula ‘most conveniently by consider- 
ing the primary letter to be the first letter and the ultimate letter to be the last 
letter, 

Also, in the formula for finding the most expanded term in general, 


I (8 —— =) and I ($) are -together equal to s— 1, and, with the interme- 

diate simple letter of weight ZX (=). make up the degree S; but if W is a 

multiple of Æ, the intermediate simple letter disappears, and I (s — =) and 
wW | 

I (=) are together equal to N. 


_  Inow go on to another mode of arrangement, illustrated by an example in - 
the form of a table preceding the explanation. 


~ 


\ 
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abe? 
be? 


a?e? 
ab? c? 
bte 


«a?bc° 
abc 
b> 








dbf 


dte? 


d°g 
dtef 
d?e? 





ate 
ab? 
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atb 


dfh? 
d'g?’h 
d’e?h? 
d’efgh 
d°eg* 
d’f5h 
d’f?q? 
de® gh 
de*f*h 
de* fg? 
def*g 
dfs ` 
e*fh 
es fg 
e* ft 
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Arbogast's Method of Derivations. 





fin 


JENKINS : 





. Arbogast’s Method of Derivations. 3 


In this table 
W=29; S11; E=7; 1(= a) = 33 R(T =7; 11 RF =t 


Hence the most contracted term is éd. 

The system of combinations of different jeier of given weight, degre 
and extent (which is equivalent to a system of partitions, when multipliers am 
substituted for the indices) is arranged in what is intended to be eight columns; 
but some of the columns, on account of their length, are broken up, the originel 
columns being separated by divisional lines. 

The column first formed is not that placed at the left-hand side, but the on2 
‘which is headed cd’. This is supposed to be divided into two collections whica 
are considered to be quite distinct. The outside ends of these are dragged 
simultaneously according to Arbogast’s method of derivations, and the derived 
terms are put down in associated collections, as in the table. Al the left-hand 
collections are between a and c, of degree 4; all the right-hand collections ar2 
between d and A, of degree 7. All the do llections so formed are complet: 
collections, because they are formed from complete collections by Arbogast 
method. c*is a complete collection of its own weight and degree between th2 
letters a and c; and, being a power of the highest letter in its own collection, all 
terms of lower weight having the same degree and extent can be derived from 
it by Arbogast’s method, that is, by dragging towards the lower end; similarl= 
for d', interchanging lower and higher, etc. The total weight of the doc 
collections is unaltered, because at every simultaneous double derivation th= 
weight of one collection is increased, and the weight of the other is decreased 
by one. 

If we started at the other end of the column and had given af as one com- 
plete collection, and also all the terms of the associated complete collectior 
between its most expanded term d°/? and its most contracted term ¢/, we could 
by the reversal of Arbogast’s method, that is, by double outside pushing, obtair. 
the whole column in reversed order. . 

We have next to explain and prove the method of formation of the adjacen: 
columns. | 


Let [W'+1, S sH w, A 
[ws Hrs] 


W”, S” [represent two associated pairs of complete 


collections of letters, the capital letters inside the boundary lines expressing the 


€ 
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weight and degree of the respective collections, the boundary lines themselves 
expressing that the collections are complete ; and, for brevity, let c be taken for 
the last letter of the left-hand collection, d for the first letter of the right-hand 


collection, as in the table. If we remove a letter d from lw", 8", we may 


balance this by adding ¢ to | W+i1, 8’ |, because c -+ 1is equivalent to d, and we 


shall thus have obtained a portion of Weti, Sij W" —d, S7—1|; 
but only a portion, because, though the right-hand collection is a complete collection, 
yet the left-hand collection only includes those terms which actually contain e. 
That the right-hand collection is a complete collection follows from the fact that 


there is no term of which cannot be obtained from some term 
of which does contain d by the removal of a letter d. 
To obtain those terms of | Wite+ti, S'+1 | which do not contain c, we 


go back to the next higher left-hand collection in the previous column, namely, 


to | W'+ 2, S’ |, pick the terms in it which do not contain b and add b to them; 
we thus obtain those terms of | W’ + c +1, 8&'+1l|0r | W'+d, +1 | which 


do not contain c, but which do contain b; there are still required to be found 
those terms which contain neither b nor c, but which do contain a; for these we 


take those terms in which contain neither b nor c and add a to them, 
and so on. In this way we should obtain an associated pair of complete collec- 
tions, [wi—4, S+ H Wta, 8’—1]; and from this, by double outside 
dragging, we could complete the portion of the column in which the left-hand 
collection has its weight less than W'— d, and the right-hand collection has its 


weight greater than W“+ 4. The other portion of the column may be obtained 
by double outside pushing instead of dragging. It will be most convenient to 


take for | W'+1, S | that left-hand collection which has the greatest weight for 
the degree S’. For, in this case, Wi+ 2, 8"), etc., having no existence, we 


rie only add letters to one left-hand collection. Thus, in the table, from 
ae a , by cutting off d from d'e and attaching c to c, we obtain de: and from 
this, by double outside dragging, the whole of the remainder of the column 
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headed by d'e. The collections of this column have the degrees 5 and 6 


respectively instead of 4 and 7 respectively. 
c’ de z 
: d {Æ , 
Again, from | dc! + “A by removing a letter d from | “4 | and adding à 





BE e | 
letter c to cÿ, we obtain of pf , and from this, as before, we can obtain tae 


whole of the remainder. of the column. 
Similarly, from the column whose collections are of degrees S’ and & 
respectively, we can form the column whose collections are of degrees S’--1, 


©" + 1 respectively, by removing a letter e from and adding a letter 
d to | Wet s"| with ‘the cotresponding additions where necessary. Thus, n 


SL 


: a oo | 
the table, from pef ae by removing a letter c from bê and adding a letter d <0 


d', we obtain bed’; and from this, as before, we can obtain the rest of tke 
column whose ed are of degree 8 and 8 respectively. 

It may be considered easiest to obtain independently as much as ‘possib-e | 
of one column from a contiguous column, and then obtain the rest, if necessary, 
by dragging. ‘Thus, from the bottom pair or expanded end of the column 
whose collections are of weight 6 and 5 respectively, by removing d from those ~ 


3 
terms of the right-hand collection which contain d, we obtain al which is a 
complete right-hand collection in the next column. J | 
To obtain the associated’ left-hand collection we add c to afb; also b to a“, 
the term in the preceding eeRe collection which does not contain c. The 


at ; 
next preceding left-hand collection | has no terms containing ne b nor =. 
dbc| | fh? 
gh? 


Hence aip? is the associated pair which is formed in the next colum. 


All the rest of the column which is towards the top or ees end may ke à 





formed in a similar manner; but the remaining two pairs “lo He [gr | axa 
= must be obtained by dragging. 


| You. X. 
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Properties of a Complete Table of Symmetric Functions, 


By Caprain P. A. MacManon, R. A., Royal Military Academy, Woolwich, 


§1. In Vol. V, American Journal of Mathematics, Mr. Durfee has set forth . 
the only complete and perfectly arranged table of symmetric functions in 
existence. . 

I propose to establish some remarkable features of such a tabulation which, 
so far as my knowledge extends, have not as yet been noticed. 

. If we represent the symmetric functions by partitions in ( ) and the literal 
products by partitions in ( Y, Mr. Durfee’s table exhibits each partition ( ) in 
terms of the partitions ( Y, and inversely each partition ( Y in terms of 
the partitions ( ); say these constitute the first and second portions of the 
table; the secondary diagonal of the square is mainly composed of units, in 
the exceptional cases a zero replacing a unit. The first and second portions 
of the table lie, in the main, above and below the secondary diagonal; the fact 
that this is not invariably the case being entirely due to the peculiar properties 
of the selfconjugate partitions; in both the 12° and 18” tables there are three 
such, with the consequence that the corresponding portion of the secondary 
diagonal becomes twisted about its middle point into coincidence with the 
principal diagonal of the square. 

The terminal units, whether lying in a principal or secondary diagonal of 
the square, are common to both portions of the table in such wise that any unit, 
together with the numbers in the same row or column lying left of it or above 
it, belong to the first portion, whilst the same unit, together with the numbers 
lying in the same row or column to the'right of it-or below it, belong to the 
second portion. | | 

_ Itis important to observe that terminal units must lie either in the secondary 
or principal diagonal, and those in the pr incipal diagonal correspond invariably 
to self-conjugate partitions. - 

The number of partitions of the weight being uneven, the number of self- 


„e 


. e 


- 
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conjugate partitions is also uneven, and in this case. one of the terminal units, 
corresponding to a self-conjugate partition, is at the point-of intersection of the 
two diagonals, the remaining units being symmetrically distributed on the prin- 
cipal diagonal in adjacent squares; on the other hand, if the number of parti- 
tions of the weight be even, so also is the number of self-conjugate partitions; 
and then there is no place for a number at the intersection of the diagonals, the 
self-conjugate units being now none of them in the secondary diagonal, but 
se — ee placed about it in adjacent squares. 

_ «: §2. In the Quarterly Journal of Pure and Applied Mathematics, No. 85, 
1886, I gave the complete statement of the Cayley-Betti law of symmetry; viz. ` 
if any two results of the same weight be 


in Abn gra! Ak Wu ese RA 
B AV a mi (Au à . + 8 ) = ow B! Au D on 
5 An , B yy. . nod a A’, pl | 


I me to the application of this theorem. , 

$3. Regarding the whole square as a matrix of order equal to the number 
of partitions of the weight,- I consider a minor square matrix of any order 
whose secondary diagonal is coincident with that of the whole matrix; and for 
clearness I first suppose such a minor matrix to-be situated so that its eee 
diagonal contains only units, or, what is the same thing, so that it does not 
intersect or include the square matrix whose principal diagonal consists entirely 
‘of units. | | | 
Represent any such minor of order s by 


then 


By, mo. 


Qu yg Qg 22 + G1, 8—5 O1,s—4 Oy,s—-3  i,s-2 OG, s-1 oe 
Coy Aa Ogg see Oo, 55 Oe,s—4 Xs, s—3. 2,3—2 1 des; 
31 Gg, Ogg o o o Agi gp ° À, s—4 Ag, s—3 I A3, g—1 Ags, 
Oy -Qag , Las « L4, s—5 y,s—4a 1 Qi, 8—2 Ag e—1: Ades 
Apr As Ags oe Op 3—5 1 Qs s—3 Us, 3—2 As s—1 A555 
Asr ez -Aeg ... d 6, s—4 ds, s—3 Us, s—2 LG, 8—1 Ces 
Qs—1,1 À 1,8 + © + As, s—5 As—1,9~4 As, 8—3 As, 82 sr 81 %s—1, 83 
= - As ss «2 e Og g—5 As, s—4 As, s—3 As, s—2 As, s—] | Ass» 


# 
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wherein the a’s and the a’s belong respectively to the first and second portions 
of the table. . | 
Applications of the law of symmetry enable us to write down the s—1 
relations : : Oy 9-1 F A, = 0, 
Xi, 8—2 + Qs | 31%, s—l1 + Ag. — 0, 
Gy 8—3 T a, g—2%, s—e2 + Ag, 5—101, s—1 F Qays = O, 
l Qi, s—4 T As, s—301, 88 T A5, s—201, 8—2 + a5, 810, s—1 F Ags = 0, | 
. Al, 8—5 + Ag, 8401, s—4 + a 8301, s—3 T ag, 5—201, 8—2 + Ag, s—19%, s—1 + dés = 0, 


* * a a - e a * a . è o . ¢ + e á 5 * e > o * * s e e td + + 4 * Ld s e o b + , * s . oe LC] 
z ` 


e ù è> s ù y © >è @ k e o g 2 y G © 8 #2 # & # 2F © #* @# # 2 8 ‘GliGi & # + » + 


Or + Og 1, 9013 ee ee + Qs_1, 3—50, s—5 + ası, s—4%1, 3—4 Fari g—3%1,s—3 
+ asi, 92%, or Oe —1, 81%, s—1 F Aal, 3 = 0, 
au + asa F adig F o.e Fas, s=, 0—5 F Ge, s—40, 3—4 + as, s—3%1, 8—3 


+ Lg, s—2%, s—2 + Os, s—19%1, s—1 T Ass | = 0, 
which are very convenient for purposes of verification. From them is deduced 
— dy 0 0 és 0 0 0 1 
— gg 0 O ....0 0 0 1 Cg 91 
"ss 0 0: ,,.,0 0 1 Qs s—2 Ag, s—Ÿ 
ee —a,, 0 0 ses 0 1 As s—3 Gs 9-2 5, 5—1 =A 
— Ae 0 0 .... Í As, s—4 ` Ae, s—3 Qe, 8—3 Ag, s—1 


a e , L] * s p . a * s s a a . é i] s * + * a a e s + a » a s , L 1 Ld * a s Ld Ld s e * + 


— sl, 8 1 d_i,9++ i ds—1, s—5 Lot, s—4 Ag, 3—3 UM —1, s—2 Ag, 6—1] 

— sp Ms Us »... As gh Qs,s—4 Agi s_3 Us, par Qs, s—1 - 
‘where A is a determinant of order s—1 whose secondary diagonal consists 
entirely of units and having nothing but zeros above this diagonal; so that 

Yo ant CD ea a a (=j eto ; 

and in the numerator, if we perform on the columns a cyclical substitution, so as 
to make the first column the last and then change the sign of the last column, 
we shall obtain a determinant multiplied by (—)*—’; whence the sign of the 
fraction becomes (—) itie] — (=)D, i 


and accordingly. | 
ssas 0 1 Ay, 


0 0 Q 

0 0 0 ore ee. |. - 1 (C3 s—l Ass 

0 0 0 ed A4, s—2 Gg s-1 (as 

0 0 0 . e o Uy gig As s—2 … x, s—1 Ops ; 


c= (—) s (s—]) 


. e s . a a a [2 a * + « * a e a s 
4 g 


* s 2 s * * + . e L 3 . + + au n» = S b + * es « e a + + + e + - L 2 > + + 


L ins Wy ci a ees te dE oe si Gs—i,s 
Asp Css Asa soe ts, S8 as, s—2 be | 8—1 ess 
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but the matrix of this determinant is, as regards the original matrix, none other 
than the matrix complementary to ay, in which all the a’s are put equal to zero; | 
further, we shall find a, equal to the product of (—);*—2+1# and the deter- 
minant of its complementary matrix, with the above convention as regards 
| ZeTOS. | | 
‘Again, consider any ¢ a element in | the p™ row ds © column aw, and in — 
conjunction therewith the matrix obtained from the original matrix by deletion 
of the first p — 1 rows and the last p — 1 columns. 

The matrix now under view is of order s—p +1, and, by the theorem: 
already established, the element considered is the product of (—)# se thee) Het 
and the determinant of the matrix which is its complementary with regard to — 
the matrix of order s— p + 1. 

If we now form the complementary matrix of a,, with regard to the matrix 

of order s, we find that its determinant has the same numerical value as before, 
~ but that its sign is by the added rows and columns multiplied by 


(—)rterttess tempt? == (teI), 


whence the element a, is equal to the determinant of the matrix which is its - 
complement with fog to the matrix of order s multiplied by 

(— —Sble—P tea +s KEIE EDR E—p+2) 
that : is, by (— aA E | 

Similarly, the a’s are expressed i in terms of the a’s, and we may enunciate 
the general theorem : 

“Given a complete table of symmetric functions arranged on the Durfee 
system, and isolating any square matrix of order s whose secondary diagonal, 
being coincident with that of the whole square, consists solely of terminal units, 
the value of any element belonging to the first or second portions of the table 
and situated in the pt row and x column is equal to the product of 


(—)88@—Dtete 


and the determinant of its complementary matrix, when in such ae all 
other elements — to the first or second portions di, are replaced 
by zero.” 

The theorem may be otherwise in part exhibited by writing down the 
identity 


, 
i 
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_ 


yy nee. Oy, gz Gy s- - Oy, ga 1 

0 0 0 - 0 > 1 Ong 

0 0 0 1 dg, s—1 Age 

0 0. 1 Ca, 8—? ag, g—1 Ais 

0 1 .... As, 8 —3 Ts, 8—? ds, g—1 he 1, 8 
1 Asg + + + + As, 8—3 Us, s— 32 As | 8-1 Ass 


= =(— ere ai T aia 2 i ak bee E a, 8—3 + Gi s—2. F af, Tr 1}, 

which follows at once from the foregoing results. | 

$4. We might now investigate a similar theorem for those cases in which . 

the matrix intersects or includes the matrix whose principal diagonal consists 

entirely of units, and the requisite modification of the determinant rule is easily 

reached. But, instead of doing this, I will indicate a slight modification of 

Durfee’s arrangement whereby the law above established becomes universally | 
applicable. 

It is well known, and moreover very easily proved, that a symmetric func- 
tion whose partition is self-conjugate contains one, and only one, term whose par- 
tition is self-con] ugate ; the partition of this one term is identical with that of the 
symmetric function, and, as we know, its coefficient is a terminal unit; it hence 
follows that the matrix whose principal diagonal consists entirely of terminal 
units has every other element necessarily zero ; as a consequence, if we arrange 
the self-conjugate partitions of symmetric functions in any order and then place 
the self-conjugate partitions of the terms in the reverse order, we necessarily 
confine each portion of the tabulation to half a papas and bring all the terminal 
units into the secondary diagonal. 

I therefore propose that Mr. Durfee’s arrangement be modified in this man- 
ner, so that the self-conjugate partitions are arranged in only a quasi-symmetrical 
manner. The theorem of $3 will then be applicable to each of the secondary 
diagonal matrices of the whole matrix. 
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On Binary Sextics with Linear Trar wsformations into 
| Themselves, 


By Osgar Bouza. 


In the following investigation, which I have undertaken at the suggestion 
of Prof. F. Klein, I consider those binary sextics which remain unchanged (or 
are only changed by a constant factor) for certain linear transformations of the 
variables. In the first section I determine all the binary sextics of this special 
character; in the second section the relations are established which in these 
cases. exist between the rational absolute invariants of the sextic; and a 
completion of a theorem of Clebsch’s is given, concerning the possibility of 
transformation of one sextic into another by linear substitution. Finally, in the 
third section I examine the corresponding relations between the transcendental 
absolute invariants, that is to say, between the S-moduli T11 Tig; Tage 

The subject is of interest for the theory of the hyperelliptic modular func- 
tions ; for if we represent a system of values of the three complex magnitudes 
Ty; Tig, Tg by means of a point in a space of six dimensions, it can be shown 
that the aforesaid relations between the ¢,, represent the edges and vertices of 
the fundamental region (“Fundamentalraum”) for the hyperelliptic modular 
functions. And the question, under what conditions a sextic can be transformed — 
into another by linear substitution, is closely connected with the question 
- whether the rational absolute invariants are single-valued (“eindeutig”) mae 
tions of the variables Try Vays To. 


SECTION I. 


Determination of all the Binary Sextics with Linear Transformations into 


Themselves. 
| $1. me | 
I say, for shortness, that a sextic f (x, x.) remains unchanged for the substi- 
tution Lı = px + qx; ) (S) 
By = pat ge 


y 
Í 
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if 2. Frs ©) = J" (i, 2) = of (ar, 2), | (1) 
c being any constant factor. l 
It is clear that the entire system of the substitutions which leave a given 
sextic / unchanged, form a group, G; we shall show that this group is finite, 
provided the substitutions § be reduced to the determinant 1; that is, 
pd — pal. (2) 
Proof. The roots a, of the equation j (x, x) = 0, which we suppose to be 
all different from each other, are connected with the roots a} of the equation 
J’ (a, &) = 0 by the relations | 
=a p eed Oe (3) 
accordingly each root a! corresponds to one of the roots a;. . Now, if the substi- 
tution S leaves the sextic f unchanged, the roots a! must be identical with the 
a,, only in different order; therefore, to each substitution S which leaves f 
unchanged, corresponds a definite ee 


= (CD) 


of the roots a,, which is determined by the PPT ES (3). 

It is easy to see that the permutations o corresponding to the linear substi- 
tutions S likewise form a group, T, which is isomorphic with the group G, and 
to each substitution of G corresponds a single permutation of T. | 

Conversely, to the permutation 1 of the group T correspond all the substi- 
tutions of G which satisfy the conditions | | 





| | Os = Gis 
that is, —  Ju—g 
| a; — — 
—p'a +p’ 
or, o —pai+(p—g)ut+g=0, 
Ob tS th eraa T 


This in considered as an equation. with the unknown «,, can be 
satisfied in two different ways: 

1). The coefficients may not be all = 0. In this case the equation f= 0 
has only two distinct roots, and f is reducible by linear substitution to the form 


| J = i, (Ay + A, = 6); 


here the group of substitutions which leave f unchanged is evidently infinite. 
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2). All the coefficients may be = 0; that is, 


LSPS gg); 

therefore, because of (2), 
p= +1, J=+1, or p=—1,7=—1. 

That is to say, to the permutation 1 in the group r correspond i in the group & 

the two substitutions 


| mn = + al, = + a, and a= — a, ty = — a. 
Excepting the trivial case where f = 42", we have therefore the result : 
The group T, which contains certainly only a finite number of distinct 
operations, is hemiedrically isomorphic with the group G of homogeneous substi- 
tutions of the determinant 1, and it is holoedrically isomorphic with the 
corresponding group of non-homogeneous* substitutions. Thence follows 

immediately that the group G is a finite group, which was to be proved. 


§2, 
The group G being a finite group of binary substitutions, must be one of - | 


the following well-known groups :+ P 


1). The self-evident group M = + vi, Hy = + gy. 
2). A cyclic group. 
3). A diedron group. 
4). The tetraedron group. 
5). The oktaedron group. 
6). The ikosaedron group. 
The group a= + a], x = + a} leaves every binary sextic unchanged ; to 
each of the other groups belong three canonical invariant groundforms; deno- 
ting them in the notation of Klein by./,, F}, Fz, any -binary quantic which 
‘ remains unchanged for the group in question is reducible by linear transforma- 
tion to the formi | | 
FEFE FAI, (AO Fr + BOF) (4) 
the A®, B® being any constant factors; the a, 8, y, 11, v, being integers. 


* Concerning the difference between homogeneous and non-homogeneous substitutions cf. F. Klein, 
Vorlesungen über das Ikosaeder, p. 44. , | nu 
} Cf. F. Klein, L c. p. 116. . , tof. F, Klein, 1. c. p. 49. 


VOL. X. 


` 
~~ 
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We have, then, only to seek, for each of the above enumer ated groups, all 
the cases where the expression (4) represents a sextic. 
Excluding the « cases where f has equal roots, we easily find the following 
result : : | 
Any binary sextic f with linear ee ‘mations inio itself (except.of course 
the transformations a = + xj, #, = + a), and whose roots. are all different from 
each other, is reducible, by a linear substitution, to one of the following canonical 
forms : 
I. f= 4 + a + Cae + 2 
(Cyclic group n = 2) 
IL f= at 4) 
(Cyclic group n = 5) 
TIL, f= mye (zi + aire +4) 
(Diedron group ñ == 2) 
IV. f= 2 + ar + 28 
(Diedron group n = 3) 
V. f= + | 
(Diedron group n = 6) 
VI. f= 4% (a + 2) 
(Okiaedron group) 


(A) 


-The inequalities for the parameters a, 8 which must be added in order to 
discriminate between the different cases, are given in the following section. 


Section L. 


The Relations between the Rational Invariants. 


BB, 

_ We ‘now purpose to find the necessary and sufficient criteria that a given 
binary sextic be reducible by linear transformation to one of the above enume- 
rated canonical forms. i 

These special sextics have been examined by Clebsch in his “ Theorie der- 
binaeren algebraischen Formen,” and more recently by Maisano in a paper 
“Sulla sestica binaria” (Atti della R. Accademia dei Lincei, 1883-84). 


* + 
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For the first two cases the criteria in question are completely given by 
Clebsch in the form of relations between the invariants of the sextic. Using 
Clebsch’s notation,” they are 


I. f= À + ada + Bae + 2, 


k = 0, AyAnm — Am 20. (5) 
IL f= za (a + 2), | 
A=0, B=0, C=0, Dz0.T | (6) 


The criteria in the other cases are given by Maisano as the vanishing of 
certain covariants. But in these cases also they can be expressed by relations 
between invariants, as we shall show. | 

The subject is closely connected with the determination of the conditions 
that a sextic f be transformable into another /’ by linear substitution. In 
general, the equality of the corresponding rational absolute invariants of f and 
f' is necessary and sufficient, as Clebsch has'proved§ with the aid of the typical 
representation (“typische Darstellung”) of the binary sextic by means of 
quadratic covariants. But whether the same condition is-sufficient in. those 
‘exceptional cases where the typical representation is impossible, has not yet 
been investigated, so far as I know. And as the canonical forms III to VI of 
our table (A) are the most important of these exceptional cases, I shall answer 
this question in what follows. We denote with Clebsch: 

J= a = arf + baxe + 15a + 20a + 15a + Casa + aget, 

i = (abf a,b; = ant + Aayrja, + Garie, + dass + ar, 

b= (ai), m = (ye, n= (im), (7) 
AZ (ab), B=), C= (wY (riyari, 
D = (ni), R= —(lm)(mn)(nl). 


Moreover, | An — (u'y)? = 30 + _ AB, 

Aim = (Im)? = = (BY + AO), 

Arm = (in ee oi — (mm) = Y. (8) 
1 1 

Aa: — (mn) == y Bin + EJ CA, 
1 1 

An = (nn) = a BD+ a CAm. 

* Of. the following page. t Of. Clebsch, 1. ¢. p. 455. T Cf. Clebsch, 1. c. p. 457. 


g L. c. p. 421. 


e 
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The typical representation is then, and only then, impossible when the - 
three quadratic covariants Z, m,n have a common factor. According to the 
investigations of Clebsch and Maisano, this can happen in two different ways; 
either ¿ vanishes identically or, J being different from zero, m differs from 7 
only by a constant factor.* 


§4, 
Let us first examine the case | 
1= 0. (9) 
We then have from the formulæ (8), | 
| Any = 0, Am—=0, D=0. (10) 
Conversely, from these three equations follows 7=0. For A, being = 0, we 
may put (= het. 


If 7, were different from zero, we should infer from 
Aim = lym, = 0, 

that E >. M =D, 
and from D = — 2m = 0, that m = 0. 
Therefore we should have 

| | m= Lost; D 
that is to say, m would differ from /.only by a constant factor. Now, Clebsch 
has proved the two lemmas,f “If m vanishes identically, Z must vanish also,” 
and “If m= const. l, and 720, Z cannot be a complete square.” Thence follows 
that 4, must be = 0; we have therefore the lemma: 

' The covariant condition |= 0 is equivalent to the invariant conditions 

| Ay=0, Am=0, D=0. 

Now, if for a binary sextic f the covariant 7 vanishes identically, the following 
cases are to be distinguished :Ẹ 

1). If at the same time A=0, 


the sextic f has a quadruple, a quintuple, or a sextuple factor, and the three 


other invariants vanish also, ` 
B=. Ca), Da 0. 


2). On the contrary, if Az0, 


* Clebsch, 1. c. p. 487, and Maisano, 1. c. p. 82. TL. c. p. 445 and p. 441. I 
{ Cf. Maisano, l. c. p. 82, 
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the sextic fis, by a linear substitution of the determinant 1, reducible to one of 
the two forms | a (£ -+ £), azo, 
oro o Games (4 + ef), a20.. 
In the former case we have besides B20, in the latter, B= 0. | 

Herewith are the criteria for the two cases V and VI of the table (A) 
reduced to relations between invariants, but "7 admit of further Ps EE 
a) | f=a(a +2), azo 
then we may replace the equation Am = 0 of the es (10) by 6B— A= 0, 
‘and the inequality BZ 0 follows from A2 r so that thé criteria for this case are 


6B — A=0, ao} 1 AB=0, D= 0, (11) 
3 “AZO. 
b) f= Gas (4 + e), az0; 
here the criteria are B=0, C=0, D=0, = (12) 
Oo AZO | 
$5. 
We pass to the case where [Z0 and m differs from J only by a constant 
factor; that is, ` m= kl, or, (Im) lm, =0; | - (13) 


then, according to the two lemmas of Clebsch’s cited in the foregoing/paragraph, 
k is certainly Z 0 and the two factors of Z are different from each other, there- 
fore 4,20; besides, n = #7; thence follows g 
. DAn = An, AmnAn = AimD. 
Gomma, from these two equations and the inequality A, 20 follows the 
relation (13). | 
For, Ay being <0, we may- write 


bm Aiea and ac 


_ 


Thence follow 


m = — 2 (aya? + Lam + agr), 
ne 00 ( (aots — dit) xi + 4 (arag — a?) XXa + (arty — doas) ae), 
Ay = — 2%, Am = Ait, A, = 87 (dits — où). 


The equation DA, = Ain then becomes a 


de = = 0. 


# 
# 
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We may assume a, = 0,.then we have 


Aas — Al? (4aÿ + 5), Ay, = mms 8 las, 
therefore the equation A, A, ip AnD 
becomes ` | _ a= 0, 


and the three covariants 7, m, n have the common factor a, l being at the same 
time 20. Now, Maisano has proved,* “If 7, m,n have a common factor, they 
have also the other factor common”; we have then the lemma: 

` The covariant conditions 


(Im) 1m, =0, 120 > | (13) 
are equivalent to the invariant conditions — 
DAy= Abn, ApAg=AmDy e 
Az 0. 


Now, from the relations (13) follows that ihe sextic fis reducible by a 
linear substitution of the determinant 1 to one of the three forms f 


20422 + ae a à ; as Z 0, 
O(a + a +2), aa (a? + 50) 0,Ï 
bazz (zi + aziz + ` ax (9a? —.100) Z 0.§ e a 


In the first case we easily find or 2 1 p= 0, 24B — 150 =0; | 


i 1 
in the second case, ot B=0, 24B — 15020; (15) 
in the third case, ` | > BEZO. a 

Therefore the relations (14), together with C=, IL p= 0, 2AB — "150 =0, 


are the necessary and sufficient conditions that a A be reducible by linear | 
substitution to the form | 
20aaziz + ages + A, 


and similarly for the two other cases. But these conditions can be further : 
simplified. An easy calculation leads to the following results: 


#T. c. p. 34. + Cf. Maisano, L. c. p. 84. 
{If e? + 50 were =0, the sextic would be reducible to Gaz, (2154 224). 
& If 9a? — 100 were — 0, the sextic would be reducible to a (27 + 2). 


è 


~ 
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a). For . — Pas + axes + oe, (16) 
. | Qs < Zo ; 
the necessary and sufficient conditions are * | 
3:5 BaP. 850 = A), 9:60) =o AS =- (17) 
AZO; 
Moreover, | | 
ag = tés Wa Ea 5° 

a; and a, are completely independent of the invariants. __ | 

b). For ` =q (A + azia tH 3), | (18) 


aa (a + 50)20, 


the necon and sufficient conditions are 


Or. B= 0, 9D — 2B (60 + AB) =0, . (19) 
ae D20, 2AB— 15020. | 
Moreover, _ D No — 156 E 
| i GOL AF ey 
JTE DAB 


_ as from. the conditions (19) follow: _ 
Auz 0, B20, 
the expressions of a and a can never become infinite or indeterminate. | 
Finally, we have for the covariant ¿ the expression | 
a b= ND pe. (21) 
c). For : J= Barnes (4 + aziz + 22), (22) 
| | aa (9a? — 100)20, | 
the necessary and sufficient conditions are 
34B —6BO +44C—18D =0 
4B? + 54BC +60? — 3AD =0 | ` 


1 (23) 
D20,,C?—— B20 


. In this case, the proof being more complicated, we shall indicate it in a few 
words, mae two equations (23) can be written in the form 

6D= 2A44,,— BAy, 

AD = 2BAm + Cu. 


* These conditions are given by Maisano, l. c. p. 35. 
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` Thence we deduce 
DA, = Aba, — D (6B — - À) = T0 FT À mn Am = = D. 


D e supposed 20, we have also 4,20, m 20, and from DA, = 4*, also 
4120. We may then divide the two equations 


AA Im — DP, 
A= FT DA, 


t 


by each other j We thus obtain | 
A mAg = = D A y - 


Therefore the three re (14) can be deduced from the two equations (23) 
and aa inequality D20. But the conditions (14), together with the inequality 


GF — eS B20, are sufficient, as.we have seen above. 


As to the parameters a and a, we have 


C?— + B? 
AED TER | | (24) 


B+ AC 
ous Ne cg IAB OK 
For the covariant ¿ we find | 
| i ‘= ee 2A 120 e : | | (25) 


$6. PE | 
We can now answer the question proposed in $3. Suppose f or f” to be 
one of the above enumerated exceptional sextics for which the typical repre- 
sentation is impossible; and suppose it be possible to find a quantity r different 
from zero, such that between thè invariants of the two sextics the relations 


exist : A'=PA, B= MB, =O, D= PD, © (26) 
we must then examine whether these conditions are sufficient for the Posey 
of transformation of f into f' by linear substitution. | 
We choose as an example the case where between the invariants of f the 
relations (19) exist: | 
1 ‘ 
o? — p P= 0, 9D — 2B (6C + 4B) = 0, 
DZ0, 2AB— 15020 
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We can then reduce f to the form 
a + ariz + 2, 


where ie 6C-+ AB 
PEN 0 ea 
From (26) we have = between the invariants of f” the relations 


OP — — > BS = 0, gD — 2B'(6C" + AB) = = 0, 
| D20, 24'B' — 150720, : 
and we can therefore reduce i. to the form | 
aye +a Iy By p + 2 i 
where | Ho / 60+ AB 


W 150 — 2AB 2A'B' ` 


But from (26) we have as +t a. . 
We may assume o/ = + a; for, if a’ were = —a, we should return to the former _ 
case by applying to the variables z/z/ the substitution z = 2’, 4 = — xl. Thence 


we immediately infer that f can be transformed into /’ by linear substitution. 
Exactly the same considerations are applicable to the cases where J is 

reducible to one of the canonical forms 

Zaa G + ar + 2), 

z+ 22, 

ziza (A + 2%). 
But the proof evidently fails in the cases where f has a quadruple, a quintuple, 
or a sextuple linear factor; for it is impossible to discriminate between these 
three cases by invariant boue as in each case we have 

A=0, B=0, C=0, D=0. 

Finally, in the case of a triple factor, 

F = asie + Carey + a, 
the equality of the absolute invariants is likewise insufficient. For, as the 
absolute invariants are, in this case, ee independent of a; and aş, the 
three cases of— : 

1). One triple and three aus factors, | 
2). One triple, one double, and one e simple factor, 
` 8). Two triple factors, | | à 


give the same values of the absolute invariants of f. 
YOL. X. ` : 
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The exceptional cases being thus completely discussed, we may express the 
_theorem concerning the transformation of two sextics into each other in the 
following form | 

Two inde y sextics which have no triple, quadruple, quintuple, or sextuple 
factor s, can be transformed into each other by linear substitution, if their correspond- 
ing rational absolute invariants are equal ; but the eguality of the absolute nas 
as not sufficient if one of the two sextics has such a multiple factor. 


87. | | 
We now revert to the binary sextics with linear transformations into them- 
selves; the criteria that a sextic be reducible’ to one of the canonical forms (A) 
being established in $$3, 4, 5, there still remains to determine the linear substitu- 
tions by means of which this reduction is to be performed. 
In each of the four first cases of the table (A) there exists a quadratic 
covariant which, by introducing the canonical variables z, 2, takes the form 


Const. 22. 


We then obtain the substitution in question by putting z and z equal to the 
two linear factors of that quadratic covariant, multiplied by suitable constant 
factors. For the first case the quadratic covariant is (dm) 4m, ;* for the cs 
m;t for the third and fourth, l.f 

In the two last cases all the quadratic covariants vanish identically; a 
different method must therefore be applied, which is founded on the fact that 
the determination of the canonical variables z, z is identical with the solution 
of the form-problem ous dti 8) belonging to the group of linear 
substitutions in question. 

In the case of the diedron group n = 6 (case V of our table), the absolutely 
invariant groundforms are|| ` 


ef LL 76% 2 12 ,12 . 
` p= (4%), D = G a8 = , Ps = aa — 4) . . (27) 





- 4 


* Cf. Clebsch, L. c. p. 457 and p. 199. t Ibid. p. 467. 

{ Cf. the equations (21) and (25). 

2 By the ‘‘ Formenproblem ” belonging to a finite group @ of homogeneous linear substitutions of 
the variables 2, , 2,, Klein understands the following problem : The values of all the invariant ground- 
forms of the group G being given, to determine the corresponding values of the variables 2, , Zz. 

|| Cf. Klein, Vorlesungen über das Ikosaeder, p. 68. 
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They are found to be covariants of the sextic f, viz. 





. i f fT a fs 
es aa aa eV Va ey) 
w here | T= = (aH) 03H}. | 


To find the canonical variables z,, z, we have therefore to ie tke 
problem: The values of the invariant groundforms of the diedron group n = 6 
being given, to determine the corresponding values of the variables z, z, ard 
' this is exactly the form-problem belonging to the group in question. | 
* The solution follows immediately from the equations 


SH CF. 
nET JZ — OB 
a. — AB 


For the case of the oktaedron group (case VI of our table), the invariant 
groundforms are i | 


p = Lars tf 4 “) |, | | | 





(23) 


p, = o — 1422 + 2p 





l ; T Ps = g? 332z ere 332428 eee ay WEA (a + OE ? 

they are covariants of the sextic f, viz. 
7, — pe — 6H me 12fT . | á 
b= — gg Per ae PE .- : (3) 


. The determination of z and z can be performed with the ald of tise 
resolvent of the third degree, 


9 $ 


1640? + 6 Hp — = = 0, 
the three r igot of which are 
` — 17 2 02 2 ` 
cass = (4%), D = G —— “ay ; Ps = om es = ). ` 


whence z and z; can immediately be sale nea. 

The same method is applicable to the determination of the canonical 
` variables in the other cases of the table (A), but the Torin are rathar 
. complicated. ; 


* Cf. Klein, 1. c. p. 68. 
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Section IIT. | ` 


| | The Relations between the $-Modulr. 
i | $8. 


_ The conditions between the algebraic invariants of our special sextics being 
established in the foregoing section, we now proceed to determine the corre- 
sponding conditions between the transcendental absolute invariants ; that is to say, 
between the S-moduli 7,4. 

Using homogeneous variables, we put, with Klein,* 





ih, == z (ada — zda) | oe | 
5J FG) | | (31) 
mE = [ae (adra — ndz) 
i Vf (az) ] 


the lower limit of the integrals being any fixed point in the Riemann’s surface 
belonging to the irrationality Ala #3 . Let 
$ | 


“1 | | (32) 
Un | Oa, O, Os Ou 
be a system of simultaneous normal periods f for the two integrals, and let Æ, 
be the path of De AER for the periods a,,, @;. Putting, then, for shortness 
i Pik — Our T AkO, 
the S-moduli 7,, of Weierstrass are defined by the equations 


_ Pa. Pa | Pis Pu 
Ty oO, Te = Ty, Ty = — . 39 
11 Po » Cy Dis De a1» T Pa A ) 


In order to determine the relations which must exist between these magni- 
tudes 7, if the sextic f(z) be one of our canonical forms (A), we first apply 
to the variables any linear substitution 

%1 TA sa Ta 
dy = pa + ge . (384) 
VF Gus a) = NP (is a)? 
Denoting, then, by wy, u, the integrals 


u = fA edd — #02) | 
Vf (a, 2) (zi, i (35) 
| F 
ga fa a (zidz, — dei) | M 
NF" (er, 4) ! (z 7 Z3) 
* F, Klein, Hyperelliptische Sigmafunctionen, Math. Annalen, Bd. 27. 


‘Normale Periodicitätsmoduln,”” according to Clebsch and Gordan, or * Périodes normales,” 
according to Briot. - 


Ou, g, Qiz, Qy 
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and by oj; and œi those periods of uj and u, which belong to the path of integra 
tion Æ/, corresponding to the path Æ,, we have for the magnitudes vi, th= 
fundamental equations * UT (36 


that is to say, the v,, are transcendental absolute invariants of the binar- 
sextic f. 

The equation (36) holds good whatever the sextic f and the substitution 
(34) may be. Let us now suppose f to be one of the six canonical forms (A: 
ane (34) one of the substitutions leaving the function f unchanged, so that 


Sa =P eA) | (37) 
Assuming for simplicity ç = 1, the magnitudes 
| | Oj Oiz Olg, Oig 
are a system of normal periods of the same integral w, differing from 
Oir, Org, Dig, Org 
only by the path of integration. Therefore the periods oj; can be peal ieee’ b= 
the a, by-means of a linear substitution, 
Ou = Man + Myr + Mois +: Mia ; (£) 
and likewise Oy = MaQn F Miar + Mighd9g F Mu 
the integers m, satisfying the known bilinear relations. 
Thence follows a system of formule expressing ti, by Tu, Tiz, Tog, Which, fœ 
shortness, we write Tle = Pap (Ti Tigi To). (3€) 
The v, being homogeneous functions of order zero of the o,,, we obtain th2 


same equations (38) in the case where the constant factor c in (37) is differert 
from unity. Combining the two equations (36) and (38) we have 
Tap = Pap (Tu: Tes Ta); (35) 

that is, three relations between the moduli +, and these are exactly the rels- 
tions we had proposed to find in the beginning of this paragraph. Interpretinz 
the relations (39) in a little different way, we have the following proposition : 

If the sextic f remains unchanged for a group of linear substitutions of te 
variables z, 2%, any system of 3-modult ty, Tiz, Ta belonging to / f remains likewize 
unchanged for a corresponding group of linear transformations of the periods. . 

And we may add as a corollary: Of these linear transformations of tl 


* Of. Klein, Hyperelliptische Sigmafunctionen, Math. Ann. Bd. 27, p. 487. 
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| periods, only those can be congruent to identity modulo 2* which correspond to 
the substitutions AZ LE, m= +, 
as we easily infer from the conclusions of §1. 


$9. T 
Conversely, if the system of -moduli +, remains unchanged for a linear 
transformation s of the periods, not congruent to identity modulo 2, the sextic f 
remains unchanged for a corresponding linear substitution S of the variables z, 2, 
different from a= t 2, 2g oz ck z, 


To prove this we tr imn the sextic f into the canonical form of Richelot 
belonging to the system of -moduli +4. If, to fix the ideas, we suppose the 
path of integration A, to include the two branching points (“Verzweigungs- 
puncte”) a, and a,, A, the points a, and a,,. Æ; the points a, and a, À, the 
points 4 ane ss Richelot’s moduli x’, 2, u? are given by the formule 
‘ | __ (Ag — aa — as) __ Di 
| T (a, — aa — a) FRR? 

(as — a4 )(a1 — as) Dag, 

(Gs—aNa— 0), do 
a — (as — (as — a Taa Tosi 
| | = (az — as as — a) E DU ” 
à, denoting = a= 90, O; Ty, Ty, Tae- 
The sextic fis then transformed into 


F = Const. 193 (Ya — A) (Ya — YAY — A'4n)(Ya — y) 
by means of the substitution - 
Ya = (as — a) — sé), (T) 
Ya = (ag — M )(21 — Ogee). 
Suppose, now, Th, Th, Th to be any other system of 3-moduli belonging to the 
same sextic f and derived from Tu, Tiz, Ta by means of a linear transformation 
s of the periods, then the corresponding moduli of Richelot, x”, 2, u”, can be 
derived from x, À, w by applying a certain permutation 
=. Lo; sa K B 1) 
Gi, Qz, Ag, Cg, Ag, OG 


t 


v= 





* A linear transformation of the periods is said to be “congruent to identity modulo k,” if all the 
coefficients are divisible by k except those in the principal diagonal, the latter being congruent to 
1 (modulo %). 


4 
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to the roots a,, and the sextic f passes into the form 
P" = Const. yiya (ya — yy — y) — Xi) — LP Yt) 
by means of the substitution 
L = (a as oe as) (21 — ast) (T) 
Ya = (az — a4) (2 = tn) - 


If, now, we suppose the tr ansformation s to be one of those which leave the +. 


unchanged, so that thy Tag, 

we have (0, O; Tir Tie, Tja D (0, O3 ty, Te, Topjas 
í a yf 9I 92 | /2—~ 72 

and therefore LR, Raa ie Se. 


Thence we infer that the sextic f is only changed by a constant factor if we 
apply to the variables z,, 2, the combined substitution 7’7-*. Moreover, if the 
substitution s is not congruent to identity modulo 2, the permutation ø. is 
different from identity, and therefore the substitution 7”771, considered as non- 
homogeneous, is different from identity too. ` Thence the substitution 7’7-}, 
considered as homogeneous and reduced to the determinant 1, is different from 
B == sb 2, % == + g, as was to be proved. 


$10. 


We now proceed to the application of the method above explained to each 
of our canonical forms (A). 


I. Case: Using non-homogeneous variables 

— ^ 

D —— 

Za 

we write | Fe) = g + act + Be + 1. 


The roots of f(z) being in pairs equal and of opposite signs, we choose their 


3 


order so that Un = — Oz, 0y — Ag, Qg = — ag. 
The periods may be calculated in the following manner: 

Starting from the point a,, we join the branching points in their natural 
order by any line Z nowhere cutting itself; and we call that side of the line 
positive which is on the left when we pass along the line in the direction from 
a, through ag....toa,. We choose as connections * (‘‘ Verzweigungsschnitte ”) 


* The expression ‘ connection ” has been introduced by Cole. 
i 
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of our Riemann’s surface T the portions GA? Agly, Hot of the line L, ana we 
define as the upper leaf the one for which | 
V4 FO) = = + OE _ 
Denoting, then, by F, either of the integrals 
‘ 2 Oy zdz Cy dz 
ay VS f(z)’ ay VFO’ 
taken along the positive side of the line Z in the upper leaf of the surface, a, — 
. being accordingly a, or &,,, we may write 
o = 23, O, = 24, 
Gg = 2H, O4 — 2F y. 
The substitution \ | = 
leaves f(z) unchanged : -FO =S eh: 
‘and the line Z is changed into the line ‘Z/ obtained by turning the whole plane: 


through an angle of 180° around the point z = 0; by this operation the branch- : 
ing points are interchanged according to the permutation | 





s 





o = (Gz) (a304) (a526), 
or ai = Ag, Ag = ay, ete." 


We now construct a second Riemann’s surface 7’ with the connections alal, alal, 
aa slong L', the upper leaf being again defined by | 


~f) = +1, 
and we complete the correspondence of Tand 7' determined by the substitution 
g = — z by requiring that the point z= 0, vrO = + 1 of T corresponds to the 


point # = 0, Vf (Z) = +1 of 77. 

Denoting by 4 (z) the value of VF (œ) in the point z of the upper leaf of T, 
and by Ÿ (z).the value of V f(z) in the same point z'of the upper leaf of 7”, 
we easily find the plane of the variable z to be divisible into four annular 


portions (see. Fig. 1), so that z a = = + 1 in the shaded and = — 1 in the blank 


portions, the full lines in the figure representing parts of the line L; the dotted, 
parts of F. . 





Lu 
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7 U; 
p My 






Fig. Í. 
We may now easily determine the transformation s. For instance, 
a = a 
Whore Lw extends from 1’ to 2 along the positive side of Z/ in the upper leaf of 
F. We see from the figure that alòng this path i 
| | YA =— 4h); 
we may therefore calculate J}, also in the surface T along I’ in the lower leaf, or 
by: deforming gradually the path of integration, along the negative side of L in 
the lower leaf, that is to say, along the positive side of L in the apps leaf from 
ad, to a,. Therefore 
of = Qe = + 23 = — 2l = — ay. 
In like manner we find 
Og = Wy = + Aly = 0, 
0355 Wy = — = — 28 + 2154 == 0 — 63, 
04 = me + 2M = 2M — 2Ly = a, — 
which is, indeed, a “canonical substitution” * of the rl 1. 
The corresponding formulæ for-the transformation of the -moduli are ` 
Ty = Ty, Tr = l — Tg, Tig = To, 
whence we have, putting Tle = = Tap 


as the relation between the Tas which we seek. 





oe * Cf. Clebsch and Gordan, Abel’sche Functionen, p. 800. 
ou. X a ' i 
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The result agrees exactly with the following theorem of Weierstrass * and 
Picard concerning the reduction of hyperelliptic to elliptic integrals: 

“Tf any integral of the first species (Gattung) and the first order (Ordnung) be 
reducible to elliptic integrals by a rational transformation of the k degree 
there can always be found a corresponding system of -moduli in which 


T ae 4) 
en 


Applying to the periods the linear transformation 
Oj — Qj) — Og; 
Oz = — Wy , 
O3 — O3; 
- O4 == Wy T O3, 
whence follow 


, 2 2 
= TuT — Ta es = ™ + Tuto — Tth — aT 1- 2ra + TuT — Tie ; 
tu — D D D ere eT 
Ta Tag | Taz 





we may give the relation Ti = 


i | Ty — Top 
which will be useful afterwards. . — 


$11. 


` 


An analogous proceeding being applicable to. the other cases, I confine 
myself to giving for each of them the figure which shows the paths of integra- 





tion and the value of vf) the linear transformation of the periods and the 


SF (2) 


resulting relation between the 7,,. 


A 


bn 
LA 


IT. Case: fe) = (2 + ia: 


# ve TÈ "Ti art ' Fri 


CT 


Aer, Mme, ae, = — 1, ae, a0. 








* Acta Mathematica, Bd. 4, p. 400. 
t Bulletin de la Société mathematique de France, Tome XI. 


” 


r 


a Le 


b | So See eas PIE | 
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exe5, 
go ee, 
SQ =se =r (2), 
T at : 
a/fi(z) __ )+ eë in the shaded portion, 




















=n wi 
VJC) —€5 in the blank portion. 
Thence a! = @; — Oj, f , 
D = Og; | 
` 03 = — @, + Os, 
(| == — Wy — Wg ++ Os, 
and Tu= 1 — s, ty — P — &, Tee. 
Fig. 2. | | À 
TII. Case: fle) =2(2 + af +1). 
7 … À __ 1 
a; = 0, y= D, A = — Hy, y= — Ay, = — , As —. 
s | Oy a, 
6 6 ü 
> g= 7, 
fe) =f (z) = — fF), 
Pe EE Xb EET aa wy a ee 
se ee So à me 1 : 
de a VSE) 
"SRT . a 
~oo | Z : + in the shaded portion, 
TERRE PP" ' e 
LG, RR’ | — in the blank portion. 
SRE Ie : 
= (85 Thence DO = — We, 
2 | l wy — O , 
RE | o = — a + 0, 
| - | OL == Og— Wa, | 
SEE TER: and o 1l E 
EETA EEEE Ty = T= Te. 
ee 
g 6 ? , | a’ 
Fig. 3. 
IV. Case: ©. fe) =r tas +1. 
| TEES p. 2 2 | 1 wat 
Oy = Eg, Og on a= —, e= eF, 
1 


. i= to, OS 0; 


; ; : ‘ ne ‘ e 
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> 










8 n(5) ‘- D = 82’, 
Lo JO=/ =. ~ 
= Here we have in the whole plane 
- v F' (2) 

= = + 

Thence | ©! = Qs, 
og = — 01 — Og; 
AH — — Ws as 4, 

~~ 6 (4 z= Lu O3; 
( ( 2" a and the resulting relations are 
7 
: ? Ty = To = 2T 9; 
- Fig. 4. 


which may also be given in the form 


7 Tee oe 
T= y : 1T + 1 = 0. 


V. Case: p f(e)= 2 + 1. 





Om —=e°*, Cy = JO; Os = j'a Ga = Jon as = J'u, Ag =J". 
Jee, 
| y = 92, . 
Fa = f e) =e), 
~F’ (2) 
Me E l, 
VF (2) : 
+ in the shaded portion, 
| — in the blank portion. 
Thence OL = Os — 04, 











Fig. 5. - | | | 
The square of this transformation being identical with the transformation of. 


Case IV, we find 


i 1 a 

T= J3” f 
as = 4 — 1 | 
Tii = T — WES T= ` 


FF — Ta = — 4 
| 11 22 J/3 ? 


or, 
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VI. Case: | | fe) = a(t + De 





2 Uz, 
/Q=/O=VO, . _ 
VIO = 3. 
JTO e s a 


-+ in the shaded portions, 
— in the blank portions. 





Thence ; 
ol = Os + O, . 
o = — Q + 0: — 03 + 0, | 
O; = — @ ~~ O, | 
(04 = Gi — O + Où. 
EE | | | 
| Fig. 6. | B | | | 
The square of this transformation being identical with the transformation of 
Case IIT, we find ds. 1 | 
a ge 


On comparison of the different cases, the relations between the +,, for the 
function z(24--'1) appear ‘as a special case of the relations for z (z+ az? + 1), 
the latter being themselves a special case of the relations for 2° + az! + Gr? + 1, 
as was'to be expected from the fact that the cyclic group (n = 2) is contained as 
a subgroup in the diedron group (n = 2), and the latter in the oktaedron group. 
An analogous remark may be made respecting the three groups, cyclic n = 2, 
diedron n = 3, and diedron n = 6; and respecting the three groups, cyclic 
n = 2, diedron n = 2; and diedron n = 6. f 

A few words may be added concerning the sufficiency of the relations 
between the t,,;. Taking for instance the Case V, 

| - = i ES u À 

Tu = Ta 9731 Tae — 9) | 
we find first that +, remain unchanged for a linear transformation whose period. 
is 6.* Thence we infer as above, §9, that f must remain unchanged for a corre- 
sponding substitution ‘of the variables possessing likewise the period 6, and 
therefore for all the substitutions of the diedron group for n= 6, q. e. d. 


- 


* Any operation T is said to possess the period x, if x is the least possible integer for which T#=—1, 


A 2 e 


- 


= 


4 is x : i … : g è 
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In the case of Ze = + 1H + 1 = 0, | 

we find similarly that f remains unchanged for the substitutions of the diedron 
group n = 3; but, that F may remain unchanged for no other substitution, it is 
necessary to add a certain inequality, expressing the condition that Tu, Tiz, Ta 
be not reducible by a linear transformation to the values 

| i - 1. 
2/3 Tin D ’ 
which are characteristic for the diedron group n= 6. A similar remark is 
applicable to the other cases. ` 
We conclude by combining in a table the relations which exist for the ` 

sextics with linear substitutions into themselves, on the one hand between the 
rational invariants, and on the other hand between the Tg 


3 ~ 
















r 7} 
Canonical form. Invariant criteria. Relations between the Tap: 
L + ais + Patel +- 28 AN | Css 
t i À A 5m ga Aim a 0 j 2 | 
A0, B=0, C—0; | 
3AB —6BC + 44?0—18D—0, 
IIL) zz (4 + acted + 24) AB + 5ABC+ es 3AD=—-0; 
| DZO, C — p B20 
~ DE E (B) 
M E B? — 0, 
6 
i ea 9D—2B(6C-+.AB)—0; 


D20, 2AB—15020 


6B— A?==0, 60+ AB= 0, 
V. a + af | = 


Vi. HA (i+ 2) 


Tie Tig = 


GOTTINGEN, August,. 1887. 


On the Transformation of Elliptic Functions ( Sequel) 


By PROF. Ci 


The chief object of the present paper is the further development of the 
paG-theory in the case n= 7. I recall that the forms are 
r ae ee, 
MIP ÿ UNI Ta +? 

where a (0 + Aga? + ‘Aya! -+ af) 

Lb dit + At + paf 
The paragraphs are numbered consecutively,with those of the former paper “Om 
one Transformation of. Elliptic Functions,” vol. IX, pp. 193-224. 


~ The Seventhic Transformation : the pa- Equation. Art Nos. 51 to 57. 


51. The équation is given incorrectly Nos. 7 and 42; there was an error cf 
sign in a term 512ap, which affected also the sooticient of ap, and an error cf 
sign in the absolute term 7. The correct form i is 

~ p — 280° — 1120p” — 210p* — 224a9* + (— 1484 ae 13440) p° 


+ (464a — aire —T=C; 
oY, arrange in powers of a, this is 


ae es: : 
+ a. — 1844p? | 
+ a. 112p° + 224p" — 464p 
| =p — 280° — 210p* _— —7)=0. 
' This may also be written in the forms 
(a — 1){a*.512p + lai 13449? + 7 + 112p° + 2249? — 1344p? + 480} . 
—p+1}(p7)=c, 


and 
(a + 1){a? 512 + a (— 1344p — 512%) + 11207 + 2246" + 1344p? + 48p) 
| Lu mn dé EO 


72 CAYLEY: On the Transformation of sa a Functions (Seguel). 
To simplify the pa-equation we assume A= 8a — 7p” LE then the — 
tion is `. A’ | 
+ Ap? (149 — 1199” — 58) i 
man p ? (p° — 126p° + oe — tora — 7) = 0; 


viz., this is a cubic equation wanting its second term, and so at once solvable by 
Cardan’s formula: say the equation is. l 
AA 0, 


where 
ene, — 1196? — 58, | 
n= pi —126p + 280p — 1078p — 4. 
It is convenient to recall here that, writing o = — — : , and = = 866 — 10°, we 
? 
have between o, B, B precisely the same equations as between p, a, A; p= 1. 
gives g = — 7, and we have as corresponding values a = — 1, A= — 15, 
8 = — 1, B= — 287: these are very convenient for verification of the for- _ 
- mule. Similarly p = — 7 gives o = 1, and then a= —1, A= — 287, B=—1, 
B = — 15; but I have in general used the former values only. 
52. We have A=f+3g, 
where 
3/9 a a Pqi» 
J + f= E pr Ù 
d Per: 
and thence’ Popa PVR + 2. 


We have identically ` 
‘27 (p° — 1260 + 280p' — 1078p? — 7} + 4p (14pf — 119p — 58) 
= (p° + 75p!— 1416? + 1)(27pt + 122p + 1823) 
[p= 1, this is 27.930?-+ 4(— 163)’ = 64.1472; that is, 28852300 — 17322988 
= 6029312, which is right]; but it is convenient to divide by 27, so as instead 


of 27p* + 1229” +. 1323 to have in the formule 0 + sie p° + 49, or say 


99 
pt + Kp +49 (=>) 


Hence writing t= pë + 75o — 141 +1, 
ò = p + Ko + 49, | 


4 
we have ` r+ a7 PU — #6, 


E 


- 
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and A s 2f" = P (71 + a òh 
| 2g = 0” (rı — i ò). E A | 
53. It was easy to foresee that the cube root of r + ha 0 would break up 
into the form (V+ VÒ W + W à ~v 6, and I was led to the. actual expressions by 
the identities ; 
| 20 (14pf — 1199? — 58) = = (199? — 53)! — 3 (27p* + 1229? + 1328); 
that is, 20q == (199? — 53)? — 810, 
and 27 (p? — 7)? — (27p! + 1229 + 1328) = — 500p, 
27. (p + 7)? — (27p* + 1220 + 1323) = 2569"; 
or, as these may be written, 
(P— 7} — 3 = — a p (p° + D Dee me p. 
Wei in fact have further the two identities 
| 1000 g + 75p!— 1419? + 1) 
= {(19p° — 53) + 243 (19p— 58)(p'+ Kp + 49)} 
+ {27 CE ns e . +729 (p°+ re + 49)}(— p+ ma 


— 1000 (g°— 126p"-+ 2809! — 1078p” — A 
| | = {(19p?— 53)+ 243(19p?— 53) (p+ Kp + 49)\(— p° + 7) 


+127 (199° — 58} +729 (P +-Kp’ +49) }(p°+ Ap” +49), 

viz., writing 199° — 53 = 9U, — p we 
ae equations become 

1000 178 m p? 

s à = UF + 8 a + 3) W, 

1000 i i 

| — 729 no — ee + 86, , 

and we have thus 
` __ 1000 


— 725 ee h à) = (U + VITE V5), 


and the. like equation with — 1/6 in place of 4/6. 
54. In part verification of the last-mentioned identities, observe that in the | 
first of them, putting p = 1, and comparing first the coefficients of p° and then : 
the coefficients of p°, we ought to have. 
1000 = 19° + 243.19 — (27.19°+ 729), = 11476 — 10476, 
1000 = (— 53° — 243.58.49) + (27.58 + 729.49) 7, = — 779948 + 780948, 
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which are right; and similarly in the second equation, comparing first the coeth- 
cients of p° and next those of p°, we have | l 
— 1000 = (19 + 243. 19)(— 1) + (27.19 + 729), = — 11476 + 10476, 
+ 7000 = (— 533 — 243.53. 49)(7) + (27.53? + 729.49) 49, 
= — 5459636 + 54666386, 
an are right. 
55. We have now A: “a J, whens a 


Fa pO NET (Weald) 


~ 04 VIN = PW + 0/8); 


(where observe that, multiplying these two values, we have 


i 500 
fg = in ON es NE Pr o 


| = ol Pr) 


that is, | 
27 | = oe o 20g: _ 1 
H=- PT), = — aH ae a, 
which is right). Or, finally, d for U, W, ò their values, we are for 
the solution of the Ap-equation, A = f + g, where | 


f= 10 = (19—53 —N PRE) L p EEV r (=? = = ) 


2 (19—53 LW ERP VE = pi — pata) MK +49} 


56. In the case p—1,a has a value = — 1, giving for A, = 89a — 70°, 
the. value — 15; and, in fact, here pọ? = 1, and the. Ap-equation becomes 

i A’ — 163A + 980 ='0, 
that is, (A + 15)(A? — 154 + 62) — 0, 
the roots thus being ^ a 
| A = — 16, A= (154 iv 38). 


To verify ‘in this case the values given’ by the solution of the cubic equa- 


122 1472, 
= ors and therefore 


_ tion, observe that for p?= 1 we have ô= 50 + = JT 5 


CAYLEY : On the Enea u of Elliptic Functions (Sequel). 75 





Via ee WT, also, U= ES, =, and W=—p+7, =6. 

Hence ee and | | 

a =p 1 (Wè) = /3 4 NE, | PREUVE, 

_ hence 
te _ cae EST = L (17—450) BIF IIV; 
but the cube root is + (3 + 69), and we have a — kal 69)(3 + v 69) | 

— 225 + 5/69, = 5(—45 +v 69); that 5 is, I= = — A 45 + 4/69). Simi- 
larly f= = (— 45 — 65). We have thus the mk root f+ g= — 15, and 


‘ à : : : 1 ane 
ume cued roots fo + ga” or fa’ + go, = — = : + a”) + F N 69 (a — o°), 


viz., the first term is s =: and the second i is + — L vp 69. dé 8, = + SVT 23 ; 


. thus the roots are — (15 + in/ 23), as they should be, 


57. I found, by considerations arising out of the new theory Nos. 72 et seg., 
that writing for shortness m = in/3, then, for p =m — 2, the pa-equation has 
a root a== m; the corresponding es of ay thus are A= 12m — 31, 
p= — 4m + 1, viz. substituting this value for p” in the Ap- equation, there 
should:be'a root A = 12m — 31. ‘The equation becomes : 


A? + A (3704m — 7653) + 148306m + 206162 = 0, 
or, as this may be written, | | 
| (A — 12m--+ 31){ £ + À (12m — 31). + 2960m + 40621 = 0, 
and the roots thus are — 
ÅA = 12m — ye 
Ass — 6m + sk yV 28am — LETT, 


where the square root is not io as à rational function ofm. . 


-o 


n . 
~ | - ræ J: 
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Goran of Bas a Rational Function of a, P- Art. Nos. 58 to 66. 
7 
58. Writing o = — rs we have 6 the samé function of o that { p is of æ; 


hence if B = 806 — 70°, the Bo-equation i is 
B 
+ Bo? (1404 — 1190? — 58) 
— 0? (o — 1960° + 2800*— 10780? — 7)= 0, 
and the expression for B in terms of o is obtained from that of A by the mere 
change of p'into 6. a we have B = f' + g where 


1 
P= TAI ENT EN) 
9 o bee ee 
g=— 7 (Ut NT (W+ vò); 


then we have 





UET N BE à 
_ se a A DL EE 
=- 17. 1 ey V5), | 

re Seow + i) = 4 T Wd) 


and similar] 8/7 | 7 
SLAM + v8) = — ee 23 P (W + VS). 

The cube roots which enter into the expression of B are thus identical with those 
in the expression of A, and it hence appears that B can be expressed rationally 
in terms of A, p; or, what is the same thing, 8 can be expressed rationally i in. 
terms of a, p. 

59. The à priori reason is obvious: the pa-equation is a cubic in a, but of 
the order 8 in p; hence to a given value of a there correspond 8 values of p. 
Similarly the o8-equation is a cubic in @, but of the order 8 in ø, or if for o we 
substitute its value = — — , then we have a p@-equation which is a cubic in 8, 


but of the order 8 inp: In the absence of any. special relation between this 
_pB-equation and the pa-equation, there would correspond to each of the 8 values . 
of p, 3 values of @; that is, to a given value of a there would correspond 
8 X 3, = 24 values of 8. But, in fact, to a given value of æ there correspond 


w’ 
ry 


« = 


a 
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only 8 values of Ê, and the two cubic aai are related to each other in 

such wise that this is so; viz., the relation between theim is such that it is possible 

by means of them to express 8 as a rational function of p, a 
60. Returning to the investigation, we have 





90 = 190? — 58, _ Ss 
or, writing 630 — 530” eee 
_ this is t=T, whence Te V8 = ; = 4 (Tr VD). 
Hence writing 
=y | TV VD, o= JT pws AA, 
we have Cade Le vò) 6, f= — + s (T+v8)9, 
_ 9 49 
re (+ V9, La À —(U— /6) 9, 
so that, putting for soi | 
: 49 
E Lea wU- vò), E pa ri vd, 
9 a 
| M=— À (0+ ve) H= — —~ 10 Fa (T+ v9), 
we have À = L§+ Mo, B= L9 + Mo, 


where 6°, g and 6p are each of them free from any cube root; we have, in fact, 


8/ 1° , — 500 ö 
0p = me zm ò), = ae 797 P, =— “3 Ps 
and it may be added that | 
3L Mio = — pq, whence LM = 5 iy 

LE + Fo = orn, 

BH — Mo’ pha 0; 
these are, in fact, only the ie obtained by — L0, Mọ i in place of f, g 
respectively. 


61. In the case p = 1 we have o = — 7, the iain for B Does 
OS | B? + 1358525B + 413536578. 0; 


that is, ` - (B+ 287)(B?— 987B + 1440894) = 0, 
and the roots a a 5 | ` 


— 287 and — z (287-4497 23), of, say — 7. 41 and — y (a + Ti 23). 
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We have as before, veS : , and VTE à) = Si + TV =o: 
also, U= ——, whence U + vò = we . We thus have 
= — Le a + VTT 12/69, 
or, putting for the cube root its value = = > (8 + 4/69), this is 
pi 439 + 280/69)(3 + v63), = — E + LT Vos 
287 A 
Similarly g = — Er: 469; and forming the values à +g, af! a ag’, 


a’ f'+ ag’, we have the realroot —287 and the i imaginary eee g (287: +497 23), | 
as above. E 
62. We have E equations B Di 
B=L0 + Mọ, 
A= L0 + Mọ, 


; 243 
A — ob Mog = M 0+ 7 


Gp TB? 

from which, eliminating 0, @-so far as they present themselves linearly on the 
right-hand side, and in the resulting equation replacing 6p and ae by their 
values, we have ae ® 
B, ` D; a Melan 


| À, | 
5 2 | . 
=> p ( A+ S pa) , Me, DO 
that is, | 
B (LB? — MP a) = = A (PIP — MMe?) — E m A 5 pa LT — LM). 
This may be written | 


, . ‘729 49 
| Bpuy5= A {= ao 7 LO VD 3) PW 8) 


RURALE TI LEE) 
5 81 49 
= 5 (#+ 3 5 pa 100 3 Lo VT + vò) 


— (U +7) T— V8) ], 


., 
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where the terms in [ | contain each of them the factor a/d. Omitting this factor 
from the equation, and multiplying by p°, we have’ 








k 81 | 
| Bott, = ral A[(D + 200 + 8) W + mo + (2U + Ds 
| > ‘ 10 | 
= 3 (4+4 pa) (0 — D}, 
which I verify at this stage by writing as before, p= 1. We have 7 == — 287, 
mi | : =. = | 
omitting ene ink ihe Lo os 
81.49 72496000  2233600\ 81.49 MEE 
"287.64 = “100 \ 567: . 567 /’ — 100.567 Shee PSS 


which i is right. 
63. We require the eaa of (U? + 2UT +. 0) W + UU + (204 U)8, 
_andof U—U: I Ei some of the steps of the calculation. We have 


U? + 20048 = 





a - {(133p°— 371)(239" — 2233) + 63 (g+ 49) + 3.49.1220} 


= -r [357560 — 867724p + 1622924} 


= | 127704 — 131330? à 36533}. | 


567 
Multiplying by W, = — j + 7, we have 
(U? + UD + 8) W= er {— 12770 +  -22072p¢ — 1284646" + 255731} 
= mer 11493p° + sat: à — 1156176p? + 2301579} | 
Le 3 
PU = TS - (19p° — 53)°(53p* — 931) | 
= ae {191330 — - 4428339" + 20239110 = 2615179), 
(2U + D)5— ~ 63.27 - (3819p? — 1673)(27 p + 122p° + poze) 
= — nn [8613p — 6253 + 2179819 — = 221879} 
ae a = 5 {258399 — 18759pf + P 6640137}, 
whence : | 
UU + (20 + T= {4497909 — 461592pt + ET, — 9255816} 
4 


1112430 — nee À + 6694266" — 2813829}. | 


L 


~ 5103 
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— 


Hence, adding, we obtain 


(T+ 800 + 8) W + WU + (2U + Ds | O « 





4 
= grog {— 250p + 832500! — 486750" — 12250} 
__ — 1000 

iT { | p— 38330 + 19479 va 49}: 

sad we have at once | | 

U — U= 5 (80p° + 560) = È (p + 7). 

64. We now find | 
| Bo't, = — 7A (p° — 383p* + 1947p" +. 49) | 


| — 56 (84° + 207) + 7), 
viz. . substituting for-t, Q their values, this is | 
Bot (p° + 75p'— 14 1p? + 1) = — 7A (p5— 333pt + 1947p? + 49) | 
— 56 (34? + 29? (14p— 1199? +. OMe + 7), 
which is the value of B, expressed rationally in terms of p, A; it will be 
observed that B is obtained as a quadric function of A, which is the proper . 
form. = 
Writing p=—1, we have A= + 15, B= — 287, 4 = — 64, q = — 163; 
and the equation is 
287.64 == 105.1664 — 56.349. 8, — 174720 — 156352, = 18368, 


which is right. 


-65. Writing for B, À their values = — — =g- ae and 89a — 7p”, we have 


 p(—< 0 F) 4 =(— 56pa Ee sa — 333p* + 1947p? + 49) 
. — 56 (192pa? ee? 336p%a + 147% + 7 CA + 1): 
that is,  — Open = — 56.192p° (p? + 7) À 
— 56pa(p° — 333p* + 1947p° + 49) 
+ 56.3360 3a (p° + 7) 
| -. + 490? (p° — 333p{ + 1947p" + 49) 
A o — 56 (147p* + 29° (14pt— 1199” — 58))(p’ + 7) ; 
| | _ + 343P (p° + T5 — 141P +1), ` | 
where the fourth aud sixth lines unite into a term divisible: by 56, viz. omitting 
in the first instance a factor 49, the lines are . 
| | p°? — 3330 + 1947p* + 499°. se 
and -T° + 525p$ — 987 + 7p", . 


i $ 


* 
en, 
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he together are == 89° + 192" + 960p* + 560°, 
and hence, restoring the factor 49, the lines are . 

= 392 (p? + 24p° + 120p° + 7’), 
and the formula now easily becomes | 
pLa = 192p(p° + 7) a? 
+ (pf — 669pf — 4050 + 49) a 
219° — 4 2. 
where the last line is en | bi 
= p (p° -+ 7)(21p° — 210p° se 123). 
66. Hence, finally, substituting for 4 its value, we have 
Be? (p° + 75p* — 1419" + Ja = 3p (p + 7) (64a? + 7p* — Top 41) 
+ a (pf — 669p° — 405p + 49), 


which is the expression for Ê as a rational function of p, a 


Here p = 1, a = — 1, 8 = — 1 give 64 = — 960 + 1024, which is right, 
adei os n, a= — 1, 8 = — 1 give _ 
— 49 (117649 + 180075 — 6909 + 1) = — 21.56 (64 + 16807 — 3430 — 41) 
| — (117649 — 1606269 — 19845 + 49); 
that is ` — 49.290816 = — 1176.13400 + 1508416; 
or E — 14249984 = — 15758400 + 1508416, which is right. 


The a8-Differential Equation. Art. No. 67. 


6r ‘We have, No. 10, dB _p? da 
Pal 7 @—1’ 
and it should of course be possible to verify this equation by or of the 





pa-equation and the'value just obtained for 6... But the expression for —- given ` 


‘by the pa-equation is of so complicated a form that I do not see in what way the 
verification will come out, and I have not attempted to effect it. 


The Coefficients A, and A, Art. Nos. 68 to 71. 


68. These are given by the formule No. 47, viz. we have 


— 1 ree dp 7 Lo 
NU — l)a g7 + bp, 


# “VoL. X. i Koik 4 


2. 
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where u and 8 have each of them to be expressed in terms of p,a; we have | 


thus A, and A, each of them expressible”rationally in terms of p, a; but I have 
not attempted to effect the substitutions. 

69. The five equations of No. 42, merely collecting the terms, are 

124, — 64i — 804, + pp—7=0, | 

(— 64, — 32a + 2p°) À, — 241 — 8A, + 30p = 0, 

(P — 4) AR + (— 445 — 8a À, + 6) À, — 5A + (20? + 4p) À; — 72ap = 0, 

— 2A,45 + {(20° — 4) 4; — 6p} À, — 4p A5 — 8204, + 2 + 289 = 0, 

— 34; + (— 4pA;+ 20° — 8ap) A, + Ai + 109A, — 6p = 0, 
which would of course be all of them satisfied by the values of A,, A, as rational 
functions of p, a, viz..the substitution of these values in any one of the equations 
would give a function of p, a containing. as a factor the expression on the left- 
hand side of the pa-equation. | 

70. Or-again, the equations should determine 7 and À, as rational functions 
of p,a, but there is no obvious way of finding such-values in a simple form. 


We of course have 124, = 6A} + 8a4ı — pt + 7, 


and using this value to eliminate 4, from the remaining equations we find the 
following four equations : 
A.30 + Aj(120a — 6p°) + A1 {12807 — 8ga — 3p*+ 69} 
| + a(— 16p +. 112) + p! — 7p? — 180p = 0, 
Aj (36p° — 432) + Ala QE — 1344) 
+ A? {at (640? — 1024) — 1999 + 48pf + 849? — 624) | 
+ A; {a(— 16p* + 160pf + 112p — 544) + 28805 + 5760! 
+ {— 10368ap + p” — 40° — 140°— 16p* + 499’ — 308} = 0, 
A’.36 + Aż. 96a + A$ $ 64a? — 1 2p* — 72p° + 208} ” 
+ Ai {a (— 16pf — 969? + 304) + 504p} 
+ Ay fa. 2592p + p? — 19p5 + 10pf + 84p? — 119} 
+ 8605 — 1449? — 2268p = 0, 
4,36 + At (960 + 960) + A2{64a°+ 320ap — 129! — 960 + 84} 
+ A, {2560p + a(— 80p* + 112) — 16pÿ — 368p} 
+ fa (— 320 + 224p) + p° + 8p°— 14p* + 2320 + 49} = 0, 


and wè could from these equations obtain various rational expressions for 4, and 
its powers, but these would apparently be of degrees far too high in p and æ. 


~ 


n 
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71. Itis to be a ca that ae p= = 1, a = — 1, the values of 4,, A, are | 
A= = À, = 3, viz. these belong to the solution 
a (1 + 82° Sata) dy _ dx | : 
= Thad peepee = % Ce Te 
and that for p = — 7, a = — 1, the values are sn = — 21, 4, = 85, yiz. these 


belong to the solution 
i — Ta + 35 — 211 +2 dy Z Ide 
Y= Tole + 352° — Tr! Ipe 142° 


‘For example, the equation 124, = 6A} + 8a4,— pt + 7 becomes, for the first 

set of values, 36 = 54 — 24—1+ 7, and for the second set of values, 

420 = 2646 + 168 — 2401 + 7, which are each of them right, ` 
New Form of the Seventhic Transformation. Art. Nos. 72 to 88. 


72. For the quartic function 1 — ax + xt, the coefficients a, b, c, d, e are 


= 1,0, — A a, 0, 1, and hence the invariants J, J and the discriminant A are 
fat ii as 9 
sur n° += 
_A=F—-21/,— Zod (a? + 3%— (a? — Da} }, : =.(a?— 1}, whence X/A = NV l. 
This being so, ey assuming ONE 
| VE x 
the differential equation | i 
x T. dy _ ` pdx | 
Si — Bry vIr Lai 
‘becomes oo o . 
VEF—1dy = pV e—ida 


a/ 1 — 2By* + y eet 


viz. this is, for the radicals v TG FA and /1— 28y +, the fie 
considered by Klein in the paper “Ueber die Transformation der Elliptischen 
Fonctionen und die Auflösung der Gleichungen fünften Grades,” Math. Ann., t. 
XIV (1879), pp. 111-172. I notice that there is some error as to a factor 7, 


a 


and that p is k to the z of Pri 148, not as might ne 


A 


_ 
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73. The modular equation. presents itself in the form given p. 148, viz. 
this is 
J:J — 1:1 = (P4 13r + 49)(2?+ 5r + 1): (1t + 142° + 6377+ 707 — 7): 17287, 
with the like relation in J, +, and then +7 = 49. We have thus J, J’ each 
given as a function of +, and thence by elimination of + we have the modular 
equation as a relation between the absolute invariants J, J’. But + = p°, and 
for the form 1 — 2aa? + at, as appears above, we have | | 


1 
OF (a? m= 9a Y 





27J° 

J aa 1, — TA i pe) “(a — iy ; 

hence Klein’s equation | 
pit 88 + sae 

B 1728r ` | 
becomes d 9a _ ptt ph 6 TOT +. 

À 8p } : | i | 
| p + Lp! + bapt-+ Topt— 8 (2% N pT, 


N 


(which is the equation p. 148 with p for z), viz. this is the pa-equation connect-  - 
ing æ with the new multiplier p. It will be observed that it is of the degree 

8 in p, and the degree 3 in a, viz. it resembles herein the foregoing pa-equation, 

but the form is very much more simple, inasmuch as the a enters into a single 
coefficient only. The equation may also be written 


(p+ 5p? + 1)(p* + 13p? + 49) — Ga ne y ye = 0: 


74. Using for shortness a single letter m to denote the value ia/3, we have 
a° — 9a + 3m (a? — 1) _- p + 14p’+ 638p + 70p? + 24mp — 7 
a® — 9a — 38m (a? — 1) pë + 14p*+ 68pi + 70p°— 24mp — 7? 

¢ Han (pP — mp +1) (p° + 3mp —7) 
| a—m/ (pP +-mp + 1)'(p*— 3mp — 7) ’ 
or say | a+ m en an À p + 3mp — 7 

a—m p a p — 3mp — 17" 
which is a form of the pa-equation. 
75. We had + = p’, and similarly writing v =g, then ++’ = 49 = po: 





that is 


must be assumed that pg = — 7; 6 is-then the same function of g which a is j 
p, viz. we have. PłHm g FFFIN — +3mq—7 - 
B—m g+mg+l V 3m7 ` | 
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These equations in æ and 4 contain the same cubic radical, viz. we have 


| 5 h l | 
f+ 8mg— 7, = BB, — (D Em — 7), 
and similarly | - | 


I 


7 | ; 
g’ ré M ui 


Moreover 
| 49 7 1 ee a! 
g— mg + L = ttl = (p + mp + 49), 


ee P 
and similarly 


: f | 
g + mg+i + De ea 49), 
and we thus obtain A 2 | 
B+m p+ Tmp + 49 3/0 + Smp — 7 
| B—m p—Tmp + 49 N pi — Smp —7 | 
whence, eliminating the cubic radical, | e | 
Btm p+ Tmp +49 p°+mp+1atm 
P—m p?’— Tmp + 49 pi—mp+la—m’ - 
_viz. this gives B as a rational function of a, p. We in fact have 
p= SEERY + 19)— Mo (+7) 
i 26 0 i NT 
p ae 


76. The differential relation F SE i 


its value, becomes `` dB Pp a 
(@—1e T (@— 1)" 








ae substituting therein for p 


we obtain 





But, from the expression for ~ e i 


% 





da (—— — 
atm a—m/ 


_ 2p — m 2p + m 2p + 3m 2p — 3m | 
=d (7# — se GE D DS pt — 3mp — 7) J’ 


._ or, ee from each side a factor — 2m, : 
dp (5 —p+1 | pt | : Bbdp 


a3 = p+ Ep +1 t oF ap 49 | (PF +1» re + 49) 
But we have, No: 73, | 
+8 > z _(#+ 5p + 1)(p° + 139° + 49) 


GT UT. . 


~ 
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and thence 
da l4dp 


(a — 1% pë (pt + 13p° + 49) 
dp … 14dg | 
E= UE de 


The equation q = — Le gives 





and similarly 


Tdp 
dg = a gs (9° + 13 + oy 49p7 (pi +137 F — 


- ` and we thence ao 





dp 2p5 dp _ P _ da 
(PIF Gap 40 7 (e 
the required relation. | 
77. From the value of p we have se 


: : ; 1 
de _ dp = ada a BdB 
p p aT ,f—1: 
which, substituting for d@ its value, becomes 
4 
=# + Rss (ee) 
: & (a? ~~ 1} (a? sa (P — 1)s 7 
or say 
a ee E EER a a oÊ a 
p da. Dp da (a aT, (a? — 1ÿ ` (8 — 1) TS? 
which, however, is more conveniently written 


A 
' i do 1 dp 


a Ep 


and then substituting in the formule for A,, A, we find - 


1 d 
A= TT, E sat eB 
1 dp 5: 
Lastoa oe f 
(expressions es give, as they should do, A, — pAr= + (ap — 8p)). 
these last formule p is s to be regarded as standing for-its value, = p “s= 


J a? —1 
Jel 


®; 
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78. To Mihei reduce i values, consider the expression of 8 given no: 
75. If for a moment we A this by 


pa Der Where F= p + 2p" + 49, G=8p(p +7), 


then we have 
i gia — G*) a? — 8FGa + 9G — F? 
: | (Ga + FY _ 


or, multiplying the numerator and denominator each by Ga + F, so as to make : 


-the denominator a perfect cube, the numerator becomes 


Ge — ŒE — 9a) + F (F° — 9G?) (a? — 1), 
and putting for. the factor G of the first hoy its value = 8p (p° + 7), we thug 





obtain pı (Pep +1) 8 (= — 98) + FUP 009 
I ri 


viz. in virtue of the pa-equation, this is 
D Co EU ih me DEFER 9G) | 
1 | | (Ga + FF 
This numerator is.= (p* + 5p? + 1)pf; in fact we have 
(F? — Pp T 7)=p ++ p+ Tp'+ 343p +.16807, 
F? — 9G = p° — 518p° — 7125p — 2538 2p? + 2401, 
and thence forming the two terms of the aumea and adding them together— 
for shortness I write down only the coefficients —we have 


t 


..1 15 78 154 567 22113 9257390. 1082802 1174089 —117649 
1 —489- —22098 —257389 —1082802 —1174089 117649 
= 1 15 78 155 78 . 15 1 0 0. 0 


viz. these are the coefficients of (p* + 5p? + 1}$ pi. “Hence 


P—1 _ (ott Spt + 1) 
a — 1 (Ga+ FF ) | 





or, extracting the cube root, “4 for G, F substituting their values, 


VB —1 (pt + 5p° + 1)p° 
a 8p (p° + 7) a +p + 29p° + 49” 


. | à — Sp (P+ 7) a + pt + 20p° + 49 
7 P pF o 


viz. we have thus ©? expressed as a rational function of p,a 


and thence also : 
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79. It will presently appear that p is in fact expressible as a rational func- 
tion of p, a, but I am unable to obtain this expression in a simple form. 
Admitting that p is thus expressible, a direct Daas for obtaining the expres- 
sion is as follows. Writing 

l p= SP + Da tap A P), 
p+ bp’ +1 
and by means hereof introducing Ẹ in place ss a into the equation 
p+ 14p® + 63 + 70 — 8p — 
we have for & a cubic equation, 
a+ OP +e + a=, 
where the coefficients a, b, c, d are given rational functions of p. This equa- . 
tion may be written | | 


— 1=0, 





"~ 


ač (E + IP VE + dE +d—=0, 
where # = b — 2a3, d =c — aS’; and the last three terms will be a square if 
only ce? — 4b'd = 0; that is, if 
(a¥ — c? + 4d(2a3 — b) = 0, 
a biquadratic equation in è which (p being expressible as above) must have one 
of its roots = a rational function ofp. Calling this 3, we then have 


i ae f i 2 97 i i l á 
ak (E+ SP + y Et = 0, or say Senet y+ He) =, 


-hence 
p = = f=! ab : 


where £ denotes a linear function of a as kiad the quadric radical will have a 
rational value, and the form of the equation de is ~ 
Aa + B 
PT Ca + D’ 
where A, B, C, D are rational and integral functions of p. But I am not able 
to carry out the process. i 
80. As shown, No. 78, we have 
— SPP HT) a + p + 29 49 
p+ dp? +1 
Multiplying by the value of 6, ante No. 75, we find 
Br? = (p' + 29p" + 49) a — 24p (+T) 
p+ õp +1 
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as 


and we can hence find À, and 4, by the formulæ 
1 dp 


T 
ce laa + a ora z Bet 
1 dp 3) 
| CITE D da 6° Tep a 


or, foi the Becone of these we may write. 
5 de A + — y (a— Bp) 


But in a different point of view, regarding only a but not p, as a given function 
«(Of p, a, we must to these equations join the equation 124, = 6A} + 8aA,—p*+7, 
ante No. 69, and we have thus equations for the determination of A,, A,, and p- 
81 We have : 
2 + Bp? + 1)(p° +13 +49) a a4 
. 8p : a’ + a+ 3 

eo 7 a (p! + 20p° + 49) — 24p (pè + 7) 

T To err 5p’ + 1) : | 
- where the second line is 


“a 


À apr 2) — 4p (pi +7) 

= pit dpi 1. . | 
Uniting de two ee we have a denominator 8p (p* +. 5p? + 1), hé in the 
numerator a term 8pa° which may be got rid of aya means sof the pecans 
the numerator thus becomes 


= 96p (— pt — p + Lu 128p? (e+ T)a 
+ (a? — 1){(— pt — p + 7)(p* + 14p° + 68pt + TOP — T)} 
+ (pt + 5p + 1)( pt 13p° + 49) — 82p°(p* + 7), 
where the whole divides by 8p; and we finally obtain 


ae BCP PEN Ns + Ta +(a®—1)p (p° + 17p° + 102p + 225p ron 
_ (FNP id +2 7 = 


i Proceeding to calculate the value of Ay + = = (a — pp), we then have 


8 (p: 4 Det oy ee) 
eeN OF TI 


Multiplying the numerator an denominator by a? +3, we » have in-the numer ator 
i Vou, X. g i 





` 


_ 
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a term in 8a? which may i got aa of by means of the P the 
numerator thus becomes | 


12(— p — 9p" —9)+ 16p (p? + 7) + (a? ee + 17p° + 102p*+ 225p + 97} 
E (pë + 14p° + 63pt + 70p?— 7) +.8 (p + 7), 

and we finally obtain 

a cee ml! aa 9) + 16p (p +7) + (—1)p7"(p° + 1p! + 3% +20p +2) 








p S (2° + 8)(p° + 5p° +1) 
8 2. The expressions obtained above for p°, Ay, A, are of the form 
> _ + Na A — Pit Qa + Rat i — P t Qa + Rd 

oes S(+3). ? p ~? S(@+3)  ’ 

where | | >. 
M = ptt 29p? + 49 5. N= 8p (P + 7); ' S= pt + 5p’? + 1, 

P, = 12(—p* E ci 7)—p (p°+17p°+ 102p*+ 225p 97), Q= — 16p(p'+1), 

R = p (p+ 17p' + 102p*+ 225p?+ 97); 

P = 12(— p*—9p’— 9) —p~* (p + 11p*+ 37p*+ 20p'+ 2), Q=., 16p(p +7), 

Ha p* (pf+ 11p°+ 87p + 20p°+ 2); . ; 


and substituting these values in the foregoing equation 
| 124, = 6A + 8aA, — p*+ 7, 


we obtain | | 

an at Qa + Ra” _ {6 (Pi+ Qua T Rio} P;+ Qa + Bo” _ (M+NaF a ay | 
12] SEFI) = SES T OA Sa nn 
that is, : 


_ 
PE BRP Oat aae as (Ot Cat he +808 (8-0) Prt Quart Be ) 


| — (M+ Na)"(3 + a”)? + TS? (8 + aY? 
.which, by means of the pa-equation . 8 ee 

3 __ : 
p° + 14p° + 63p* + 70 — (5 +) 8p —7 = 0, 
should be reducible to the form | 
| p = Aa + Ba + O, or. p = en 








Ca + D | 
but I have not been able to obtain in either of these forms a simple expression 
of p as a function of p, œ. Supposing it obtained, the pa-equation, ante No. 51, 


‘ would of course be thereby transformable into the foregoing pa-equation. And 
considering p as an auxiliary parameter thus introduced into the formule in 
place of p, then @ and the coefficients A,, A, are, by what precedes, expressed in 


+ 
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“ 


terms of p, a; that is, in effect i in terms of p, a, and we thus have the formulas 
of transformation for the paB- -form. . | 
83. There exists a pero simple particular case. Write for conve- 


“nience ĝ = V T; the pa- equation, is satisfied by the values p=—6; a = — à 0. 


= 
In fact, these values give 8pa = 36%, = = 21, oman —9)+ (a A == 513; 


the term in æ is thus 21.513, = = G a amie p?=7, we have 
p+ 14p* + 63p* + 70p? — 7 = 2401. + 4802 + 3087 + 490 — 7; = 10778, and - 
the equation is thus satisfied, And these values, p= — 0, jes 0 give 
F =i = = 6, A, = 20, À, = p9; the equation 124, = 6 À? + 8a A; — pt + 7 
. thus becomes 1299 = 168 — 42 — 49 + 7, = 84; that is, p= 7, = GOP: * 
p= 0 (= — p). We have a? — 1, = e — i — 
+, 
P—P'ya— SP 
say Ni — =, WB—1— = “Retaining 6 to stand for its ie AT, 


ee ; but from the equation 


, it appears that the sixth roots must be equal with opposite signs, 





À 


¢ 


the differential equation is — | 
dy . = Oda. - 


ve — 7 oy + yy N/1 +. Oa? + we! 
satisfied Py v (0 + Ta" + 20a4 + ) 


Y= ER ET Le | 
Tt may be remarked that the quartic functions of y and x ane into their 
linear factors are 


{y E Er yt te} E et = mara} 


an 


— il 3 + 10 at — id 840 D 
{e+ Wit waa EH Ë t+ IFI + Pree pati a} |? Fait 
and that for the first of the y-factors, substituting for y its value, we have 
a+ 20 + Ta? + Oa + TED (Ox° + Tat + afa? + jð l 
3810 l ” 1 + i0 ade 
WF À V2A +" 


with like expressions for the other y-factors ei 


y 


oe eaten 
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By he 8 Mansor mation Theory. Art. No. 84. 


84. M. Brioschi has kindly referred me to two papers by him, “Sur une 
Formule de Transformation des Fonctions Elliptiques,” Comptes Rendus, t. 79 
(1874), pp. 1065-1069, and ibid. t. 80 (1875), pp. 261-264 They relate to the 
form | dæ -dy . í 

NES — que — g Vi — Gay — Gy 
with a formula of transformation 3 
U | 1 
Y = FE? T= + aTi a.. z + a, f» = ns 0 1) 
U= x" + ox"? + oa., n. + a. gi i 


The general theory for any value of n is developed to a considerable extent, and 
it would without doubt give very interesting results for the case n = 7; but the - 
formulæ are only.completely worked out for the preceding two cases n= 3 and 
n= 5. For these cases the formule are as follows : 

Cubic transformation: n= 3, 7 


= =i aye? + ay + as 
_ oS ebay 
| i to the modular — we ed ' , s | , 


a z ga? T gam — E _g= 


and then i i 
G, — 9g, = 6 (20 — 392), Gs + 279, = — 14 (20a? — 3%) a, 
ne also | 
— 3 G+27g Gs + 279s 
% a g 7 Ga — Iga 992 


and by the general theory Oj, Oly, Og are given none in terms of a, Jor Jar 
Quintic transformation: n—5,  ° 
a ant + ax + age? + age + as 
E a (2 + aye F a) 
We have 
i GX — oy So 0, (24 -+ Ja) Was 30a, Y = 0, 
mnore X= as — Gaia, + — i Ji — Js; 


” 


1. 
= Ša; — aja, + _ Jolt — 93 + 6 Ja» 


2 ae 


. 


” 
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The first of these gives 
1 1 ‘ 

a= 6a, sa (ai + gm g) 

and then SS ae we have, en to the oe equation, ` 

© We then have 8 . 

G, — 259 = — = (H0at — Bae + 593), Gs + (259, = =— 14 cod — 8920, + 59s); 

whence also 


Cai 


4 G+ 1959 
a, = en ee 


T G—25m"  : 
and by the general theory «, dé, NET Xs; a are given rationally in terms Of. 


di, Jos Js ' 
These results are contained in 1 the former Ket the papers above referr i to; 
the latter. contains some properties of these modular equations. 


Symbolic Treatment of Exact Linear Differential 
Equations. 


By Wm. WooLsey JOHNSON. 


1. The linear equation i is here supposed to consist of terms af the sorm 


Ax sty uA or Aæ D'y, 
dx 


in which r is zero or a positive integer, and s is unrestricted. Let these terms 
be grouped together in such a way that the value of s—r is the same for all 
the terms in a group; then, if m be the least value of r for the terms in a gr oup, 
and g — m=s— T, the group may be writter 


af A, + AD + Ayah DP + J D'y. 7 (1) 


d 
Using è to denote the_operator x az oF an, we may reduce this expression 


by means oF the theorem | | 
AD = 8 (8 18 — 2)... .(8—n+1), . (A) 
to the form - - af (3) Dy. | NN - ` (2) 
2. In order that the. differential equation may be exact, each group of the 
form (2) contained in it must-separately constitute an exact derivative ; and the 
process of direct integration is equivalent to that of resolving, in the case-of 
- each group, the symbolic operator into factors of which that most remote from 
the operand is the simple factor D. It is well known that if m is not zero and 
g is an integer less than m, every term in (1), and therefore the group itself, is 
an exact derivative. The symbolic transformation of the expression (2) may in 
this case be effected by the formula deduced below. 3 = 
3. We have by differentiation” | 
n D.x Dy = D'y 4 Dy, 
or T E | Dy = Dy + Dy; 
whence, symbolically, | SD = D(S—1). (3) 


f - 


w 7 + 
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Operating upon both members of this equation with 3, we have 
¥D = ðD (Y — 1) = D (X — 1}, 
and in like manner we find generally ne 
SD = D(S — 1); ; 
whence, f denoting a rational integral function, e 
f(S)D=Df(S—1). ae © (4 
Again, operating with each member of this equation upon Dy, we have 


JOD =D ($ —1)D=D7 (9 2), 


| f(S) D= Df (S— 2) D = DPF — 3), 

and generally, J (3)D" = D™f(da—m).  - - | © (B) 
r” Applying this formula, in thè- case mentioned apover in-which m — q is 
a a positive integer, to the expression (2), we have 
af (S) D" = af D"f (3 — m) = win A à ci m). 
. By the formula (A) this becomes | 

| aif (8) D® = 9($—1)....(8—gt 1) D-¥S—m), 
‘and, making a second application of. formula (B), we have- 

aif (9) D= D"-4(9—m+q):...(3—m+1)fs(S—m), ` (5) 

in which a resolution of the operator into emboli factors of the form A a 
is effected. 

5. Formula (A), by which we reduce the groups to the form. (2), is also 
readily deduced from equation (8) ; for, multiplying the latter by x, we-have 

. IP = ð (3 — 1);, 
and operating with each member of this equation upon Dy, we find - 
es pew 
which, by. equation (4), becomes 
D= D(S — 1)(9— 2), 
and 4 rhultiplying by a, £D = 3($ — 1X3 — 2). | 
Thus we may successively derive all the results included in equation (A). 

6. When m is zero, and also when m is an integer, unless g is zero or a 
positive integer less than m, the possibility of resolving the operator into factors 
of the required form depends upon the existence et a in factor in jf (S). 

By differentiation we have 

Day = af Dy + (J n 1) y; 


and i in like manner, 


: : ý ae $ A : e. 
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whence, using Dz’*! as a symbol of operation, 


a (Sg H1S Det ©) 


Hence, if S+g+ 1 is a factor of f(ẹ), that is, if —(q + 1) is a root of. 
_ F (8) = 0, so that FO) =(3 +g + 1)9 (3), | (6) 
® peng rational and integral, then the expression eh may be transformed thus, 
aif ($) Dy = Dag (S) D'y Lo 
in which, subject to the condition (6), the operator is D into more of 
the ade form. > . 


7. This condition includes that mentioned in (2); for, if we transform the 
operator by formulae (B) and (A) thus, | | 
aif (à) D" = m"a" DS — a 
= gT" (I — 1).... (l — m+ 1) f(9— m), (8) 
the condition of direct integrability is the occurrence of the factor $+-¢—m-+1. 
Now if q is an integer less than m, this factor occurs among those actually 
written in equation (8); thus the condition is in that case satisfied independently : 
of the form off. Otherwise, the factor can only occur as a factor of f (8 — m), 
and the condition of direct integrability then is that /(8—m) shall vanish 
with S+ g— m + 1; that is, that f(— q — 1) = 0, as before. Thus nothing is 
gained by the transformation (8), and it is better to employ the transformation 
(5) when, m being a positive integer, q is zero or an integer less than m, and 
the transformation (7 ); when, this condition not being fulfilled, f (3) satisfies the 
condition (6)... 
8. The criteria thus sabiohed show at onée by what powers of x de group 
being multiplied becomes exact, and thus, in an equation containing two or 
more groups, whether there be an integrating factor of the form a. For. 
PREND the equation 


2% (æ + > afro + 8) Yay = X ' 


contains two groups, which being written in the form (2), the equation is 

x (29 + 7) Dy +23 + 39 — 1) y = X. 
The first term becomes exact according to the first condition when multiplied by 
æ7?, and exact according to the second condition when multiplied by a? The 
second. term becomes exact in this case when multiplied by either of the same 
factors. . Hence we may write the given operator 


2x? (a + 1) D + x (7x + 8) D— 3 


. 
- + . 
ms ` 
] = -w n _ 
` + 
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| D [(2 + 5) + o (23 + 3)], 
oro 0 í 2x7 *D [aD + (9 — 1)]. 
on in the first of these expressions, each of the two terms between the 


brackets fulfills the second condition when dai oa oye a?; the equation may 
therefore be further ces to 
2 Dar D (at +a)y= Z. 


The value of y obtained by: Ti on X the inverse operations in their 


proper order is | 2 Ydod 
= Dai? r -+ epi * ol fe 


In like manner the equation might be reduced to m 
| 2x ED D(1+ax )y=X, 


giving | | | | = 3G eF” ot fal Kaede 


but perhaps the “best expression for y is that- which results from elimination 
between the two first integrals, namely, 


, in either of the forms. 


ess t —2 ee {ot 
I= 5G&@+1 Fo men) ede. Í 


It is noticeable that, whenever an equation of the form considered is suscep- 
tible of two successive direct integrations with intermediate multiplication by a 
power of æ, it is also susceptible of direct integration when multiplied by either 
of two different powers of a. | 

9. As a second Mr let us ma the — 


—@—ay 44. (8x? — 3) <4 Y Fiw + ay =0, 
which, when reduced by formula (A), Sanat 
. (S +1) + 2? y¥—(8 + 3) Dy = 0. a 


Reducing the first term by a double application of formula (C), and the 
second by formula (B), the equation becomes a 


D? | (a? — 2). D + 2a? — 1] y = 0. 


In this case there is no intermediate x-factor between the D’s, and- the symbolic ` ` 


operator (a? — x) D? + (822 8) D+ 14D + 4 
does not admit of resolution into factors`of the first order in two separate ways. 
VOL. X. , : 


t 
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10. As a final ~~ consider the equation . . 


ney dy dy 
which becomes (23 + a — 1).Dy+2°3D¥y = X. 


The first term becomes exact by the second condition when multiplied by x°, and 
the second term will then be exact by the first condition. The first member of 
the equation thus becomes | 
-` a ?D [22 (9 — 1) D+ (3 —1)(3— 2)]y, 
in which $—1 is riot a factor since it is not commutative with D; but, trans- 
forming the first term by formula (B), the expression becomes 
a ED [(2u? + x) D — 1] (xD — 2)y, - 

in which the operator is resolved into three factors of the first order. 

In the original expression we might, however, have. reserved the factor D 
which stands nearest to the operand, thus, 

| [(2S + 8)($ — 1) + SD] oie +. 

The factor in parenthesis cannot now be made exact; but, transforming the 
second term by formula (B), the first member may be written 
| [(2x + at) D+ 3] @D — 1) Dy, 
in which a second resolution of the operator into factors of -the first order has 
been effected. | 


Solvable Quintic Equations with Commensurable 
Coefficients. 


By Grorcr Paxton Youna, University Colege, Toronto, Canada. 


OBJECT or THE PAPER. 


$1. Some time ago, in the American Journal of Mathematics (Vol. VI, page 
103), the present writer sketched a general method for finding the roots of 
solvable irreducible equations of the fifth degree. The method was partially 
developed, and its application to certain forms of quintic equations was shown. 
It is now proposed to give the method the farther development necessary to 
make it applicable, by a definite and certain process, and without any difficulty 
beyond the labor of operation, to all solvable irreducible quintics having 
commensurable coefficients. The following equations will pe solved as examples 
of the application of the theory: 


1 + 8x + 2% —1—= 0. 
x? — 102$ — 20x” — 1505x — 7412 = 0. 
3. +P a + 3750 = 0. 
; 11 x 42 11 x 89 
5 #4 2 a2 = 
B R LS CAL: 
5. seis + 380g + 10 = 0. 
6. æ+ 320x — 1000% + 4288 = 0. 


Go) + Go) — 69 (+ mt 198 = 0. 


8. a — 2023 + 250% — 400 = 0. 


, 85 13 
D 3 + me. à 
9. æ — 5r + ae =U 
202 21 
5 ARTE ns HTC ot | ee x 
10, e+ se + 5 = 0 


Vou. X. 


| | - ~ : ‘ 
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du 29 
Do ms == 
11. +0. 


10% o 
12. DS T 49 — 0. 
13. ow + 110 (5a? + 602 + 800x + 8320) = 0. 
14. g — 20x? — 802” — 150z — 656 = 0. 
15. ow — 40x? + 1602? + 1000x — 5888 = 0. 


æ Nö x \3 vN? x | 
16. (=) — 50 (=) — 600 (=) — 2000 (=) 112000. 


17. a + 110 (5a? + 20x — 360x + 800) — 0. 
18. a — 20% + 320x? + 540% +6368 =0. 
19. a5 — 20a? — 160x? — 420% — 8928 = 0. 

20. x — 2028 + 170% + 208 = 0. 


ty 


The first équation in this group was brought under the notice of the writer 
by a mathematical correspondent; the fourth has been treated by Lagrange ; the 
others were formed by the writer with a view to the full illustration of his 


theory. 
Tar METHOD. 


$2. In the article of the Journal above referred to, certain principles were 
assumed, as having been previously established, or as being known to mathema- 
ticians. It was taken for granted that the root x of the solvable irreducible 


quintic 2 + pea? + pat? + par + ps = 0 (1) 
is of the form are: } 1 | 
= (Ai + A+ A; + Aj), 
: 1 L op ik 1 1 1 1 1 
or, putting u for = A}, t for = Ag, w for ee Ag, and u, for = A}, 
UT Uy + Us + Uy, 


where wu, Wo, uw, and w are the roots of a quartic equation, which, when irredu- 
cible, as it is in the most general case, that includes all the others, is a uni-serial 
Abelian. The expressions th, Us, us and %, are such that 


UUs = g Hayal., | 
Uptls = g — 7 @) 
and dus = k + evz + (0 + ba 2) VA (he + haz) 7 
Uy = k + evz — (0 + Da/2) (ha + Anz) | (3) 


veus = k — ev z -+ (0 — pv z) VS (he — ha z) 
© uu, = k — ev — (0 — Da/x) v (he — ha z) 
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where g, k, a, c, h, 0 and @ are rational; and gant 1, e being rational. It 
- is readily seen that 


dns Vaga s s 
Because wf = rs ne it follows from (2) and (3) that 
248 


uw = B + B'ye + (BY + B" g) J (hz + haz) 
wi B + B'a — (B" + B" zya (he + ha/2) (4) 
w = B — BJ/at (B"— B" g) (he — ha/z) 
u = B — B'v z — (B" — BUYNOW (hz — ha/ z2) 


where B, B’, B" and B" are rational functions of a, c,e, h, 0 and @. In like 


| Yor (a 
manner, because wit, = ee we have from (2) and (3) 
3 


wuz = À + d'y g + (AY + AW 2) (ht + ha/ g), 
where A, 4’, A” and A” are rational. The value of A is 


A= az 1g (hk? — ez) + azhe (0 — de) |. | (5) 


From these data, the six equations, involving the six unknown quantities 
d, c, €, h, 0 and >, are (see Journal of Mathematics as above) obtained : 


p= — 204 + 59? + 1504 } 
ps = — 4B + 40acz | 
BY = 1 
p" — 0 | ; (6) 


he(? + pe + 209) = P + ez — g (g — az) 
h (P + oz + 2002) = 2he — a (g — az) ] 


Our business is to obtain ui , à, ui and už from these equations. 

$3. It.will be found that a’z is the root of an equation F(y) = 0, 
whose coefficients are rational functions of ps, Os, p, and »,, and which, 
when p, is zero, is of the sixth degree. Since a’ is rational, it follows that, 
when the coefficients of the given quintic are commensurable, the equation 
Fy) = 0 has.a commensurable root. Let this be found. Then a’z is known. 
The formule from which the equation F-(y) = 0 is obtained give us, along with 


) c P MEE ae 
‘az, the value of = The remaining elements necessary for the determination 


of uf, uk, wy and wi may then be obtained from linear equations, without finding 
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a,¢,é,h, @ and @ separately. Thus a solution of the given quintic is effected. 
It will be pointed out how a,c, e, h, 6 a @ can be found separately, should 
we desire to obtain their values 


Tue Proor. 
Case in which p, is zero. 


$4. When p, = 0, the investigation is much simplified. By beginning with 
this case, and presenting a full description of it, we shall be prepared for giving 
an exposition, less detailed, but. still sufficiently minute to make the theory 
intelligible, of the case in which p, is not assumed to be zero. When p is zero, 


equations (2) and (5) become 3 
| Uy = ang D) | 
Utlis = — AN Z | (7) 
2 2 
and A= __ he (O° — de) Î 
a 


Since B is the coefficient of the rational part, B’ the coefficient of »/z, B” the 
coefficient of v (Az + ha/z), and B” the coefficient of /2/ (hz + ha/z), in the 
expansion of uj, their values are given by the equations 


a'2B! = 2e (W — c'e) + akz + 2khe (P — pe) | 


2B = 2k (P — cz) — ae? + 2czhe (P — 2) | | 
» | 2 2. | - ‘ 
. @'2B" = 2 — x9 — 2 + EH Fe) | 20 + PAR + ae) | (8) | 


2 2, : ‘ 
dB" atenas “EET 9) _ EH GES + os) 


The equations (6), when p, is zero, become 


pa — 200A + 15a% LES 
p = — 4B + A0acz ` | 
B" = ]1 | i 
Bu — 0 ' i (9) 


he ( + gx + 26p) = P + ce | 
h (0 + pe + 2002) = 2ke + az | 


Let | . Y = arg 
0 pa € (10) 
and | 7 a 
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Substituting in the first of equations (8) the value of B obtained from the 
second of equations (9), and the value of he (P — 9) obtained from (7), and 
making use of (10), 


py = — 8h (Æ — Py) + 44ty’ + 8tyA. 
Therefore, by the first of equations (9), 
Shyt? + (503 — = py) t = 8h? + psy | (11) 


$5. Again, from the last two. of equations (9), because z = e + 1, 


aa he (P + pe) = (? + dx) — (2ke + ae). 
Therefore; by (10), | 


he (P + ge) = (E +Py)—a(2H+y). (12) 
Similarly, om the last two of equations (9), | | 
| ne = az (2kt + y) — (P + êy). (18) 
` And (P — pe) = ( + Ÿ a) — 43 (079). 


Therefore, from (12) and à (5): 
 (he?)*(6° — pr} = { (W + y) — a (2kt + y) }? — a {az (het + y) _ (Æ — ty) }? 
n ake (P — pe) = (W + by)’ — y (2kt + y}. 
Hence from thre value of he (@ — ¢$*z) in (7), 
| + Py) — y (2h + y) = 20° A? = yA. 
| GE ty) — y (ake + y} = 2a? A = yA 
But, by the first of enn (9), 


a | 
D du oe 

| : . 
Therefore, (i? + Py) — y (2kt + yf = (7H en | (15) 


-20 
: And, from (11), 


sh (I? + Py) = (16% + py) — t (507 — <= pay). 
Substitute in (15) the value of Æ + ty here given. The result is 
z { (50,7 = = pay) —2564y } is 2 (16% + p9( 503? +20) 25 61% À 


= = sary (ŽL By ay + re — (16%? + psy)’. 7 _ (16) 


? 
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$6. In (11) and (16) we have two equations, with the two unknown quanti- 


ties y and £. The equations may be written ‘ 

| Sky + mji = 2) (17) 
and wy? + qyt =r | | 
where 


2 

m= 50y — p Pa 

N mm 84 À Psy ; 

| D n2 
v= y( 50y — =P) — 2564 
= 25007? — 40p,7/? + me piy — 25644, 
= — 2 (16% + py) (50y — ps) — 256k%y 
ee 100p; + (F pars =<. 18564) y + SE pa, 
An Je À 
r == 1004? — (Ee + pi) y + ($ pil? — 3 26p) y — 2564. 


$7. The elimination of ¢ from the equations (17) gives us 
(on — 8hr) + y (qn — mr)(vm — 8kq) = 0. (18) 
From the values of m, n, v, q and r in $6, 
un = 2500p, 9/4 + (200007 — 40, ps) y? + (+ DE Lips — 820p,he ) y? 


Ei ($F J5 pile — 256 ) y — 204847; 
8er = 8004 y — Cr Dale + spi) y+ e pile — 2561p, ) y — 2048h'; 
gn = —100p% P+(% pp 2656%p ) yet (> pps — 148 48) y + 512k p,: 


i 2 
mr = 5000y — (280p + 507%) y? + Gs pile — ee + Ps ñ) y? 








= (128004 + nay p— — = pmp) gt = Mpa 
512 
vm = 1250007 — 3000p4y° + 24piy? — (issor : 2) y + TE pit 
8hq = — 800p’ + (+ lp, ps — 14848% DE pe PE pall 
+. on — 8kr = ÿ | 2500 psy” + (19 200k — 40495) y 


4 ` 1048 
+ (rip “pds + spi), 
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qn — mr =Y {-— 5000%1° + 507% + 280p,%?) yj? 
- | ; | 
T (= part — 10564p, — re): y | 
l 8 R 
+ 12 ( — 20486 + qapi + À > kpaps) | 
vm — - 8hkq = = y | 1250004" — 300047” + P + sooks) y 


8 


By substituting in (18) these values of un — 8kr, gn — mr, vm — 8kq, we gèt 


Fly) =g + gif +... +gy+g=0,.  - (19) 
where : 
ga = — 625000000, 
qı = - 50000000, 
qa = — 200000 (200%p; + 119%), 
q=  102400000% + 1280000%p,p, + 4480073, 
qa = — (256 00kpi ps + 4096000%p, + 640000p5%° + 448%), | 
q= 8192 p,p — 2048 x nr’ 64%? + oe pt E se kpl ps + A 


= — (F Pi — 2048 + F trap). 


§8. Assuming now that the coefficients P3, p,, ps are commensurable quan- 
tities, let the commensurable root y of equation (19) be found. Then a’z is 


known. Then, from (11) and (16), ¢ or — is found. 


§9. At this stage, as was indicated in §3, two courses are open to us. One’ 
` is to proceed to find ui, wm, ug, wi without troubling ourselves to inquire what 
a, c,e, 6, ® and h are separately. . This, the natural and the shortest course, we 


. , C a . + 
will now follow. Since a’z and — are known, their product aez is known. And, 


by (14), Ais known. Therefore czhe (6? — $*z), which, by the last of equations 
(7), is equal to —aczA, is known. Hence, by the first of equations (8), B is 
known. We might even more simply, acz being known, find B from the second 
of equations (9). The second of equations (8) gives us | 


y (Bi r/ 2) = ern/ g (E — ca) + rh (an/ 2) — 2kAan/ z. (20) 
Now acz is known, and it is the same as (a/z)(ca/z); consequently, the signs 
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with which caz and as/z must be taken relatively to one another are known. 
Therefore B’/z isknown. Therefore B + B’/z is known. But, by the manner — 
in which B, B’, B” and B” were taken, keeping in view the values of B” and 
B” in (6), uy = B+ B'a/at+ JS (ha + hag), 
and = B+ Bl/2— J (he + haz). 
Ga) = (B + B's/2)? — (ha + ha g). 
And, by (7), uty = ar/z. Therefore ha + hi/z= (B+ B/2) — (av z}. This 
gives us Ua B + B Ja tJ (B + Ba) — (av zY}, | 
-0 W= BH BJ — Af (B+ B'ye? — (av gy}, 
u = B— B/2a+ 4 {(B— B'f + (av z’ }, 
us = B— Br a (B — BV) + (av zf}. 


Hence wu, + wy + % + w, the root of the given quintic, is known. 


To find a,c,e, 9, and h separately. 


$10. If we desire to obtain the values of. a,c,e, 6, à and À separately, we 

may first find a by means of a quadratic equation. By (12) and the third of 

equations (7), = 
he (P + z) = (W + Py) — a (2kt + y) 


and he (P — oz) = — aed. | 
Therefore, 2he = (P + dy) — a (2kt + y) — acd. 
Also, by (13), Qhee’ Om = az (2kt + y) — (E + Py). 
Therefore, 0 _(F + Py) —a(2kt + y) — aA m 
| oe at y—E Le) (21) 


But, by (9), B” = 0. Therefore, from the last of equations (8), 
| 0 __ 2e(k? — ce) + 2(? + de) — z (Ake + de): 
z z | (4ke + a®z) — 2 (i? + ez) | 
20 (8— #y) + Q(E + y) — aa (kt + y) E” 
az (Akt + y) — 22 (À + Py) ` | 





From (21) and (22), 
(E + ty) — a (Zkt + y) — aA _ (P — ty) + 2 (P + By) — az (tkt + y) 
az (Qt + y) — (P H Ey az (Akt + y) — 22 (È + Py) | 
(+ y) — a (kt + y) — aeA _ Qae (lk? — Py) + 2a (À + Py) — az (4ki + y) 
"ae (Qht-+y)—alP+by) a (a*z)(Akt + y) — 2a*2 (k + Py) 
(E + Py) —a(Qht + y)—aeA __ 2ae(k?— fy) + 2a( + Py) — y (Akt + 2 y) 


a Treaa a ay (4kt + y) — 2y (k + Py) 
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Put : B = (RE + Py) — a (2kt + y); 
© y= y(t by) =a (È + ty), 
ô = ay (4kt + y) — 2y (le + Êy), 
o = 2a (W + ty) — y (4t + y), 


toh’ + ty. 
Then — . . B— æA wA _ | Zaer + 5 
y TS a ? 
. ae (dA + 2yr) = bò — yo. (23) 
But | B= = — ay (2kt + y)(4kE + y) + ay (Æ + ?y)(8kt + 3y) - — 2y (P + Py? 
and yo = — 4? (ht + y)(4kt + y) + ay (E + Py)(Skt + 3y) — 2a? a + y), 
+. BÒ — yo = (y —a) fy (2hé +.y) (Akt + y) — 2 (+ Py). 
And y — a = de = & = À (&—1)= «e#. Therefore 


B3— yo = ae {y (2ké + y)(4kt + y) — Di +e dii 
Therefore, from. (23), : 
SA + 2yr = ae {y (2kt + y)(4ht + y) — 2 (À + Py), (24) 
(GA + 277) = ae? ly (2ht + y)(4ht + y) — 2 (P + Py}? 

= (y—a?)fy (kt + y)(Akt + y) — 2 (È + Py). - (25) 

Now &, y and ¢ are known. And, by (14), A is known. Therefore (25) is a 
quadratic equation from which a can be found. The quadratic has its roots 
commensurable, and care must be taken in each case to select that one which 
` satisfies all the conditions of the problem. When a has been found, since a’z 


and — are known, z and ¢ are known; and, because ze? + 1, the absolute 
value of e is known. The sign with which e is to be taken is determined by 
(24). Next, to find 0, @ and A, the third and fourth of equations (9) are 
B'=1, B"=0. Hence, taking the values of B" and B" in (8), 
dre = 2e (k?— ce) 0 — 2 (+ èz) + oz) + 2 (0 + ) (Ake + ped (26) 
0 = 2e (kh — cr) p + 2 (Kk? + e0 + D) — (0 + oz)(4ke + az) 
But e, z, a, c, k are known. Therefore, from.the simultaneous equations (26), | 


0 and @ are known. Therefore, from (7), A is known. 
Vou. X. | 





~ ss 


j 
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Another way of finding a, c, e, 0, and h. 
$11. The values of a, c,e, 0, and À may be arrived at’ in another Way. 
Let B and B’,/z be found as in $9. Then, because (see $9) 
| hz + hy t= (B+ B'y z? — (av 2)’, 
we have hz = B? + (Br), 
and ha/ z = 2B (B'a 2) — (av 2}. 
Here the quantities to which Az and ha/z are equated are known. Therefore 


; [4] 
h and z are known. When z is known, because az and 7; are known, a and c 


are known. Finally, 6 and @ are obtained, as in §10, from the equations (26). 
S12. . First Example.—To exemplify the theory, let us take the equation 















a + Ba? + 2a— 1 = 0. (27) 
D Ps _. 3 o E , ga 
Because k = — 39 = = — 3 P= 2 p= — i, the equations (11) and (16) 
become ~ 
ia as a ) 
5 (+ ae | 
125? 5003" 6254" By 
2 4 se y? — 28 
( 9 Ÿ 9 — à) LS S +: 50 (28) 
__ 25y Bey" D 13y _ 81 
4 ~~ 16 45 200 40000 


The equation (19), obtained by eliminating ¢ from the equations (28), is 


25 x 1254 1254 37x 125° 1241 x 125? 
FW) = Ge r a) + as) 8 (a0) 


S r pos os 109? 
36 136 / Y T 22500 





— 0; 


A 1 t 
and this has the commensurable root TL Therefore 


ets = 
p Y — a8 Tag 
Hence, from the two equations (28), 
c 7 
rom 


In subsequent examples, when y and ¢ have been found, we shall proceed at 
once to find B and B’s/z, as in §9, without inquiring what a, c, e, 0, ọ and & 
are separately. But we desire to illustrate, in one instance, the method of 
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obtaining the values of these quantities which was described in §10, and we will 
usé the present instance for that purpose. To find a we take the equation (25), 


(SA + 2yr? = (y — d) y (Qkt + y)(4kt + y) — 2 + PYF e. (29) 


By (14), Fen) ne A 
f ~ 4 20 500' 
Also, from the values of k, y and # above given, 
517 
Ziet -+ y nn =t 1600 ; 
521 
tlt uon 1000’ 
47 
we De mess 
Le D = 1000! 
Therefore 
_ 52la + 47 
= ay (4kt + y) — 2y (+ Py) = — Se me 
| AT (1254 +11 
y = y (kt + y) — alk’ + ty) = LA Sect 
. 1 
mm Jo Le Pop me ne aaner | 
| T = he — ty 500 
. Hence (29) becomes . ; 
125 (8284 + 29)? = 36 (1 — 125a’). (30) 
One root of this equation is ~ =. But this root proves on examination to 
ae - ae | ee 9439 
be inadmissible. We must therefore take the other root, which is — IIS 
a _ ta 5. À 
Then, since c— —, and de = ion We have 
9439 9439 
ET GRXIE — 25% 4925 ? 
= 7 x 9489 
= 439600 ? 
|. 5x4225* 
= TF 
___ 398 | 
f = 9439: 


The sign of e is determined in the way pointed out in §10. By means of the 
values of e, z, a, ¢ that have been obtained, we get, from the two equations (26), 
125 18x 9439 | 125 


I= i959 Ÿ = — Sosa * 


P — pr = — 


“ 
> 
x 
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a E 47 
Therefore, from (7), keeping in view that À = — 500? 
9439 
13 X 25 X 125 
| | _ 39 , 91x9439 
Also, from the first two of equations oak B= 100° ° and B' = 500x4225 
| 9145 
: 2 nn. 
TT 
1 ( 47 
ane he + D = = le 3 (21125 + 94394/5)| 
Therefore, | 


i pes Ta 5 | 47 
m= EIE + ~~) + NAE (21125 + 94894/5) 
it 1 47 cn 
uf = 10 aa (8+ e ee (21125 + 94394/5) 


5 47 
u = (8 — =) + aV E (21125 — 94394/5) 


be O LT SRE fees ee es = 
us = (8 y e) an/ 13 (21125 94395) | 


Therefore the root of the given quintic is known. : | 
$13. To verify this result, we have 9489/5 = 21106. 2456. Therefore 


NAE z (21225 + 94394/5) | = = 19696796, 


(31) 


47 
+ (21225 — 9439 5) | = 01679462. 


Also, Ta/5N _ pe 
we ae ~) = 79696437 
and 13 K | 
| — 3 — NS) = 01606487. 
Therefore we == 1.593982 , uw = 1.09773 
i — w = .00000859, — u, = .08147 
— u = 00016975, — u= .17618 
— uł = .03375899, — u= .50778. 
Therefore u, + ti + uz 2 U, = 8323. Therefore 
ad = .004052 
3a” == .381248 
2x = .66448 





99978 


\ 


.$14. If we wish to exhibit the root as in §9, we find from (8) that 
O Ta/5 
{à 
Tire mC à +) 


Therefore, since a 4/2 = — 


vi j wo (3 r COE: Pag 1e (a = +") + 705 


with corresponding expressions for k už, uł. As a matter of fact, 


ES (3 + )+é pa- A = | = (21125 + 94394/5) |. 


| $15. It is interesting to observe the application of the theory to the 
equation. | | oe — 827 + 2% + 1=0, (32) 


Youne: Solvable Quintic Equations with Commensurable Coefficients. 111 





whose roots, with the signs changed, are the same as the roots of the equation 


Ps 

20 ? 
wherever an odd power of p, occurs as a factor in a term of any one: of the 
coefficients of the equation F{y) = 0, an odd power of p; occurs as a factor of 
the same term. It follows that, by changing the signs of both p; and p; in the 
equation (27), in other words, by passing from the equation (27) .to the equa- 
tion (32), F (y) remains unchanged. Therefore the commensurable root of this 


(27). By reference to §7, keeping in view that k= — it will be seen that, 


equation, which we have seen to be Zz is the value of az for the equation (32) 


as well as for the (27). To find ¢ or =, the equations (17) give us 


un — 8kr 


a a 


The values of vn — 8kr and vm — 8kq given in §7 show that, in passing from 
(27) to (32), un — kr simply changes its sign, while vm — kg remains unaltered. 


Hence ¢ or < has the same absolute value for the equation (32) as for the equa- 


tion (27), the signs, however, being different in the two cases.. Consequently, for 


: 7 
the equation (27), -< ea a Thus we get 
_ 9489 7X 9489 5K 42957 . 388 
PTT 954295’ © 499500’ lT 94392 ? © ~ 9439" 
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Hence, by the first two of equations (8), 
a Ta/5 
PRES 0 (8 + 2 


Therefore, for the m (32), the values of w?, wi, uš and w are 


dus 56 34+) a EIC + Er T 638 he 
(+ ey tad 13° (s+ n n 


Ea N 
13 Ta/5 13? o 
= — 7953 — +) + za — vist 


PA EN 
M — mC = Tay rao? ir 


p, not assumed to be zero. 


§17. Let us now consider the more general case in which p, is not assumed : 
to be zero. The method that has been illustrated above is still applicable, 
though the labor of operation, in dealing with particular instances, is increased. 


° C è a 
Putting, as before, y for a’, and ¢ for yo we form equations corresponding to 


(11) and (16); from these we obtain the values of y and ¢; then we find B and 
B'a z from equations corresponding to the first two of the group (8); or, B can 
be more readily found from the second of ee (6), and, on the principles 
of §9, when B+ B'4/: is known, Uu, or g— y being also known, the root of 
the given quintic is known. 


§18. The values of B and B'Wz2 which correspond, when g or En is not 


zero, to those given in (8) for the case in which g is zero, are obtained from the 
equations (2) and (3) by keeping in view that, according to the first of equations 
(4), B is the rational part and BS’ the coefficient of ./z in the expansion of ui. 


P= ME — ty) — (9 — y)(gk— ty) 

Q= AE — Py) — (9° — y) — gt) 
Then (g—y}B=(g +y) P+ 2gyQ + 2azA'{t(g9 + y) + 2gh} } (34) 
and (P — y) B= aj 2P + (P +y) QO} +28 {k (9° + y) + 2gty} 


Put | A! = eh (P — D 22) : 
(33) 
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A 


By (5) and (6) 

AG—D=I 0 — ty) + andl, 
and | pa = — 20A + 59 + 15y. 
Therefore 


az A! = (5 + 15y — pì) — g (È — Py). (35) 


S19. From the second of equations (6), 
Ps (9° — y) + 4B (g — y) — 40ty (P — y) = 0. 
Therefore, from the first of the two equations (34), 


(ps — 40ty)(9? — y} + 4 (9? + y) P + 89yQ + 8azA'{t(g? + y) + 2gk} =0. 
Putting for azA’ its value in (35), 


(P — y)| (ps — 40ty)(g*— y) + 2( = 3y — + ps) itl + y) + agt] 
+ [4 (+ y) P + 8gazQ — 8g (K — tyit +y) + WI] =0. . (36) 
But, from the values of P and Q, 


4 (P +y) P + SgazQ — 8g (I — Py) {t (g + y) + 2gk} 
= {— 4 (g + yg — ty) + 8gy (& — gt)— 8 (bh + g) (Æ — ty) e — y). 


Therefore, rejecting the common factor g — y, (36) becomes 
1 
(ps — 40ty)(g" — y) + 2( g + 3y — ps) + y) + 29%} 
— 4 (9 + y)(glo— ty) + 8gy (k — gt) —8 (k + ge — Py) = 0. 
Arranging according to the powers of y, | | 
| 50ÿt+ y fage + 8k? — i ( 209° + Z pi) — pst 


+h og (P — ~B — agit} +-9'p,— 8° — E gip = 0. 


This is one equation between the unknown quantities y and ¢. 
$20. From the last two of the equations (6), | 


he? (F + pe) = (E + Êy) — ahat + (9 —y\a — g9) - 


| 
| (7 
J 


and | | hr (Op) = Bhzat — (È + yt) — (9° — yaz — g). 
But (6? — oz)? = (P + pr) — 409". 
Therefore 


ae (P — oa)? =g] (W + Py) — 2kat + (g — y)(a— gy} 
— {rat — (k + Py) — (g — y)az— gy}. 
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Therefore 
z {he (P — g2) j = (I — Py)? + (98 — y} + (g — y) { 4kty — 29 T Pyh 
But A’ = he (P — ¢’z). Therefore, by (36), 


HE (59 + 15y — ps) — g (È — ty) = (EP —Py? + (P — y} 


y 
+ (P — y) tkty — 2g è + ey) t; 
or, arranging according to the pe of y, : 


aby’ — y (164 + 56gl? — 64kt + À s ps + 359) 
—y| 890 (5 (P— +m) — 3268 + (g — A) + ps) + 8gh — 169° | 
=g (9° —= pn) + 8gh* ? — $p) 166 = 0. (38) | 


This is the second equation between the unknown quantities y and £. 
$21. We may now either eliminate ¢ from the two equations (37) and 88) 
so as to obtain an equation | 
F(y)= 0 
whose coefficients are rational functions of the coefficients of the quintic to be 
ee or we ae eliminate y so as to obtain an equation 
| d(t} = 0 
whose coefficients are rational functions of those of the quintic to be solved. In 
‘the former case, let the commensurable root y of the equation #(y) = 0 be 
found. Then, by (37) and (38), ¢ is known. In the latter case, let the com- 
mensurable root tof the equation 4 (t) = 0 be found. Then, by (37) and (38), y 
is known. When y and ¢ have thus been found, we find B and B’,/z, exactly as 
in §12, from the equations (34), or B can more readily be found from the second 
of equations (6). Then 
w= B+ Beta (B + B'ye — layne 
| = B + PBNz+NICB + Be) — (g + an/:)}. 

Therefore x = tty + U, + Ua + Us 

= [B + Ba + 4 {(B + By — (g + av 2ft]? 

+ [B + B'Vz—v[ (B + Be) — (g + a2) }]? 

+ [B — Boat v (B — BV — (g — av z} H]? 

+ [B — Br v {(B — Ba) — (g — av a) P. 


It need scarcely be pointed out that since y = ax, aa/z is known. 


\ 
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§22. Second Example.—As an illustrative example, let 
gh 10a? — 20a? — 1505a— 7412 = 0. 


Here g= — À? =1, and k=— t — 1, Therefore the equations (37) and 


10 20 
(38) become | 
504 + y (88 + 8f + 5286+ 7412) + 5966— 6216 = 0, 
and | | 
"254? — (166 + 56¢ — 64¢ — 1771) y — (23848 — 89384) y — 88804 = 0. 


The commensurable values of y and ¢ which satisfy these equations are y= 2, 
¿= — 4. Then, we can get the values of B and B’a/z from the equations (34), 
_ keeping in view that azd’ is known by (35). As far as B is concerned, it is 
simpler to make use of the second of equations (6), keeping in view that 
acz = ty = — 8. Therefore 
4B = 7412 — 320, 
= 1718: 


In order to obtain the value of B’s/z, we must find P, Q and azA'. By (33) 


and (35), : P = — 62 4+ 9 = — 58, 
Q = 248 + 5 = 253, 


and az! = — 77 +31 = — 46. 
Therefore Bf z = 653a z + 2A'a/ z 
Tr ue 26 Le GN/2 


= an/2(653 + 598) = 125 14/2, 
. BE Bye 9 (197 + 1394/2). 


Hence, since uw = g + da/2@ = 14/2, 
a= 9[ (197 + 1894/2) + v {(197 + 13992) — (14 7 2)'] 
+ 98[ (197 + 1894/2) — 4197 + 1399/2)? — (1 + NT 
+ o| (197 — aaah + /{(197 — 1394 2} — rm (ie vy] 


£ ot (197 = 1399 2) — af 1(197 — 1394 2} — oa (1 — 27" 


Vou. X. 


a / 
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To verify this result, 
1 
=~ (1+ v 2} = 1,012496, 
1 i # 
az (1— V2) = — 000150535, 


197 + 139/2 = 393.57568, 
(197 + 1394 2}? = 154901.8, 
197 —189/2 = .424815, : 
(197 — 1394 2) = 1800434, 


197 + 1394 2Ÿ — a (1+ 2)! = 393.57436, 
81 ` | 


{097 — 1394 2) — x = v2) = (180194. 


Therefore U, = 5.888, 
uw = .412, 
Uy = 1.502, 
Uz = —.2176,° 
LD 1:020: 


MODIFICATION OF THE METHOD ro MEET SPECIAL CASES. 


First special case: When p, and p; are both zero. 


§93, When p, and p, are both zero, a modification of the general method is 
rendered necessary by the circumstance that the equations (11) and (16), from 
which y and é are to be found, are then virtually one, and so are insufficient to 


give us the values of y and #. In fact, they become 
2 1 | 
t{ BOY — — pay } — piy = 0 
d l 7 ) | 2 | (29) 
p 
~ | fe (507 + = Py) — pay} 0 | 
$24. In an article which appeared in No, 2, Vol. VIL of this Journal, the 


present writer showed that, when p, and p; are both zero, p, and p; have the 


forms Snt (3 — m) 
Ps 16 2 

_ (22+ m) 
Ps — “46 + m? 


\ 
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These expressions for p, and », furnish the criterion of solvability for the quintic 


Bes À + pan + ps = 0. (41) 
The root of the equation is 


v= GË + af? + Aa? — A088, 
‘where À is a root of the quartic equation 
ri — mA — 6A? + mA +1==0, 


and baie ant ee 
| nà (A—1)’ 
and =- nA (A — 1} 
(16 ARHI 


-In ihe same issue of the Journal in which these results were established, 
Mr. J. C. Glashan of Ottawa, in “Notes on the Quintic, ” gave the relations 
between nee coefficients of the solvable quintic 

a? p + pst" + pæ + ps = 9, 

and, in his wider formule, the forms of p, and p; in (40) are included. They 
= were subsequently announced by Mr. Emory McClintock, who- had discovered 
them independently. It is to be regretted that Mr. Glashan has not made public 
the method by which his conclusions were reached. + 

§25. From our present position the criterion of solvability of the quintic 
(41) can be at once deduced, and the solution of the equation effected more 
readily than by the process employed in the Pie of the Jour nal just referred . 
to. For, put m = ~ and = 2; 


then the first of the equations (9) may be written | 
Pa = 5y (3 — m). (42) 


Also, by the second of equations (9), 
ps = — 4B + 40ty. (43) 
a from the first of equations (8), B =— t(y + 24). Therefore 
“py = 44ty + 8At = 2ty (22 + m). _ (4) 
And, by (15), in connection with (14), 
j = Ji my 
Yy — yY = A a a 
16 — w 


ee 16+ m~ 164m?’ 


5 
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Therefore also ` pe gz 2t o ” 

| 16m? 16m 
By the substitution of these values of y and 2ty in (42) and (43), the formule 
(40) are obtained, n in (40) being what we have called 2%. To find now the 
root of the equation (41), eliminate m from the equations (40). The result is a 


sextic equation, — p(n) = 0. 


When the coefficients of the quintic (41) are commensurable, the sextic 4 (n) = 0 
has a commensurable root. Let this be found. Then n is known. Conse- 
quently, since n= 2%, ¢ is known. Then y is known from (39). Then B is 
obtained from the second of equations (9), and B’s/z from (20). Also 


Uj, =Œ g + aN 2 = ANZ = NY. 


Therefore uu is known. Therefore, as in §9, the root of the given quintic is 
found. : 
$26. Third Hxample—As an illustrative example, let 
a + SES g + 3750 = 0. 

Here the equations furnishing the criterion of solvability are 

625 __ 5r (3 — m) 

4 bpm? ’ 

n° (22 + m) 


3150. = ear 


These are satisfied by the values m = 2, n= 5. Therefore 


5 
t= 5: 
Therefore, by (39), __ 125 
| DE 
Therefore, by the second of equations (9), 
| | B = — o 
a 
And, by (20), YB J 4 = — 2 (Pze 2) = — 2 (Py)(tr/y), 
c B'ye = — EN y = — 6. 


a B+ Byz=— F(a ae N, 
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5 . 
And uw, = as z = A . Therefore 


EC ACC 
B48) {0+ OCT 
LG am QC 
Hen CE © de "1 C NY + + IT 


Second special case: When uty = Ugly. 


119 


$27. In the case in which Ut = us, @==0. Consequently, if c is distinct 


à : : ; P ad 0 
from zero, £ or = 3s infinite; while, if c is zero, ¢ assumes the form 0: 


cannot here proceed by finding ¢, the general method-has to be modified. 


As we 


§28. Because a= 0, y = a’%=0, and ty = (Ze) = 0, Also y = cz 


Equation (5) becomes gÅ = i? — ca. 
Therefore, from the first of equations (6), 


ao | 
i? — ca = 90 (59 — Pa); 
and, from the second of equations (6), 


Ps = — 4B. 
From a and e 


= 2h (P — ez) — (P — az) gk — acz) 
= Qh (h? — ez) — gk, 


and aQ = 2at (P — ea) — (P — wz)(ak — ge) = ge. 


Therefore, from the first of equations (34), taken in connection with (46), 


pe + he {2 (le — de) — 9} + Bead! = 0. 


But, 4’ having been put for he (6°— gx), we have, from the value of z{ he(@?— 


obtained in §20, 
g (A = (E — ce) + gë — 29° (1? + de). 


(45) 


(46) 


(47) 
z) t, 


(48) 
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Therefore, from (47), by the elimination of A’, 

[riette] | (49) 
(Js? — caf + g — 29 (+ de) | 

But, by (45), @zis known in terms of the coefficients of the given quintic. 
Therefore the equation (49) gives a relation necessarily subsisting between the 
coefficients p», ps, p, and p; of.the solvable quintic in which ww, = ww, in order 
that wu, may be equal to ww. To find now the root of the quintic, cz is 
known by (45), and B is known by (46). To find B’s/z, making use of the 
values of P and aQ and {A'a z)” obtained above, we have, from the second of 


equations (34), 
JP 2) = ev gf 2 (k — ez) + gi + (Aag). (50) 


Now, by the first of equations (34), keeping in view the value of azA’ in (35), 
IB — elo 3 | A ge 
g g’ 4 2% gk}. + 2az (2) 
= gf | Qh (hk? — cz) — Pl} + 2g°cz4!. 


Ac*g = 





As Band œz are known, this equation determines the sign of czA’ or (e g)( A'a 2), 
and therefore determines the signs with which cg and A’,/z are to be taken 
relatively to one another. Hence z(A’)® being given by (48), B’s/z is given by 
(50). Therefore B + B'v gis known. And mu, =g. Therefore, because 

| w= B + Bet (B+ BV 2) — 4}, 
the root of the quintic is known. | 

$29. Fourth A an illustrative example, let 
29 11x42  11X89 __ 


Re ea. 
FT HT + ia CT 312% 


Finding the value of cz from (45), and substituting in (49), we find that (49) is 
satisfied. Then, as in the preceding section, 


11 
p, = — 4B 2 SS eek 


4 X 55 ° 
| : | 
The value of cz is 2 (=) . Therefore 


ht — da= (= =) Ga 5 — {Oo ol =): 
. 2 
i | lt + e= (se =) (as + i soa oe =): 
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ue (a), DT Rs Doi 
| AP = (Ge): 


The value of czA', obtained from (47), is s negative Therefore ca/z and A’s/z 
must have oe signs. Put 





UL 5 

ONE oe ae 
and EE ae ai, 
Fat 5 \2/ 4 





And uu, = 7: — 
us = EA rg (89 + 250/8) + V xa (89 + 265) — Gs T 


This is, in a pole form, the value of w given by Lagrange. 

$30. Fifth Hxample—tIn the instance just considered, c is distinct from zero. 
| It may be well to. give an example in which c is zero, as the mode adopted above 
of determining the sign of A’s/z does not apply in that case. Let 


2 + 202 + 202? + 30g + 10 = 0. 


Here g = — 2, and k=.— 1. Therefore (45) becomes 

| 20 (1 — cz) = — 2(20 — 30). 
Therefore ¢z = 0. This value of cz satisfies (49). Then, by (46), B=— es : 
From 48, (A'n 2} = 1 + 64 + 16 — 81 .. Ald/z= 9. 


Because ¢ is zero, we cannot determine the sign of A’s/z relatively to that of 
cn/z. But the root is the same, whatever sign be taken. Having found A'a z, 


we have, from (50), 4B'V 2 = — 2 X Des B'ye = — 2 . Therefore 
B+ Bizet, BH Byes +=. 
And uu, =g =— 2. Therefore 
i u = — 7 +t [v 149 — (— 2} = 2, 
Uy = — 7 — a/ 149 — (+ 2)?} = —16, 
Uy =" a 
u = vitt žan. 


Therefore æ = 23 — 2 -+ 93 — 25. | 


* 
— ess MU = = 


+ 
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§31. In the article of the American Journal of Mathematics (Vol. VI, page 
103) referred to in the opening paragraph of this paper, the solvable irreducible 
quintic in which ww, is equal to ugus was discussed, and the roots of the equa- 
tion were shown to be determinable in terms of the coefficients p,, p, etc. even 
while these coefficients have no definite numerical values assigned to them, but 
remain symbolical. The solution that has now been given is much simpler than 
the former; equally with the former, it is applicable to equations with symbol- 
ical coefficients, the assumption being of course made that the coefficients are 
related as in (49); and it possesses the advantage of being part of a general 
theory. 


ADDITIONAL HXAMPLES. 


§32. Sixth Example.— Let | 
a + 3202? — 1000% + 4288 = 0. 


Here g—=0,k=—16. Because g = 0, we use the formule (1 1) and (16). The 
commensurable values of y and ¢ which satisfy (11) and (16) are 
| y= 8, 1—=6. 

Also, by (14), ` A= 56. 
Therefore, from the second of equations (9) and from (20), 

B=—16X37, Bi/z= — 16 X 20, 

te B+ Bl/a= — 16 (87 + 204 2). 

And mu, = — 24/2. Therefore | i 


D == Uy + Uy F t + Us | | 
= [— 16 (37 + 204 2) + a/ {256 (37 + 204 2} — (— 24/2) IT 
+ [— 16 (37 + 204 2) — v {256 (37 + 204 2)? — (— 24/ 2Ÿ} TS 
+ [— 16 (37 — 204 2) + v {256.(87 — 204/ 2)? — (24/ 2P ITS 

+ [— 16 (37 — 204 2) — 4/ 1256 (37 — 204 2) — (24 2F} JÈ. 


.§33. Seventh Example.—Let 


æ Nt CNG æ \ 
(a0) +405) — 88 Go) + 108 = 0, 
or, ov + 40000x? — 690000% + 10800000 = 0. 
Here g = 0, k= — 2000. Because g= 0, we use the formule (11) and (16). 
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The commensurable values of y and ¢ which satisfy (11) and (16) are 
y = 2000, ¿= 50. 


‘Also, by (14), 0 A = 36000. 

Therefore, from the second of equations (9) and from (20), 
B = — 1700000, B'as/ g = — 4000004 5. 

And mu, = — 20/5. Therefore 


L = Uy + Ut Uy + Us 
= [— 100000 (17 + 44/5) + 1100000? (17 + 44/5)? + ROVER 
+ [— 100000 (17 + 4/5) —a/{ 100000? (17 + 44/5) + (20/5)°} 
+ [— 100000 (17 — 44/5) +4/{ 100000? (17 — 44/5)? — (20 5F } J 
+ [— 100000 (17 — 44/5) + v {1090007 (17 — 44/5) — (20/5) } 


§34. Eighth Example.—Let 
| x — 20a? + 250% — 400 — 0. 


Here g= 2, k=0. Because g is distinct from zero, we use not the formule 
(11) and (16) as in the two preceding examples, but (37) and (38). The com- 
ensure pS values of y and ¢ which satisfy (87) and (38) are 


y = = 2, ¢== — 2. 
Therefore, from the second of equations (6), B= 60. The value of az A! is 


obtained from (35). Thus, since (A’s/z)(as/z) = azA’, and since an/2 SENYEN, 
the value of A's/zis known. Then, by the second of equations (34), B' z = 444/2. 


. Therefore B+ B'vVz=4(15 + 1142): 


And uu =g + anz = — 9+4/2. Therefore 


6 = Un F Ua + Ua À Us 
= [4 (15 + 11/2) + 4/416 (15 + 11/2)? — (2 + 4/21] 
+ [4 (15 + 11 2) — {16 (15 + 1102)? — (2 + 2Y FT 
+ [4(15 — 1142) + v {16 (15 — 11/2 —(2— v 2P} - 
+ [4 (15 — 114/2) — v {16 (15 — 11v 2)? — (2 — v 2F FJ. 
$35. Ninth Example. —Let 
af — 5x3 + fa =. 
Here g = = k= 0. Because g is distinct from zero, we use the formule (37) 


VOL, X. 
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and (38). The commensurable values of y and ¢ which satisfy (37) and (38) are 
y = = t= - l; 


Therefore, from the second of equations (6), B-= = . Finding A’s/z as in the 
er preceding example, we have, from the second of equations (30) 


B's/3 = WV. Therefore 
B+ Ba ra 4/2). 
À du = + (2-4/2). Therefore 
| w = Uy F y + U F Us 
= [Ftv +. / {gg b+ v2 ge (2 vy TT 


j 
tiata- artt eta] | 
+s face pava] | 

NA 


VIE 


T E Ne 64 


(1— v2)’ — (2— val T. 
§36. Tenth ee 
` 20% 21 
RL Goes 

alae Cae 

This and the next two examples are intended as additional illustrations of the 
method to be followed when », and pare both zero. The equations furnishing 
the criterion of solvability given in §24 are 


20 _ 5ni (3— m) 


7 17 — 16+ 
and 21 n (22 + m) 
17 6pm ’ 
and they are satisfied by the commensurable values m = — 1, n= 1. But, by 


1 ; 1 i 
$25, n == 2t.. Therefore ¢= 3° Putting k=0 and t= 2) equation ( 11) 
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becomes 


3 (5% — 5 + ps) — Ps. 
2 3 
Y= rh a/s = Vy = vz i 
Therefore also o/s = = (av z) = sy . Therefore, by (20), 


34 
Be —2(ér)eve) + Biz — KA, 
And, by the second of eguena (9), B E — _ . Therefore 
B+ BYo= — ss amg stall 
And wu; = = ail Therefore 


Agena Cig) CT 

UE 
ten) + GT 
ae Tey ny Se + + Gr) iT. 


§37. Eleventh-Example.—Let 
e ; 4% 29 


bBo +  — 
ong To 


The equations furnishing the criterion of solvability are 
4  Ent(3—m) 











= 16 +m? ’ 
29 (224 m) 
== 16+ mi? | 


125 


and they are satisfied by the values m=7,n=1. By §25,n= 9%. Therefore 


1 | 
(= + . Therefore, from (11), y = 55` Therefore 


an/ 2 = AS e/g = t (ane) = ve 


130 © 
Therefore, by (20), yB'wz— — 2(c’z)(ca/z). Therefore B'y:= — ss 
by the second of equations (9), B = — sa . Therefore 





OL 4/6 
Die aa 


And, 
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And uu, = si . Therefore 
9 65 1 
= [— Se t/a) — Ca 
| 94/6 2 
+ = ; a EX D) a) |: 








J 

SiC 
+ [ett CR) N) 

as Ea +C) Ly 


9— 1/65 
= |= 260 65 


260 
$38. Twelfth Hxample.—Let 
+R + we 


The equations furnishing the criterion of solvability are 
10 _ nt (3—m) 


13 — 16m? ’ 
D ete n (22 + m) 
13 16m? ’ | 
and they are satisfied by the values m = — 7, n=1. By §25, n= 2. 
| z 
fore t = = . Therefore, from (11), y = ——. Therefore 
| e p 
= y= — 13: 


And, by (20), YB /2 = — Ae Lu Therefore B'Vz = — Ne | 


the cona of equations (9), B = ae Therefore 


5 — /65 
260 





B+ B'y/i = 


65 ` 
And wu, = NE . Therefore 


om Ee ee CS 1/65 
M | 560 260 — (“FY T 


NAN 

4. =v _ vi 5 — =. ve) 1] 
i( 
i( 

















5 6 Ô 65 
+ VC) + CR FT 


| ~ 260 + 
+(e AT. 5 








+ ve) ji | 


There- 


And, by ` 
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#0. Thirteenth Hxample.—Let 
a + 110 (527 + 602" + 800x + 8320) = 0. 
Here g = — 55, k= — 330, and the commensurable values of y and ¿ which 
satisfy.(37) and (38) are 
= 6 X 11% 1= 10: 
Therefore, from the second of equations (6), B = — 220 X 765. Finding A’s/z 
as in the second example, we have, from the second of equations (34), 
B'V/z=— — 220 X 3374/5. Therefore : 
| B + Be = — 220 (765 + 337/5). 
And ust, = — 11 (5 +5). Therefore 
' æ= [— 220 (765 + 337/5) + v {220 (765 + 337/5) — (— 55 — 1195} 
+ [— 220 (765 + 3374/5) —4/{220° (765 + 337/5} — (— 55 — 1195 
+ [— 220 (765 — 8374/5) + 4/{220° (765 — 3374/5) — (— 55 + 114/5Ÿ} 
+ [— 220 (765 — 3874/5) — a/ 1 220° (765 — 3374/5)? — (— 55 + 114/5)} 
| $40. Fourteenth Example.—Let 
: x — 20x? — 802? — 150a— 656 = 0. 


Js 
IE 
LE 
IE 


Here g = 2, v= 4, and the commensurable values of y and ¢ which satisfy (37) 
and (38) are 9, de; | 
Therefore, from the second of equations (6), B = 204. Finding A’s/z as in the 
immediately preceding example, we have, from the second of equations. (34), 
B'V/3 = 1444/2. Therefore | | 
B= 12 X 17, and B'4/:=—= 14442, 
| B+ Ba 12(17 + 1942). 


And wimy=2+72. Therefore 


X1 = Uy + Uy F Un F Us 
= [12 (17 + 12/2) +v 1144 (17 + 12/2)? — (2 +v 2P} 
+ [12 (17 + 12/2) — v {144 (17 + 12/2)? — (2 + v2} |e 
+ [12 (17 — 1272) + v {144 (17 — 12/2)? — (2 — v 2P} f 
+ [12 (17 — 12/2) — / {144 (17 — 12/2)? — (2 — v 2P} Js. 
Lu Fifteenth Example.— Let 
x — 40a? + 160z? + 1000x — 5888 = 0. 


g 


128 Youne: Solvable Quintic Equations with Commensurable Coefficients. — 


Here g = 4, k= — 8, and the commensurable values of y and ¢ which satisfy 
(37) and (88) are y = 8, t= — 4. | | 
Therefore, from the second of equations (6), B = 1152. Finding A’s/z as in 
the two preceding examples, we have, from the second of equations (34), 
B'\/3 = 816/2. Therefore ; 
| B+ P'e = 48 pa tere 
And tyu, = 4 + 2/2. Therefore 
x = [48 (24 + 17/2) + v {48° (24 + 17/2)? — (4 + 2V/2YTT: 
+ [48 (24 + 17/2) — 4/{482 (24 + 174/2) — (4 + 24/2} 
+ [48 (24 — 17/2) + v {48° (24 — 17/2)? — (4 — 29/2) }] 
vi a 


+ [48 (24 — 17/2) — v 1482 (24 — 17/2)" — (4 — 20/2) 


$42. Sixteenth Example.— Let | | a 
| (2) 50 (<)— 600 (=) — 2000 (+ jju 11200 = 0, | | 
or gh — 2002 — 48002? — 32000% — 3200 x 112 = 0. | 
Here g = 20, k= 240, and the commensurable values of y and ¢ which satisfy 
(37) and (38) are y = 80, t= 20. | | 
Therefore, from the second of equations (6), B = 640 x 165. Finding A’s/z as 


in the preceding examples of the same type, we have, from the second of equa- 
| tions (34), B'/z= 640 X 78/5. Therefore 
B + B's/z = 640 (165 + 734/5). 
And wu, = 4(5 + 45). Therefore 
æ = [640 (165 + 78/5) + v {640° (165 + 73/5)? — (20 + 4v5) } J? 
+ [640 (165 + 734/5) — v 1640? (165 + 734/5) — (20 + 44/5) 13 
+ [640 (165 — 734/5) + v {640° (165 — 735} — (20 — 44/5)5t 14 
+ [640 (165 — 73/5) — v {640° (165 — 73/5)? — (20 — 44/5} TE 
843. Seventeenth Example.— Let 
a -+ 110 (5x° + 202? — 360x + 800) = 0. 
Here g = — 55, k= — 110, and ts commensurable valués of y and ¢ which. 


satisfy (37) and (38) are 
TE X ii t= — 10. 
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Therefore, from the second of equations. (6), B = — 11 x 7500. Finding Awaz 
as in preceding examples of the same type, we have, from the second of equa- 
tions (34), B'Vz = — 11 X 2700/5. Therefore 


| | B+ B's/z = — 3800 (25 + 94/5). 
And mu, = — 11(5 + 4/5). Therefore | : 
a = [— 3300 (25 + 94/5) + v 13300? (25 + 94/5)? + 115 (5 + a/5YL TE 
+ [— 3300 (25 + 94/5) — v {3300 (25 + 94/5) + 11" (5 + /5) ET 
+ [— 3300 (25 — 94/5) + v 13300? (25 — 9/5} + 115(5 — v5) }]è 
-+ [— 3300 (25 — 94/5) — a { 3300? (25 — 94/5) + 115 (5 — V 5P FJS. 
§44. Eighteenth Example.— Let 
af — 200° + 3202 + 540x + 638 = 0. - 
Here g = 2, k= — 16, and the commensurable values of y and ¢ that satisfy 
(37) and (38) are | y=8, t= — 5. 
Therefore, from the second of equations (6), and the second of equations (34), 
B—— 12 X 166, B'y2 = — 12 X 1174/2, 
we B + Ba — 12(166 + 1174/2). 
And uty = 2(1 + 42). Therefore 2 
æ = [— 12(166 + 11 7/2) + /§144 (166 + 1174/2)? — 32(1 + 2) IT 
+ [— 12 (166 + 1174/2) —/$ 144 (166 + 1174/2) — 32 (1 + 4/2) 
+ [— 12(166 — 1174/2) + v $144 (166 — 11 7/2) — 82 (1 — 4/2) 273 
+ [— 12 (166 — 1174/2) — v $ 144 (166 — 1174/2)? — 82 (1 — v 2P 15 
$45. Nineteenth Example.—Let - 
x — 20x? — 1602 — 420% — 8928 = 0. 


r 


Here g = 2, k= 8, and the commensurable values of y and ¢ which satisfy (37) 


7 
and (38) are y = 12, t= — -r . 


Therefore, from the second of equations (6), B= 552. Finding A's/z as in 
. preceding examples of the same type, we have, from the second of equations 
(84), B'Vz = — 284/2. Therefore 


B.+ B'/2= 4 (188 ue 71/2). 
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And uu, = 2— 6/2. Therefore 
a = [4 (138 — 71/2) + v$ 16 (188 — 71/2) — (2 — 64/2)? 
+ [4 (188 — 71/2) — av $ 16 (188 — 71/2)? — (2 — 64/2Y 
+ [4(138 T 7142) + 74316 (188 + 71/2)? — (2 + 6v2)? 
+ [4 (138 + 7142) — s $16 (138 + 714/2) — (2 + 64/2)? 
$46. Twenticth Hxample.— Let 
| a — 202° + 170x + 208 = 0. 
Here g = 2, k= 0, and the commensurable values of y and ¢ which satisfy (37) 
and (38) are G oe a 
Then in the usual way we get © 
B + BVe=—12(1— v2). 
And Om = 2 + W2. Therefore . 
w= [~ 12(1 — 9/2) + v $144 (1 — V2) — (2 + V273]: 
+ [— 12 (1 — V2) — v $144 (1 — 4/2} — (2 +7 2)°}] 
+ [— 12(1 + V2) + V5144(1 + v2F — (2 — /2)°3] 
$144 (1 + 4/2) — (2 — v 2P} P. 
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Forms of Non-Singular Quintic Curves. 


By Davin Barcrort. - 


Before noticing the forms of the curves given in this paper, I shall make a 
general statement of the principles on which their construction is based, together 
with some facts concerning inflections and bitangents of curves in general when 
derived by the method here considered. The construction of the curves is 
founded on the possibility of deriving one curve from another by a change of 
parameters. Here the only parametric variation employed is one involving the 
absolute term alone of the equation representing the curve, which, in every case, 
is assumed to be an improper curve composed of two non-singular curves. The 
equation of such a curve is w = 0, and that of the derived curve ww = k4. If k 
is properly chosen, the derived curve will be non-singular, and will be as near as 
we please to the original. This fact enables us to determine its form if we know 
the character of the changes brought about by a parametric variation of the kind 
in question. What these changes are can be readily determined. 


4 B 





Let D be a double point of ww—0. For any particular value of Æ% the 
‘product uv must preserve the same sign, namely, the sign of Æ; u and v, there- 
fore, must change together if they change at all A simultaneous change can 
take place only when we pass from an angle ADC to its opposite angle BDE. 


Von. X. 
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If the sign of & be changed, parts of the curve will be in the epee angles 
-ADE and CDB. 

To investigate the nature of ww = k as to the direction of its points relative . 
to w = 0, let x and y be the coordinates of any point on w = 0, and a and & 
the incréments of æ and y necessary to give a point on w = k; substituting - 
æ + s for x, and y + &, for 2 Á in ww = 0, we have 


(w+ Se taZ “+ ete. )(o+ a Z +4 fete) = k 


If the point (x, y) is on on one of the curves u = 0, v= 0, say u = 0, leaving 
out higher powers of & and s,, the result becomes 


3 ə | 
En -+ oy) Dah 


the equation of a line parallel to the tangent to the curve w= 0 at the point 
(x, y). This line gives the direction of an element. of the curve w=k. If 
(x, y) is a double n on ww=0, our result Pan be, under the conditions 


prescribed above, a E 5 (a 2 He © =k, 


which shows that in the neighborhood of a double point of ww =0, ww = k 
approximates to an hyperbola whose ee are the tangents at the double 
point in question. 

In the cases of the cubic and quartic, the maximum number of real inflec- 
tions is one-third of the total number. . The conic having no inflections, may be 
included as possessing the same property. All the quintics whose forms I give 
have fifteen real inflections, and it is. true generally that the maximum number 
of real inflections of curves formed as these are is one-third of the total number. 
Let it be granted that the number of real inflections of a curve uw=0 of 
degree m is % (n,— 2), and of a curve v= 0 of degree n, is n(n, — 2); let 
u= 0 and v = 0 intersect in the maximum number of points nu, then the curve 
uv = k, k being small enough, will have (m + n)(7 + n — 2) real inflections ; 
for the inflections of ww = k are those due to the inflections of uv = 0 together 
with two for each double point of wo = 0; that is, n, (4 — 2) + n, (n — 2) + 20n, 
which equals the number just given. In view of the statement made regarding 
the conic and cubic, the property noticed is seen to be true generally. We may 
state, therefore, that a curve of any degree n may have as many as n(n — 2) 


Barcrort: Forms of Non-Singular Quintic Curves. ` 133 


real inflections. It will be observed that, as the intersections of w= 0 and 
© == 0 diminish in sets of two, the number of real inflections will diminish ‘in sets 
of four; hence, if we form a complete system of curves by this method, the 
number of inflections of the curves of various classes will be n(n — 2), 
` n(n — 2) — 4, n(n — 2) — 8, ete. 

The bitangents of uv = k may be considered as derived from those of ww = 0, 
including among the latter the analytical bitangents; these are (a), lines drawn 
from a double point of wv = 0 tangent to the curve; (b), lines joining the double 
points two and two. Each of the analytical bitangents of class (a) gives rise 
to two, and each of class (6) to four bitangents of uv = k: each ordinary bitan- 
gent of uv = 0 is the source of one of uv =k. A figure will make this clear. 
It will be observed that bitangents derived from analytical bitangents may be. 
imaginary. The total number is made up of 


= (nt — 2n? — 9? + 18n) — Ann [m (n — 1) — My My — 5}, 


derived from the ordinary bitangents of uv = 0; 2n,n, [n (n — 1)— 2nn, — 4], 
derived from the analytical D of d (a), and 2nin (nin, — 1) from 


those of class G), making together — ~ (nt — 2n? — 9? + 182), which is the 


number for a non-singular curve of oes n. m and », represent the orders of 
u = 0 and v = 0. 

Zeuthen has remarked (Math. Annalen, Vol. 7, p. 410) that the branches 
that make up a plane curve may be of two kinds, odd or even; an odd branch 
intersecting any other odd branch in an odd number of W and an even 
branch intersecting any other branch, odd or even, in an even number of points. 
Möbius has shown that an odd branch has always an odd number of real inflec- 
tions and an even branch an even number, and if an odd branch is non-singular, 
it must have at least three real inflections. Applying these statements to the 
quintic, it is seen that a non-singular quintic cannot have more than one odd 
branch. It must have one with at least three real inflections. It cannot have 
more than six even branches external to each other, for, if'it had as many as 
seven, we could pass a cubic through seven points chosen on these and two on 
the odd branch intersecting the quintic in at least seventeen points. There 
cannot be more than two even branches if one is inside of the other, and, more- 
over, the internal branch must be an oval. 
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Zeuthen divides bitangents into two kinds. His bitangents of the first kind 
are those whose points of contact.are on the same branch; the points of contact 
may be imaginary. Bitangents of the second kind have their points of contact 
on different branches. In the case ‘of quartics, the points of contact of a bitan- 
gent of the first kind cannot be separated by its intersections with two other 
bitangents. This is true of quintics if the bitangent has its points of contact én 
an even branch, but the contrary may be the case if the points of contact are on 
the odd branch, We may have an inflectional tangent, tangent elsewhere. The 
number of bitangents of the first kind to an even branch is easily seen to be 
one-half of the number of its real inflections. Quintics may have 0, 1, 2, 3, 4, 5 
or 6 even branches, hence the number of bitangents of thé second kind to even 
branches may be 0, 0, 4, 12, 24, 40, or 60, since every combination of even 
branches in sets of two has four bitangents of the second kind. | 

The quintics whose forms are given are derived in every case from the 
combination of a cubic and conic intersecting in six points. Such combinations 
give curves with fifteen real inflections, and they illustrate, to a certain extent, 
the forms of quintics having a less number of inflections, especially those result- 
ing from cubics and conics intersecting in four, two, and zero points. ‘In the 
following I give forms so far as I have been able to determine them. After 
Zeuthen an even branch is called an oval, a unifolium, a bifolium, a trifolium, etc., 
according as it has 0, 2, 4, 6, etc. 27 real inflections. | 

In the following enumeration of forms, I put in the same class quintics 
having the same number of real inflections, then subdivide according to the number 
of inflections on the even branches. The odd branches are not mentioned, but | 
must be understood as forming a part of the quintic in every case. Each figure 
represents two forms, in some cases duplicates. To distinguish between them 
they have been drawn in heavy and light lines. The dotted curves indicate 
the combination of cubic and conic from which particular forms are derived. 
The positions of the inflections on’ the cubics are shown by the dashes drawn 
across them. 


Quintics with Fifteen Real Inflections. 


I. 


1. Sexifolium and internal oval. Figs. 1, 4. 
2. Six unifolia. Figs, 1, 4. 


«© PHY CO Où BR Oo 


12. 
18. 
14. 
15. 
16. 
17. 
18. 
19, 
20. 
21. 
22, 


. Barororr: Forms of Non-Singular Quintie Curves. 135 


II. 


. À quadrifolium and a unifolium.: Fig. 32, 

. À quadrifolium, a unifolium, and an oval. Fig. 33. 

. A trifolium and a bifolium. Fig. 5. 

. A trifolium, a bifolium, and an oval. Fig. 84. 

oe quintifolium and two ovals. Fig. 8. 

. A bifolium and three unifolia. Figs. 2, 9, 13, 14, 17. 
. À bifolium, three unifolia, and an oval. Figs. 22, 31. 
10. 
LL: 


Two bifolia, a unifolium, and two ovals. Fig. 23. 
Five unifolia. Figs. 24, 26, 27. 


Il. 
A quadrifolium and an oval. Figs. 35, 44. 
À quadrifolium and two ovals. Fig. 15. 
A trifolium and a unifolium. Figs. 11, 12. 
A trifolium, a unifolium, and an oval. Figs. 18, 36. 
Two bifolia. Fig. 16. 
Two bifolia and an oval. Fig. 37. 
Two bifolia and two ovals, Figs. 19, 28. i 
A bifolium and two unifolia. Figs. 38, 39, 41, 42, 45. | 
Four unifolia. Figs. 3, 10, 20. 
À quadrifolium and three ovals. 
À bifolium, two unifolia, and an oval. 


The figures for 21 and 22 are not given; 21 results from a combination of a 
bipartite redundant hyperbola with a hyperbola; 22 from the same cubic with 
an ellipse; Figs. 41, 42, 45 illustrate this case. 


28. 


24. 
25. 
26, 


- IV. 


A trifolium and internal oval. Fig. not drawn. The form differs from 
the next only in the internal oval. | 

À trifolium. Figs. 40, 43, 46. 

À trifolium and an oval. Fig. 40. 

A trifolium and two ovals. Figs. 7, 39. 


~ 
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27. 
28. 
29. 
30. 
ol. 


32. 
33. 
34. 
35. 
36. 
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A trifolium and three ovals. Fig. 12. 
A bifolium and a unifolium. Fig. 6. 


A bifolium, a unifolium, and an oval. Figs. 25; 29, 30. 


Three unifolia. Figs. 25, 29, 30: 
Three unifolia and an oval. Fig. 11. - 


V. 
À bifolium. Figs. 7, 8, 15, 22, 23, 24, 26, 27, 31, 44. 
A bifolium and an oval. ` Figs, 2, 14, 21: 
Two unifolia. Fig. 47. 


A bifolium and three ovals. 
Two unifolia and two ovals. 


The last two may be obtained by combining a bipartite redundant hyper- 
bola with an ellipse. 


37: 
38. 


VI. 


A unifolium and an oval. Figs. 3, 10, 20. 
À unifolium and three ovals. 


The last is formed as 35 and 36 by changing the position of the ellipse. 
The bipartite cubic corresponding to that of Fig. 48 is the proper one for the 
cases 35, 36, 38. 


- 39. 
40. 
41. 
42, 


48. 


VIL 


An oval. Figs. 18, 33, 34, 36. 

Two ovals. . Figs. 9, 13, 16, 17, 41, 42, 44, 45.” 
Three ovals. Figs. 40, 43, 46. 

Four ovals. 


rme 


By changing the position of the ellipse in case 38, 42 is obtained. 


No even branches. Figs. 28, 47. 


1 


2, 
. Two bifolia and an oval. 

. Four unifolia. 

. A trifolium and a unifolium. 

. A trifolium, a unifolium, and an oval. 


Co cr 
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Quintics with Eleven Real Inflections. 


I.. 


À quadrifolium and an internal oval. 
A quadrifolium and an oval. 


I. f 


7. A trifolium. 
8. A trifolium and an oval. 
9. A trifolium and two ovals. 


10. 
11. 
12. 
13. 
14. 
15. 


16. 
17. 
18. 
19. 


‘20. 


21. 
22. 
23. 
24. 


À trifolium and three ovals. 

A bifolium and a unifolium. 

À bifolium, a unifolium, and an oval. 
À bifolium, a unifolium, and two ovals. 
Three unifolia. 

Three unifolia and an oval. 


IIL. 


A bifolium and an internal oval. | 
A bifolium and an oval. 

A bifolium. 

Two unifolia. 


IV. 
A unifolium and an oval. | 
| CV. 
An oval. 
Two ovals. 
Three ovals. 


No even branches. 
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Quintics with Seven Real Inflections. 


NUE, 
1. À bifolium with internal oval. 
2. A bifolium and an oval. 
3. À bifolium. 
4. Two unifolia. 
IT. 


5. À unifolium with internal oval. 
6. A unifolium and an oval. 
7. A unifolium. 
HI. 
8. An oval. 
9, Two ovals. 
10. No even branches. 


Quintics with Three Real Inflections. 


l I. 
1. An oval with internal oval. 
2. Two ovals. 
3. An oval. 
The total number of forms enumerated is eighty. : 


An inspection of the figures will show that the odd branches are composed 
of one, three, or five infinite parts with a number of inflections varying from 
three to fifteen. It will be observed that in the neighborhood of a double point 
of the improper curve there are always two inflections of the non-singular curve; 
they are both in the same angle if the parts of the improper curve turned 
towards each other are convex; one in each of two opposite angles if the parts 
turned towards each other are, one concave and the other convex. Other inflec- 
tions are those in the neighborhood of the inflections of the cubic. 

With regard to the real bitangents I am unable to state a general law as to 
their number. It is certain, however, that the number of bitangents of the first 
kind is not constant. An examination of the curves will show this to be the 
case. Figs. 13 and 14, 26 and 27 illustrate the loss of two bitangents of the 
first kind. Intermediate between the heavy curve of Fig. 13 and the light curve 


Cal 
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of Fig. 14 there is one having an inflectional bitangent. . The loss of two bitan- 
gents occurs in passing through this case. It will be noticed that two bitangents 
of the second kind are lost in the case of the other curves of these figures. The 
light curves of Figs. 6, 7, and 8, and the heavy curve of Fig. 5, illustrate the 
statement made that the points of contact of a-bitangent of the first kind to an 
odd branch may be separated by the intersections of the bitangent with two 
others.’ | | | 

_ladd the following table showing the character of the even branches as 
they occur in the figures. 0 represents an oval; 1, a unifolium; 2, a bifolium, 
etc.; (0) indicates that the oval is inside of another even branch. By a proper 
combination of digits the number and characters of the even branches are shown 
in each case. A refers to the heavy curve and / to the light one. 


Figs. 1 2 3 . & D 6 

h 6; (0); 2,0; 1,0; 6, (9) ; 0,0; 251; 

4 -Dbebkht rabki GLL Lipi; 3,2; 0,90; 
Figs. 7 8 9 10: ll 12 

h 2: 5,0,0; 21,1, 1; 1,0; 8, 1; 3,1; 

L 3, 0,0; 2; 0,0; 1,1,1,1; . 1,1,1,0; 3,0,0,0;: 
Figs. 13 ' 14 15 16 | 17. 18 

h 2,1,1,1; ° 2,0; 2: ` 0,0; 2,1,1,1; 0; 

i 0,0; 21,1,1; 4,00; 22; 0,0; 3,1,0; 
Fig. 19 20 21 ` 22 23 24 

h 2, 2,0,0; 1,0; 2,0; 2; 2; 23 

l 2200 yi, ts 3,0;  21,1,1,0; 22100 441411 
Figs. 25 26 97 . 98 29 30 

h 7 Fa We © 25; 2: 2 1,0; 2,1,0; 
| i LEA BLL 1,1,1,1, 1; 2, 2,0,0; 1,1,1; LL; 
Figs. OL 92 88 34 BD 80 

l DLLO 4; 4,1,0; 3, 2,0; 4,0; 0; 


Vou, X. 
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37 38 39 40 4A 49 
2,90; 21,1; 3,0,0: 8: 0,0; 0,0; 
22,0; 2,1,1; 2,1,1; 0,0,0; 2,1,1; % 1,1; 

43 44 45 46 47 
0,0,0; 4,0; 0,0; 3; 

3: =F 2,1,1; > 0,0,0: 1,1. 


I wish to state, in conclusion, that I am indebted to Dr. Story, of the Johns 


Hopkins University, for most of the matter of the preceding pages. A number 
of the curves also were pointed out by him, and, in carrying out the work, I 
have derived much assistance from his suggestions. | 
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On Critic Centres. . 
@ 


By Frank MORLEY. 


$1. The twelve lines each containing three of the nine inflexions of a cubic 
will intersect in twelve other points. For, taking any such line, through an 
inflexion on it three other lines can bé drawn. We have thus ten of the lines; 
the other two contain the other six inflexions, and intersect in a point which is 
not an inflexion. From the twelve lines we get twelve points, which are clearly 
the critic centres or possible double points of all cubics having the same 
inflexions as the one considered. 

_ For the canonical form 
U= + 7+ À + emey = 0, 

the inflexions (7) are 


0 1—1, 0 i — o, 0 1 — o, 
E 00 —o 01, 
1—10, 1—6 0, 1— 6 0, 


where 1, œ, a are cube roots of 1. 
“The twelve lines (L) are seen to be 


v, sty +2, o@ty +z, x+y +z, 
y, etoy +a%, wtoyts, æ+ aytz, 
z, wtoaytaz, vy +oz,.a+y +o, 


each column of three lines containing the nine points J. 
Now the harmonic polar of a point of inflexion, say 0, 1, — 1, isy—z. . 
For the polar conic y? + 2mex = 2 + 2mxy breaks up into this line and. the 
inflexional tangent y + z-— 2mx. Thus-we have corresponding to Z the nine 
harmonic polars | 
Y —%, y — 2, Y — aZ, 
—g +z, — ows +2, — wx + 2, 
. &— Y, £ — y, £ — wy, 


"~ 
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so that the line corresponding to any point is got by writing the coordinates as 
coefficients, interchanging © and a. The points corresponding to the lines L 
(i. e. the critic centres) are seen to be | 


100, 111, td, oll, 
010, 1wo, 1&1, iol, 
001,, loo, lla, 11a, 


so that the point corresponding to any line is got by writing the coefficients as 
coordinates, interchanging © and œ. From the symmetry the critic centres 
might be called the harmonic poles of the corresponding lines of inflexions. It 
is clear from the tables that the three harmonic polars of collinear inflexions 
meet in a point, the harmonic pole of the line of inflexions (an obvious property 
which I have not seen stated); that reciprocally the four harmonic poles of 
concurrent lines of inflexions lie on a line, the harmonic polar of the point (just 
as four lines L pass through each point 7). Hach column of three points forms 
the same triangle as the corresponding column of the lines Z; on the sides are 
the nine inflexions, and through the angles pass the nine harmonic polars. 

The points which have x as polar are given by 4? + 2mzz = 0, 2 + 2may=0; 
the chords of intersection are 


y+ mzez — (2+ Aay), y+ 2Znze— a (z+ may), y+ 2mex — (+ may) = 0; 
hence the harmonic pole is one, the others are the triangle formed by the 


inflexional tangents and lie on the harmonic polars. The table of inflexional 
tangents is 


—Qme+- ytse, — ma + oy +o, —2%me+ oy+o%, 
x — 2my + z, ov — 2my + oz, ` ov — 2my + oz, 
a+ y—2mz, wet oy— mz, ax+ wy — mz, 


and the polar of 1, 0, O with regard to the triangle T formed by the first row is 
x = 0, since a 0 and = = 0; so that the harmonic pole is the pole of the 
line Z with regard to the three inflexional tangents. There are two lines L 
through a harmonic pole, and two such points on a line L; the polar conic of 
such a point (e. g. 2 + 2myz) will touch the lines through it at the other poles 
on the lines. - ; | - 

To show the effect on a curve of passing through critic centres, we may say 
(what is easily verified) that a quartic through the harmonic poles inflects at 


each, the three tangents at points in a column meeting on the quartic. 
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2 The polar conic of a point 24,2; or O is 


aye” + yyy? + a2 + 2m (ayz + yz + aay) = 0. 
Eliminating m between this and U, we get for the locus of contacts of tangents 
from O, 
QE Saye (ae? + yy? + a?) = (@ + + Aaya + ree + ay). 
This quintic Q is seen to pass through O, the twelve harmonic poles, and the 
nine points J. Now the latter points are also inflexions on Q. For since 


(ange +...) — +... Myst ay), 





d 
~ = gy (ae +... 
the tangent at 0, 1, — 1 is 
a x (yı +4) =m (y +2), 
which passes through O. Eliminating’ æ between this and Q, 
3 (y + a) arya (y + eat (y + 2) + Ga + 4) Ga + ae)? 
= jai (y + 2) + (a + ayy’ + z’) | 3a (4 (yı + a) yet x (y + gug + ay), 
or dividing by æ (y + 2), 
328 (ga +a) ye (y + 2)? + Sy (n + ayy? + a) 
— ai (ga + 2) ye (y + 2) — yen + ay’ — ye + ®) 
— ai (ne + ayy + 2) — Ga + ay’ + 2) (he + ay) = 0; 
the terms of which y +z is not an apparent factor may. be written 
Bye (y + a) me + ae? + yz (YF a) §— ya + ayy’ de z + 2yz), 
or Bya (yı + 4) (y + 2)(yy + zz) — yen + F (y + 2)’. 

Dividing by y + z, 
Baxi (y + 2) y2 (y +2) — i (Me +417 (y + I 6g aO —yz eV ye + ay) 

+ 38y2 (1 (n+ a) (yy + a) — ye (t ay +2) = 0. 
The terms of which y + zis not an appar ent factor may be written 

(ys + a) 8 8ye (ny + met ye + ay) — (+ à + 2ye) + ay); 
or (Ya + a) fyz (y + 2)(y1 +) — (y + 2) nr Hay). | 
Dividing by y +z, | 
xå $ 2ya (ga + a) — (y + 2ye + 49)? + (a + aty (a + a) 
— (y + lye + ay)§ — ya ta) = 0, 

DE 2ye (yı + 2) — (y+ 2)(Me + ay) = 0, 
or 2 (y — 2)(nz— my) = 0. 
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Thus the lines joining O to Z are inflexional tangents to a and meet Q again 
- on the corresponding harmonic polars. . 
From the equation of Q it sae through the intersections of 


ne + yyy + ae = 0,: xyz + zw + zwy = 0, 
which are the four fixed points on the polar conic of O with regard to U. If we 
write X, Y for the special cubics a + y? + 2, 8æyz; X’, Y' for the first polars of 
O with regard to them; X”, Y” for the second polars; X", Y" for their values 
at O, then the quintic and its polars may be seen,.by successive operations with 


d d d 
arae Pa aa OP ou 
| DA AE ae 
YENY +. VX" — X! yl + XY", 
or, since there is the identity, as may be seen by ordinary algebra, 
yix" — YX" = y% y" — XY", 
the cubic is 4. YAMS AY" or VIX" = XY"; 
differentiating either, the conic and line are 
Y' Gi = A FA 
yuyu — NE yi,” 
From the first form for the cubic it goes through J and O, and from the second 
it meets the polar conic at the points X'= 0, Y'= 0, and the polar line at the 
point X”"=0, Y”=0, which is the fixed point on the polar line of O with 
regard to U. The polar: quartic passes through the same point (P suppose), so 
that OP is a double tangent to the quartic.. | 
We have now to show that Q is the general form of a quintic through the 
21 points. A quintic about the triangle of reference is 
x (biy + eye) +3 (or + age) + law + bay) + x? (ay? + AE) + Y? (Ae + dha 
+ 2 (dyn? + egy”) + xyz (ax + by? aCe oh 2fyz+ 2gzæ + 2hæy) = 0. 


. Putting x = 0, 
yz (ey? + bse? + Jye + sy) 





must Ye (y? + 2), 
~ dy, dg, 63,4, fi fa =Q, 
and G = b E, q= & = b, b = Q= y, 


so that the curve 1s 


ayz (y? + 27) + Bar (+ à) + yay (x? + A — 
+ xyz (la + by? + cz + 2fyz + 2gzx + 2hxy) 
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Substituting 111, #11, w 11, 
2(aHB +y) tato +e +2(f +9 +2) =0, 
2 (a + Ba + yo) + a+ ba + ca + 2(fo + go + ho’) =0, 
2(a + Ba? + ya) + a+ ba + co + 2 (fo? + ga + ho) =0, 


fe 24+ a= 0, 
or a = — 2a, b=— 28, c= — 27, 
foe +g+h=0, 
foatg+h=0, 
f+g+hz=o, 


~ g+h=0, h4 f=0, f+g=0, or f,g,h—=0. 
Hence the general form is 
-ayz (y® + 2 — 2) + Bex (22 + 2? — Qu) + yey (x? + y? — 22°) = 0, 
which is clearly equivalent to Q. 

We have not used the points lwo’, 1a’, and need not have used 111; so 
that a quintic through J and nine of the harmonic poles goes through the other 
three. Moreover, it goes through them without being further defined, and still 
contains two parameters. There is here a remarkable anomaly, for, while 
twenty points determine a quintic, we have a quintic through twenty-one points 
with two disposable constants. 

For the other intersections of two such quintics we have 


ae py ae SH + 





i ——— — -——- == @ SA 
myz + Yet + awy | duyz i 
or a, (è —ayz)+....=0 
and ay (2 — ayz) +... = 0, 
P — aye 
Yi — Ye a 
or since æ? + + — 3aayz—= 0, 
| | x Y z | 
“ty Yi À | = 0; 
Lo Yz Ra) 


that is to say, the remaining four intersections of two quintics whose parametric 
points are O, O' lie on the line OO’. These will be fixed for quintics Q +20, 
for their parametric points will be on O0", but not for quintics whose parametric 
points are off OO. Hence though quintics through nineteen fixed points 
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pass in general through six other fixed points, in this case we have quintics 
through twenty-one points whose remaining intersections may lie on any line 
not through the points. (If the parametric point is one of the twenty-one 
points, it is easily seen that the quintic splits up.) The proof that the other 
points of intersection,are fixed is evaded by the existence of the two parame- 
ters (see Salmon’s Plane Curves, p. 18). As was seen above, the twelve harmonic 
poles count only as nine conditions in fixing the quintic. | 
§3. It is clear that most of §2 is true in general. Let U, V be two n-ics, 


d d d NE | 
and let £ denote a ae +6 a +c P Pliinanig À from 


LEAVE; 
EU +a V=0, 
we get Q= VEU— UEV = 0, 


a (2n — 1)-ic through the x? intersections, and.also the 3 (n — 1} critic centres, 
for which U U,.. WU FU_ U 


h er CT eine 


The first polar of a, b, c or O is 
SOS VEU — UE, 
which passes through U=0, V=0. Hence the tangents to Q at these points 
go through O. The points of contact of the other tangents from O lie on 
EVEU—EUEV=0, 
which touches Q at O, the common tangent being 
VEU — = 0, | 
EU being a constant. | ‘ | 
To get the »th polar we may expand £’( VEU— UEV), remembering that 
Leibnitz’s theorem applies to £, or use the more convenient form 


grr" (VU) — 2% (EV.U) — = 0, 


where now in each expansion we stop half way, i. e. keep only the terms in 
which the power of € acting on the first factor < that acting on the second. 
The equivalence of the methods is clear if we write down the expansions. The 
polar cubic has a singular property; its equation becomes 


nE VE“ + 3 (n — 2) ESP EU =, 


oO 
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where, as above, the — precedes terms got by interchanging U and V. Now 
identically Er? CERE e eV ee = 0, 
for if we operate with £, the left vanishes, and it also vanishes if æ, y, z= 0. 
Hence the polar cubic is either 
on pele et ss 0, 
or eter. —= 0, 
and passes through the intersections of . 
eo U, "=i: EU, ge VE Adi U, cols À 
Thus the fixed point P, on the polar line of O with regard to U + AV, the four 
fixed points P, on the polar conic, and the nine fixed points P, on the polar 
cubic lie on a cubic through O; OP, is a tangent at O to the cubic, and OP, are 
tangents at P}. E 
Let Q' be the curve obtained from a'b'e' or O'. Then for the intersections 
7 UI V= tUl V=? UEN. 
A possible set of points is 
. U= 0, EUS O0 F USO; 
or sU, + 0, + 20, = 0, 
| aU, + bU, + cUs= 0, 
æ U, + bU, + cU;=0, 


- whence L Y g 
ab ce |=0. 
q! b' a 








The remaining (2n — 1P — n° — 3 (n — 1) or 2(n — 1) intersections ~. lie on 
OO’. These are fixed for Q +20, but not for curves whose parametric points 
lie off OO'. Since (2n— 1)(n+ 1) conditions fix a curve Q, and besides tlre 
n? + 8(n— 1}? we require two more, it appears likely that all such curves 
through all but n° + 3(n—1)? + 2—(2n—1)(n + 1), or (n — 2)(2n — 3), of 
the critic centres pass through the rest. I have not noticed a similar difficulty 
for curves of even degree} but, at least for the case of the critic centres, the 
accepted theory appears to require limitation. 


HAVERFORD COLLEGE, Pa., October, 1887. 


VOL. &.. 
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Nore.— Professor Cayley has kindly cleared up the dithculty stated above ; 
it comes under Bacharach’s addition to Cayley’s original theorem. See Cayley, . 
“On the Intersection of Curves,” Math. Annalen, Vol. XXX (1887), pp. 85-90 ; 
Bacharach, ib. XX VI (1885), pp. 275-299. On the point in question, Professor 
Cayley writes: “In fact, four points may be represented by P,= 0, Q,==0; we 
have the quintics 4,P,+ B,0,=0, AiP, + BiQ, = 0, meeting in these four 
points and in twenty-one other points; the quintic A,B; — A,B,=0 passes 
through these twenty-one points but not through the four points—or generally 
- we have l 

a (AP, + BQ) + a! (ALP, + Bi) + y (A,Bi — AB) = 0, 

a quintic through the twenty-one points but not through the four points.” Thus, 
when we have shown that two (2n—1)-ics through the n° intersections and 
3 (n — 1) critic centres of two n-ics meet again in points on a right line, we do ' 
not expect other (22 — 1)-ics through the n° + 3 (n — 1) points to share the 
other 2 (n — 1) points: 


The en of Syrygies among Perpetuants by 
means of Partitions. 


By Captain P. A, MacManon, R. A. 


CONTENTS. 
$1. The process of Ueberschiebung. | 


$2. The sources thus obtained in the case of the quantic of infinite order. 
§3. The quantic transformed so as to have derived coefficients. 


* $4, Operation of the reversor upon a source which is symbolically expressed by means of 
partitions. 


§5. General form of a covariant. 
$6. The incorporation of two sources. 
$7. Expression of binomial syzygies by means of partitions. 
$8. Particular forms of incorporation. 
§9. Some capitation syzygies of even weight, 
$10. Some capitation syzygies of uneven weight. 


This paper is entirely based upon the partition expression of seminvariants ; 
the previous papers on the subject are, in the order of their publication, 
The Author. Seminvariants and Symmetric Functions (A. J. M, Vol. 6, p. 131). 
Cayley.. A Memoir on Seminvariants (A. J. M, Vol. 7, p. 1). 
The Author. On Perpetuants (A. J. M., Vol. 7, p. 26). 
A second paper on Perpetuants (4. J. M, Vol. 7, p. 259). 
A Memoir on Seminvariants (A. J. M, Vol. 8, p. 1). 
Hammond. On Perpetuants with Applications to the Theory of Finite Quantics 
(A. J. M., Vol. 8, p. 104). 
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$1. 
Assume the binary quantic to be 
(Go; Ais Ugy «+e .)(2p x)", 
wherein it will be observed the variables are written x, a, and moreover are 
supposed hypothetically of weights 0 and 1; any coefficient in the quantic has 
thus the same weight as the combination of vannie which it affects. 
Write any two covariants of this quantic 
uE (Ao, Ay, Ae, -o o £0: mn), . 
vE (By, By, Bay... ao, ©), 


and represent the differential oper ation 


gg ta 
dz? dr: dat’ 
by EXEL or by mnt) 
according as it takes effect upon w or upon v; the operation of Ueberschiebung 
` of order x is then symbolically (Eon, — Em) 


and noting that 
s! a! 


RENE nt = 


D eo co Woa 


(By, Boras Byz» ene (£o; gy)? TY, 
we find at once 
E E pi 
e—a eai (Eom — ém)" | 
= (A), A1, An. X(T, 2) (Ba Bi, Bezares) 
— x (Ai, Ay, As, os » )(2o ay)" (Beas Bx, Beti “3s -)(%p w) T 


z 3 
= Ta As, Ag; vet (Xo, a)" (Be) B,_1, B,, Re DET a)" 





or if we ait A, Agr, Aogosee ee) 4) = 
(By, Bot 413 Bo 491 ne mit 24)" ~ =, 
we may exhibit the result in the symbolic form 


Leur Ade (Eom — Em)" = (SÈ — 8)5 


s! 
wherein ($ — S)* is to be expanded in the form 
NE A IS + ee, 


and then each power changed into a suffix. 
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Hence, neglecting a numerical multiplier, the source of the covariant 
(Eon — Emo) 
-is in a symbolic form ~ (A — B)‘, 
or at length 





A,B, — xå, B, + et A,B, — + (—)4B,. 
Giving x de values hier 
we write down the series of seminvariants : 
| AB, 
A,B, He À,B:, 


A,B, >. 24B; T A,B, 2 
AD — SAB + 34B, — AD, 


each source is derived from the next preceding by the operation of 
A0 4, H4014, +....—Bidz, — B03, —... z 
and further, each is annihilated by 
Ada, + 24:91, +... + Bods, + 2B:03, +.... 


$2. 


Write the reversor 

Pada, + (p JS 1) MnO, F (p a 2) sy, F Aia ; À. T Apa. 
in the form ! | | S 

~ 1 2. + 1 
p laid, + (1— a) ao), + G — re. Uda T see T NN. 
= pò suppose; then ` 
u = Aga + pA tay + a PS A yt a +. 
=e ari | (s=p= œ); 


but if the quantic be actually supposed of unlimited order, ‘and À, be of : 
degree-weight (a, w), then 


0 — — no + Oo, DE 30a, +. 


p = — in the limit, 
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_and the asymptotic form of the covariant u is ` 
dA, PA 2 
(4 = i a +4 «Yo, xı) ? 


or symbolically, x (1. a = a 





0” 


The process of Ueberschiebung now gives the series 
A,B,, 
BdA,.B,— aA dBo, : 
BFA. Bi — 2a85A,.dB, + aA. Bo; 


and in general, 


BI As. By — 8° ad A DB + * ETI eo AB, — ...., 





or with the proviso that (04,) = à 4, = A VA (849) this is, in enon 
form, (BSA, — adB,)* 

The result just obtained is seen to be identical with that given by M. Perrin, 
and partially also by M. Maurice d’Ocagne, in recent numbers of the Comptes 
Rendus of the Academy of Sciences in Paris.* 


§3. 
Transformation of the Foregoing Lesults. 
Consider the quantic with derived coefficients | 
(do, 1! ay, 21 ay, e. a (£o, %1); 
the sources become transformed into symmetric functions of the roots of the 
equation ag” — aye" * + ax —,,...—=0 (n= &) 
in which no root occurs raised to the power unity; (N. B.—These have been 


elsewhere called non-unitary symmetric functions) ; 
the reversor 
04100 + (p — 1) 40, + (p — 2) agda, 5 
becomes p (10e, + 2404, + 84304, +...) 
— 2(a,0,, + 330a, + 6430, + ....), 
* The connection of the result with the process of Ueberschiebung, and the fact that it is merely its 


expression qua sources of quantics of unlimited order, was not monnoned by either M. Perrin or 
M. d’Ocagne. ` l 
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wherein the numerical coefficients in tg last portion of the operator are the 
successive triangular numbers. 


Writing this reversor : po, — 209 ; 
it is necessary to separately examine 6, and à. Put 
dy = 400, + si la ee 


so that aa, = hyo h AP E daa 
a 








"x ? 


wherein h,, denotes the sum of all the homogeneous products of ae roots of the 
equation, of weight w; thus, 


10 À a + ag Oe Ce Eee) Qoy yya 
= (—) + + E. Talal APAIA s ese; | (Zsa, = w); 
whence 
ò, = MOa, + 2401 + 3430 + AGO, ri 
= a (o £> — h i + Ia — ) 
+ 2oy (ho — ha Ti pe — ) 
de d 
+ 803 (io À ag tage ) 
0 a 
+ a roses reset / 
= arho TR dh — i og 4 ashy — — at + 8a,03h, hes 
ly a 
À: co 
— 2 yaa Les os 7 Siaha . +H(— yH Saai nsp +. 
ie a? naar 
Ag 
Asst os 


= 2 m) Sd, by a known formula. 


S, denoting the sum of the rt powers of the roots.. 


Op Sid, — Bd + dade ie 





Similarly 

by == dOa, + 3430, Eg pd ae 
= = aC hg th + —....) 
+ 343 (n£ — — hy = d 
2 (vd =n + a ss) 
has 


LS 
` 
= A o mate cotes men 
me See re ma 
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— ao 1 — dyfn — 34%oh0 od + Ghz — Bagn + basco g __ 
PA 2 AO ae eee aaa cea aa y E 3 tb. @ 
"A © 
— + (—} Flag 
Acs] 
A 
faa — Bagh,» + baang +- + (—P T z A(+1)a 47 1 Ja 
Aso i 
= `y (—) +18 Lidh by a known formula. 
Amal 


S? denoting the sum of all those symmetric functions of weight à + 1 which 
involve two and only two roots in their expression ; thus, 

Say = 224761 
where p+gq=à+1, 


p>0, g>o- 
We thus have | 
d = Sid, — Sid, + Sd — ...., 


and  pôs— 25, = pSidy— (pS, + 282) d + (pS + 283) de — 


ws o 


* The construction of the analogous function 
St = E,aPiaPe s a a aPy Zp=w ) 
. i a ` Pis Pas Pas ss: Pr >00 
when expressed in terms of the literal coefficients may be exhibited as follows. Let 
aye ay . Le . ae ns ait 


be any product of coefficients of weight w; the a partition of w consists of , ones, l twos 
and so on, and is represented by 


le agree PRES à À 


we ay the function 





st ! 
Solty IAEE mae tS py" vt. RE a ee 
s=1 gu] == 1. st pl (s — r)! 
= Wm + a a "E | 
or > (—) Mor Mere (We We i)! W, apoak.. au, | | 


py! Le! ss... fe! _ 


As a verification, observe that 

incu Wo + F, 
SHH... H= en 
= Pal pat... pl 
(—) Wot W, 


CP) WWW... (eM, aga... a 


at araf . t + ays 
jy} Le! set A 


== hy as should be the case. 
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6, and ô, are each separately reversors ; expressed by means of partitions, we 
find 6, = (1) da — (2) dy + (3) d, — (4) ds + ers 
5, = (1°) d, — (21)d + {(81) + (2)} dy — {(41) + (82) di +. 


$4. 


Operation of the Reversors upon a source which is symbolically expressed by meuns 
of Partitions. 


It is well known that any source may be expressed symbolically by an 
aggregate of partitions of its weight, the parts of each partition being drawn 
from the natural numbers to w inclusive, unity alone being excluded; and 
further, that the highest symbolic number occurring in the aggregate represents 
the degree of the source in the coefficients; the operation of d, upon any such 
partition is seen by writing 

da EX (—) mtm 





(m— I)! Wi Du Wo = Su 
aid Dea A Dus... DH, o 
PAPA Te i Wi = Este 


1 
D, üa al (aoa, T 04, + Aga, a EE 


and remarking Hammond’s theorem that D, operating upon a partition has the 
effect of striking out therefrom one symbolic number x when such is possible, 
and an annihilating effect in every other case. It is hence manifest that ô, intro- 
duces, by the operation of its member 
(1) dy, 

symmetric functions whose partitions contain at most one unit; also in the 
operation of à, (1°) will not appear as a multiplier, since in the present case 
d,=D,=0, and &? (A > 2) is expressed by employing merely a single unit; 
whence à also introduces partitions which contain at most one unit, and so also 
does any linear function of 6, and &. 

This is obvious, too, from the consideration that any coefficient is derivable 
from the next succeeding one by the operation of 

ch, 


the effect of which is to obliterate a non-unitary partition and to take away one 
part unity from all unitary partitions; we now see by a process of induction 
that a covariant coefficient, s removes from its source, is expressible symbolically 
by means of partitions, no one of which contains more than s parts equal to 


unity. 
Yon. X, 


where 
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$5. 


General Form of a Covariant. 


Denote by 0, 


any assemblage of non-unitary positive integers, the sum of which is w + s, and 
of which no number exceeds 0 in magnitude; any two covariants then assume 


the forms 
(05) a5 + s {(091) + (O) 20a + 8.8 — 1 {(001°) + (0:1) + (02) eo ei +... 
(bo) xg + of (G1) + (Gi) feo" + 0.0— I (Pol?) + (Pil) + (he) fac ai + - a 
to which, applying Ueberschiebung of order x, there results the source 
(8) {(Go1*) + (p1) +... (Pd) 
a 1L) + (H1 + ALT +4. H (hr) 


He (—)*4 (0015) F (0117?) T AE SE + (8.) (Do), 
an expression which consists of = (¢ + 1)(x + 2)(x + 8) binary products, and 


which may be put into the form: 
IK 


NO KONPL — (CAPAT + GE) CUBE 


J=0 
j=k—1 


=> UNZ — (WIP) + (UPE) | 
i . eet (FGF) 

Mouse 

+ (—)*(0,) (Po) 5. 


or as the double sum 


ik J—=k—È 

SSH) — Ba TE) 

i=0 j=0 . oe de E =) 
eee Gt) + (TTL MOD 

_ which constitutes the partition expression. of the source of the covariant which 

is derived from Ueberschiebung of order x applied to the two given covariants. 


The source clearly consists of a (=t asat + 1) distinct 


parts, or members, a number which, in the general case here considered, cannot 
be exceeded, and which usually will not be reached. | 
} 
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Theorem. "Each constituent member of a source is itself a. seminvariant.” 
Hor operating upon any expression of the form ) 
ONPE) — OPT +... + (FOLNE) + (FOr) 
with the annihilator : d = D, (ante), 
we find | | 
(0) (ple) — OPE =) + PAGE er 
cs tine. + (FO Y(G) + (HF OQ), 

which vanishes, the terms destroying M other in pairs. . ` 

Each constituent member is therefore a non-unitary symmetric function, 
and the process of Ueberschiebung is seen to produce sources, each of which is- 
an aggregate of symmetrical members of the same type.* | 


$6. 


Incorporation of Two Sources. 


+ 


I call, provisionally, the expression 


(O) Do1°) — (IP=) + - +. + (—) (601) (Go) 
the incorporation of (0,) and (@,) of order x, or say the x" incorporation of © 
and (ĝo). I denote this by | (Go)(Do) | * 


From the previous section it will be seen that the x™ Ucberschiebung of @) 
and ()) is composed in general of 


‘1 incorporation of order x, 


9 T tí x—1, 

3 ii ti ‘iD: 
ti (a: | . 

x+ 1 . 0; 


'* This theorem may be extended in the following manner. Forming the expression 
(r=) = s E + ESEL eang. CD SEES torrent, 


(ge —i)t tt I él 

and cperating with D, we find 

s— = t—2 

(31°) (618) — (8 —1) (61) (61!) + SES yet) —. (y Heck EF orto), 

which is derived from the former by oan s— 1 for s; whence, assuming it to have been shown that 
- the latter expression is expressible by partitions each of which contains at most s— 2 units, it has been 
proved that the former is expressible by haie each of which contains at most s— 1 units; it has 
been proved to be true in the latter case when s = 2, and hence by induction the theorem is true for any 
value of s. 





a 
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thus a xt! Ueberschiebung is composed of a x incorporation of the same two 
sources, together with other incorporations of lower order; conversely, a x? 
incorporation is expressible by means of a x Ueberschiebung of the same two 
sources together ae incorporations of lower order; hence it is an immediate 
inference that a x incorporation is expressible by means of a x” Ueber schiebung 
of the same two sources together with Ueberschiebungen of lower order. The 
forms which here present themselves do not in general belong to the original 
quantic, and for this, reason, in what follows, the quantic will be supposed of 
indefinite order unless the contrary be expressly stated. | 
If in the x incorporation of (0) and (p) we write 


(0,1) = a,, 


: (1) = bi, 
it assumes the form 
pb T 0,1 + nO, —9 So ae ee + (—)'a bo, 


which is the source of a covariant of the system of two quantics 


(ans 1) yy 246 Gy w <u) (ogy Bs 
(bo, 1! b), 21 bo, eo (2o: x)", 
from the simple fact that d (01) = (051°); 
it is evident, à priori, that if 
f (ao; Oy, ns à + + Oy, by, Day arenes CN Cy; Grip Sis) 
be the source of any covariant of the system of quantics 
| (ao, 1! ay, 2! az, ~~. £o; %1)", 
(Go DU yg 2e a) 
(Cp RE CS 


the expression ‘ 


£4(0s)» (B01), (8512) -= (de), (ot), (Gol?) «  » . (ak); (ot), (1). | 


must be a seminvariant; the partitions refer as usual to the same quantic of 
infinite order. | 

The process of incorporation is thus a very particular case of this general- 
ization. | 
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$7. 
Binomial Syzygies. 


If 6, Do, % retain their original significations, we may write down the 
absolute identity (8) » (P), Cho) | 
| (60) ; (Po) » (bo) 
| | (001), (Pol), (%1) 

that is, | (00) À (Po)(do1) — (P1) (4) f 
| + (Do) 4 (Ho) (01) — (01) (60) } 
+ (bo) 4 (0) (G01) — (001) (0) = 0; 
this identity manifestly represents a syzygy between the three compound semin- 
variants (Oo) 1 (Po) (h1) — (Pol)(Yo) fs 
(Do) 4 (0) (801) — (ol) (65) F 
(do) {(80) (Pol) — (001) (Po) ; - 
. an application to the theory of perpetuants may be at once shown, for write 
(Pos Dos Yo) = (25, 2, 2) 
and then " (2H (2) (21) — (2"1)( 24) } 
+ (02)1(29 (21) — (21)(29} 
+ (HNA — (2°1)(2")} = 0; 
the expression . (2(2"1) — (2*1)( 2"), | 
as well as the other two expressions obtained from it by the cyclical substitution 
(xAu), consists, when developed in a series of monomial symmetric functions, of 
quartic and cubic perpetuants ; as a consequence, the identity represents a sextic 
syzygy between binary products of quartic and quadric perpetuants. 

Putting now u = 0, there results the identity 

| (29)4(2)(1) — (21); 
+ (29422) — (929; 


+ {(25)(21) — (251)(2")} = 05. 


= 








herein (2)(1) — (21) = (32-9), 
7 (2°1) — (1)(2*) = — (32); 
des (827)(29 — (8292) = (221) — (21)(2°); 


remarking that the right-hand side of this identity consists wholly of quartic . 
and cubic perpetuants, we see that we have here exhibited a quintic syzygy 
between the binary products on the left-hand side. 
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It is easy to see otherwise that we have the congruence 
(32*—*)(2*) — (32*77)(2') = 0 mod a, 

for | (3271) (2) — (3271) (2%) 
certainly contains when developed no symbolic numbers greater than,5; but also 

D; {(82-2)(28) — (82) 2)} = (AND) — (2-2-1) = 0 
so that the symbolic number 5 does not occur; and also 

D, 4 (8271)(25) — (32=)(2)} = (32—)(2 =) — (32 MAT), 
which does not vanish; the symbolic number 4 does occur therefore in the 
development, and this establishes that the expression 


(32*~")(2*) — (3273) (2°) 


contains as a factor the seminvariant a raised to the first and to1 no higher power. 
The above written congruence is thus-verified. , 

Moreover, the syzygy that has been obtained, includes, for suitable values of 
x and À, every quintic syzygy in the theory of perpetuants. 

To establish this it is merely necessary to note the effect of operating upon 
the left-hand side with D,; it is then seen that to a syzygy, of weight w, corre- 
sponds invariably either a quadric or a quartic compound form which is not a 
perfect square ; since the generating function for these forms is 

a 


6 2 


T v 

it at once follows that the generating function for independent syzygies is 

_ 5 Oa: ee | 
Cal 1 —a1—at? 

which we, otherwise, know to represent the total number (cf. Hammond, Amer. 

Journ. Math., Vol. 4, p. 218). 


Reverting to the above general sextic Syzygy, let us suppose 
KSA> uw, 
and then operate upon the identity with 
| $ 
we thus obtain (2°~*)4(2'-*)(1) — (21-41) À 
| + (2° ~*) (211) — (1) (2° *)} 
+ {(-*) (#1) — (2-1) 2-0} = 0 
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which is equivalent to the result obtained by simply giving u a zero value 
in the original identity. In Professor Cayley’s language, the effect of the 
operation of D, is, in the present instance, to decapitate the identity. We have 
in fact here performed u successive operations of decapitation, and we have 
thereby arrived at the most general quintic syzygy; it hence follows that the 
- sexti syzygies we are now discussing -are those derivable by an infinite number 
of processes of (4.2) capitation of the quintic syzygies. Their generating is 
manifestly © a ll | | 
i (1 —2*)(1— af) 1— a  (1—2)(1 — 1—2)? 
altogether, syzygies, enumerated by means of the generating function 
gi 
| (1 — P1 — af\(1 — 7) 
are exhibited in a crystalline form by means of a single absolute identity. 
As another example take | 
| (99; Pos Vo) = (25, ao, 82), 
and then 5 (2°) { (8521) — (1)(3*2*)} 
+ (8°29) (29(1) — (2°1) 5 
+ 4(3*2")( 2*1) — (3*2*1)(2°)} = 0, 
an identity which will be shown to represent every binomial sextic syzygy in 
the theory of perpetuants. It may in fact be written 
(43°—12")(2*) — (*2")(B2°—7) = { (8 2)(2 1) — (3°21) (2) }— (A + 1)(8 121) (29), 
and hence a reference to my first paper on perpetuants in the American Journal 
of Mathematics (Vol. 7, p. 26) will show that the statement is true. 

The fact is, that all simple syzygies may be exhibited and enumerated in a 
precisely similar manner, but it is not appropriate to further multiply examples 
of the method. The discussion of the capitation syzygies in general is, from 
their inherent nature, a far more difficult matter, and all that will be done here 
subsequently will be to indicate to what extent progress has been made. 


$s. 
Particular Forms of Incorporation. 
Consider the form 


(2), a|" (24)(1") — (241)(1 + (PPA) — 2 + (INO), 
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and the result of expanding it in a series of monomials. Since 
D;1(27), a|” = [(27); aol" 
it appears that having expanded |(2/—"), ay|"~", we have merely to capitate 


each partition therein presenting itself with the symbolic number 3, in order at 
. once to obtain all those partitions in the expansion of | 


| (27), |” 
in which a symbolic number 3 appears; thus, since 
| 1(2), a| = (827), 
we at once find . | (27), al = (8727?) +... ; 
hence, to obtain the general formula, it is only necessary to find that term in the 


expansion which is made up wholly of twos. Such a term.only exists for an 
even value of m, and the only product of partitions in 


| (27), a|" 
which can possibly give rise to it is 
(—)im (2/1 *\(*), 


the expansion of which includes the term 


G45) f 

Pis. ONONO ENEN A 93 +53 aL 
ti ) ; ` 
2, + 


(see Cayley, À. J of M, Vol. 7, p. 1); hence, by an easy process, we reach the 


5 g sZ 3 A 
formula m + 38)! 


|( 2”), al*= (— y TURFA C ue 


which exhibits the m™ incorporation of the general quadric form (2°) with the 
simplest seminvariant a. Conversely, we can express any single partition 
cubic form in terms of incorporation, s, thus 

(32) = (2), a|’, 

(829 = | (2+2), ao]? + (+3) (2+9), ao |’, 
and in general 7 - 

‘ s< yp 

(372") — (2 + 3s) (x -+s 1) (Ca dre 


zis! 
g==0 i 
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Consider now the incorporation |(3*2*), a)|". This form is a quartic seminva- 
riant ; for reasons similar to those above given in the previous case, and which 
are consequent upon the relation 
D,|(3°2"), a|” = |(3° 2"), ag |" 
. We reed only calculate those terms in the expansion which do not contain a 
symbolicnumber 4. The product (—)*(8*2*1')(1"~*) which occurs in | (3*2"), & |”, 
when multiplied out, only produces one such partition, and that one is 
(—)° (3*t m— 26 9h —m +80) ; 

the numerical coefficient attached to it is (vide Cayley loc. cit.) . 

(x + m — 2s)! (1— m + 8s}! 

x! s! (m — a! (à— m + 2s)! ’. 

henée the following formula: 
(3:2), a |" = 


p=m gFh(m—p) , .. | | | | 
(— —) (z F m— 2p Fa 2s)! (A—m +p + wells Cl wae are od a a a) , 


(x—p)! s! (m— p— 2s)! (1— m + p-+ 2s)! 


p=0 | 
The incorporation of two quadric forms may be expressed similarly. If we wish 
. to incorporate the seminvariant 


(29, a |” = (297) — (DGA) +... + (21) 
with a, we may proceed in more than one way, but only one really distinct 
result is obtainable for each order of EAE OPS OD: Remembering that the 
expression 
(I) — fe + NETH) + E CEE (oat (ans) 
ee y" ua : (2818 +™) 


mI 





consisis, when expanded, of partitions containing at most s iis we may form 
the incorporation of order é: 
{(2°)(1") — (207) +... + (22) 
— {CHA — 2020) + + (mr bl i 


Hem) (FH +... ERE (eue) 
d k4t m xqitl m-—1 | m (m + it — kim 
sag CES | le JA") +. wiles =) Srna (2n )}, 


VOL. X. 
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which is 
(29040) — (251) Dif GA) + g 7 = 
+ (ant) Dpt (1) NL 
as may be seen by making a rearrangement of terms. Now 
(a")(44) = (241%) + (m — t+ a(t) 
Pt a (2- ikd P 


Di {(1) (19); = — (armee) + (m - 24 +. 2) (2° nels 
He (m —t-- aaa de Cra ae) ae as 


whence the incorporation of |(2*), a)|” with a) may be written : 
(2")( 271" *) oes (2°1)(at1™—-#-3) + (251°) (21"—?—*) Be fe St + (—)" (215) (2°) 
+ (in — į + 2) 4 (29 (2-12) — (2*1)(Q't1" *F) 4. are + (—)™-e( ae 2 (9) ? 


D 
t n a Lee ada 


or finally as 
LÉ) aia a 0 ll 

a tet (ar), C PES (29, ag) 
thus the incorporation which is competent to produce every quartic form is 
expressible by means of incorporations of quadric forms. Generally it will be 
found that every form of degree n can be obtained by incorporations of quadric 
forms with forms of degree n — 2. 





$9: 

Capitation Syzygies. 

Consider the two cubic forms | 

(2), al = (29) — (21), 

(2°), ao | = (2) (1) — (21), 

from which 
| (2°), |? | (24), af = GP (292) — (1){ (25 (22) + (2°1)( 2") } + (2°1)(2#1), 
= (2) (29 (2°) + 2 (1")(2")(2") 
— (4) { (2*)(2"1) + (2°1)(2")} + (2°1)(2“1) ; 
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hence 

1(29: al! (2), nl AAA (2), al? (2), al? — (2), (291 
wherein the sinister contains sextic compounds and the dexter consists of quintic 
compounds, quartic compounds, and quartic, cubic, and quadric perpetuants. 


We have here, therefore, a syzygy. As a simple ne us CoS |, 
and then 


o 8)G3)—(220)— (2){— 2 (2) + (2){—2(2°)} + (42) + 2 (3°) + 6 (2), 
or (8)? — (2) = — 3 (42) + 2(3°) — 6 (25), | 
and this is the syzygy which yields the discriminant of the cubic. This general 


result arose by putting 
GE} = (+209, 
or we may say it came from the congruence 
E (1° — (2) = 0 mod a. 
Consider next the congruence 
| (1°) — 2(1)(15) — (2°) = 0 mod a; 
proceed as follows : 
[(2; ao] * | (2°), aol° . 
= (19292) —()(21)(2) + SRE) Ce (C2) + (2192, 
(2, a|". | (2°), ao]? | 
= (1)(1)(2°)(2") — (1)(1?)(2°1)(2*) + (17)(2°1)(241) — (LNA + (2°)(2°1) 
— (1°)(2*)(2"1) si TORY), 0 
[(2*), a|’. |(2*), af? 
= (P22) — (1)(0)(2*)(2"1) + (19)(28) (241) — (1) (251) (ort) + (2°1°) (271) 
— (1) (1°) (21) (2) + (P)(213) (24) — (1) (21°) (21) 
+ (1) (21) (21), 
| (29, a|". | (2); af? | 
=(1)(49(29029 —(1) (1?) (25) (2"1) + (1)(21)(21)— (D (29 (21) + (2*1) (241) 
= Ai + (P29 (2) — (1)(2°1) (21°), 
(2°), a|’. | (2), al‘ | 
= (1 (2)(2") — A221) + (P221) — (1) (2921) + (2) (224). 
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Consider these five. identities and subtract the second and fourth from the sum 
of the first, third and fifth; in the result it will be seen that the second and 


fourth columns of terms on the right-hand side vanish coe the third . 


column of terms easily reduces to 
— (2) 29, CF 
and the fifth column to (29, (2)1#; 


hence 
Der (24), ale (24) aol 
= (HEA — 212), @P +12), 215 


or finally, this is a formula representing syzygies between (4.2), (3.3) and 
(2.2.2) sextic compounds of perpetuants. 

It is manifest that this process, here given at length, As perfectly general ; 
the result is that the congruence (p>1). 
(Pye Or ae PP) See (—)?+12(1)(1# 1) — (2?) = 0 mod a, 


leads to the formula of syzygies 


a= ?p 


`y (—)+21(29, aol. | (2°), a| 


= GAIE), GI EE) PETO, O 
| EL =? | (2°), (2) | 
or, as it may be written, 


Da ye? (2), aol". 1(29), a= (27-9) (2), D1", 


a=0 
denoting a a of complete syzygies of _— 6 and of weight 2 i + u+ p). 


$10. 


Consider next the formation of syzygies of uneven weight. Since 
(2), ao]? = (P29 — (1)(21) + (21°), 
| (2°), mi (1)(2") — (21), 
.1(29, do|? (2), a| — | (2*)s aol" 1 (2")s a]? — ACC) 


— (2°1)(2")} = 0 mod a,” 
or (2), ao|®|(2"), aol! — (29, Gel® 1029), a|? = (2) (29; (2°) = 0 mod ay. 
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. As a verification, observe that the operation of D, on the sinister gives 


o (25, a| (27 — (27) | (242), aol — [ (2°77), (247) |, 
whica obviously vanishes identically. 
Proceed now as follows: 


|(29, a] | (2"), a]? 

= (U22) — (00921) + AA UER ai OE) ERRES 
(2°); a |®.| (2), aol? 

= (1°)(1°)(2*)(2*) — (19)7(21)(2*) + (PZ L2) — (ALLP) +... . 

MAREE + OENE, | 

(2, a|”. | (2°), a]? 

= RER — (P) (2921) + OAA) = RASNE Foi 

— (1)(1°)(2°1)(2*) + N2 21), 

(2°); @|*| (2"), al 

= (DAA — (DONAA + AELB — (PAN + 
where on the right-hand side the portions omitted contain a, as a factor. Sub- 
tracting the second and fourth of these equations from the sum of the first and 
_ third, it will be seen that the first and third of the columns of terms on the 
right-hand side vanish identically, and we find 


> =) (2°), ay |”. | (2#), A | 
Kis ter 2(1)(1*)} {(2)(2"1) — (202) + (21 (29, (H. 


whence 


SSE), aul], alt" + (PIE, OVE IQ, GIZ 0 mod ay 
azz] 
representing another batch of sextic syzygies. 

The process employed is perfectly generat’ and enables us to write down 


the syzygy of odd weight : 


az= 2D 


S12), a, ans S —) (2) (2), (2) 2- "== 0 mod ay | 


az] 


from this syzygy, in the form of a congruence, we can at once obtain the 
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complete syzygy ; for, operating upon the left-hand side of the congruence with 
D,, we must obtain an equation, thus 
._a=2%p 


D Ie), di, 7 Lau 
B=p ' i 

+ D (y) | Qe) (2775 |ar+ 328 = 0, 
B=1 | 


and herein putting 


(x, u,p,0,B)=(*+1,u+1,p+i1,a+1, 6+1), 


we obtain 
a=2p-++-1 ` | B=p , | 
SO I) alh { (2) alt (AP) (29, (29) 1747-80, 
a=: 0 B==0 


which is the complete syzygy of degree 6 and weight 2(*+ u a: p) + 1. 
Finally, it.may be remarked that, in this paper, the complete expression has 
been exhibited of a number of sextic syzygies which are enumerated by the / 
generating function 2°--a?+al—+ a? + mt at tar, 
(1 —a*)(1 — 2*)(1 —2') f 


: rE A a” La . outs | 
syzygies ņa yy l'emain to be exhibited, but at present I do not see 


how to effect this. 


ROYAL MILITARY ACADEMY, WOOLWICH, July 22d, 1887. 


Démonstration directe de la formule Jacobienne de la 
| transformation cubique. 


Nore DE L'ABBÉ Fad DE BRUNO. 


D'après les Fundamenta, en supposant qu il existe l'équation differentielle 


V O— y) ay y) Soe yl — 20)’ 
en posant y= 8 (=. x), = a (u),* on aura pour la première transformation 
réelle | — Rs 
8. 
(2) S(u) 4-7 Aes r 
aa aera) tet EC j res] i 
x8 
Lorsque n = 8, il vient 
_S*(u) 
le) 
E: ae 
aa ft 


B14 — #87 (u) S? 5 
C’est cette formule qu’il s’agit de trouver directement. 


A cet effet je suppose que d’aprés Jacobi on ait sous la main i équations 
pour la tr ansfor mation Al Le 


nee ay + a 
uo 
% = HT 20, E ES Ay = a, ač = >; 
(5) | ‘2 
V= u, SR = 0, AZ: 


+ La notation S signifie sinam, ou sn employée par d’autres. C’est celle que j’adopte dans mon 
Traté complet sur les Fonctions elliptiques, sous presse; notation qu’on trouvera très utile par sa 
concision et sa clarté.. 
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ainsi que l'équation modulaire 
(6) "Ey ut — ot + 2w (1 — uw) = 0. 


Observons d’abord que l'équation (4) peut s’écrire 


ÿ 14+ — a? 
oO ae 


et quon a d’aprés les relations connues de Jacobi, 








b= — # 
Oy 
Par consequent il vient ? 
| | 1 + 2 
Y — dot =! ) 
po 
1 + = xX 
1 —_ ns Ay 
ou encore, en remarquant que u= ——, et en posant 8’ = — Pa 
‘0 i 1 
` \ i x? | 
() Eo m 
| ms 7 1 — a? 
i 2K j ; 
En comparant avec la (3) il faudra que 6 = S (=> , et alors l'équation (3) est 
démontrée, À cet effet remarquons qu’on a d’après (5), ” 
op ty _1+2a vf w? 
B = ay “a CRE uÊ # i 
Posons @ =z, nous aurons l'équation 
(8) e+ wè + u= 0, 


tandis que l'équation modulaire correspondante (6) est 
D + 2u3v? — Quv — ut = 0, 
équation qui à l’aide de la (8) devient 
(9) | uz? + 2w + u = 0. 
En éliminant v entre des deux équations (8) et (9) il vient 


4 (uËz — 1)(2— 1) — (1 — wf f = 0, 
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ou simplement, en remplaçant z par 2, uf par x, 
(10) 3 — 46 (1 + x) + 684 — xB — 0, 
qui est précisément le numérateur de expression de S (3a), en posant b =S (a). 


: . ; 7 2K ; 
Or si 3a = 2K, S (8a) s’annulle; et par conséquent, a = -z~ sb une racine 


de l'équation (10); done 8 = § (= ) 


Je profite de cette occasion pour faire voir comment on peut arriver 
simplement à un resultat de Mr. Cayley consigné dernièrement dans le v. 9 de ce 
Journal relativement à l’équation modulaire de 3° ordre, 


(11) US + ols + 12 (vat + wot) — 16 (vtu + Du) + buw. 
En posant | 
a=, aide, nt 
et en écrivant l'équation differentielle (í) sous la forme 
dy oo väx 
1 — hyt ST ar Fat 
il s’agit de savoir ce que devient l'équation (11) en fonction de a et 8. 


À cet effet pour plus de clarté faisons pour le moment x = w =u, A= v= v, 
l'équation (11) deviendra 


r 


(12) ut + vf + 12 (uv? + vu?) — 16 (u’v? + uv) + 6u’v? = 0. 


Si on la divise a uv? on aura 


| 1 
(13) LE Es eH 1a(L 4+ ka yy (w+ —) +122 0. 
als 1 1 
Mais on a dis. v+ = 26, 
u V 
2 1 2 2 1 2 
u+ -y da — 2, V + = 46 — 2. 


Il est facile de former d’après ces relations l'équation 


Ar taB X+ 4 (a? + 6%) —4=0; 


VoL. X, 
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vV 


u fa 
+ —, seront les racines, et on aura, en posant 
u V | | 


m= (a —1\8— 1), 


] u v 
uv + = 206 + 2m, ts 208 — 20m. 


1 
dont- uv Tn i 


Alors les termes de (13) étant tous connus en a, @, on aura 
2 (a8? + 1) — (a + BY = 4 (7 + ab) (a? — 18 — 1). 
En élevant au carré et réduisant, il viendra 
(14) at+ Bi— 64 (a3? + aß) — 186078? + 60 (a8? + Ba) + 196 (a? + 8°) — 192, 
résultat qui coïncide avec celui déjà fourni par Mr. Cayley, en suivant une autre 
voie. l | 
TURIN, Juillet, 1887. 
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Note on Geometric Inferences from Algebraic Symmetry. 


se 


By FRANk MORLEY. . 


If, on a function symmetrical in y, zg, we perform an operation symmetrical 
in y, z, the result will be symmetrical in y, z. E 

From this simple principle we may infer geometric results not otherwise 
obvicus. For instance, the equation of a quartic curve having 1 node and 2 


cusps is (yg +20 + wy)? = kyz, | 


and from Plückers equations it has 2 inflexions and 1 double tangent. The 
double tangent cannot pass through the node, and must therefore be, from the 


symmetry In yY, g, - y + z= ax. 


The line joining the two inflexions cannot pass through the node, for the loop, 
being symmetrical in y, z, cannot have only one inflexion; hence this line must 
be symmetrical in y, z, or is So o pai 
y + g = Bu. 

Again, one inflexional tangent is related to y just as the other is toz. 
Hence the line joining the points where they meet the curve again will be 


y + z= yg. 
Also, from each inflexion one tangent can be drawn. The line joining the 
points of contact will be 


y + z= da. 


These lines intersect on the line joining the cusps, x = 0. 

The result, so far as concerns the double tangent and the line joining the 
inflexions, is stated in Salmon’s Curves, §288, the proof being left to the reader. 
A special case is given as Exercise 143 in the Annals of Mathematics, June 
1887. For another instance, take the sextic with 3 triple points, each the limit 


174  Moruny: Note on Geometric Inferences from Algebraic Symmetry. 


of anode and 2 cusps. Then Plücker’s equations give, since m = 6, d= 3, x= 6, 
n = m = 6, 
=e. = 6, 
To 3; 
The curve is _ | | 
. (yz + zæ + xy + Ok = 0; 
and since a double tangent cannot pass through a triple point, the 3 double 


tangents are  -y te= ax, 
+e ay, 
x +t y= az, 


i. e. a double tangent, the tangent at a triple point, and the line through the 
other triple points are concurrent. Itis not easy to draw any certain inference 
about the 6 inflexions from the symmetry, but by forming the Hessian we can 
show that they lie on the conic | 

(3 — ku = 4k (x + y +2}, i 
writing | uE yz + zæ + ay; 
and since all the intersections of the conic and sextic are inflexions, the conic 
must touch the sextic at the inflexions. 


HAVERFORD COLLEGE, November 22, 1887. 


Surfaces telles que l’origine se projette sur chaque 
normale au milieu des centres de 
courbure principaux. 


Par P. APPELL. 


Pod 


1. Lorsque l’on cherche une surface telle qu'un pinceau infiniment délié de 
normales à cette surface découpe dans la surface d’une sphère de centre O, à 
l'entrée et à la sortie, des aires équivalentes, on trouve que la projection du point 
O sur chaque normale doit se trouver au milieu des centres de courbure princi- 
pauw situés sur cette normale. Réciproquement, si l’on a une surface possédant 
cette propriété, un pinceau de normales découpera sur toute sphère de centre O, 
à l'entrée et à la sortie de cette sphère, des aires équivalentes. (C’est. ce que 
j'ai montré dans mon Mémoire Sur les Déblais et Remblais,* en intégrant l’équa- 
tion différentielle de ces surfaces qui se rattachent d’une façon remarquable aux 
surfaces minima. | 
Je me propose actuellement de faire une étude plus approfondie de ces 
surfaces en donnant sous une forme simple les expressions des coordonnées d’un 
point d'une de ces surfaces en fonction de deux paramétres et en indiquant les 
équations différentielles des lignes de courbure et des lignes asymptotiques, dont 
les premières peuvent être intégrées dans une infinité de cas et, en particulier, 
pour une infinité de surfaces algébriques. J’insisterai particulièrement sur la 
correspondance qu'on peut établir entre nos surfaces minima, en démontrant 
qu'à toute surface minima on peut faire correspondre une de nos surfaces et 
réciproquement. 
2. Considérons un systéme de trois axes rectangulaires Ox, Oy, Oz et une 
sphère $ ayant pour centre l’origine O et pour rayon lPunité. Soit 5 une surface 
* Voyez Mémoires présentés par divers savants à l’Académie des Sciences, Tome XXIX, No. 8, pages 
188-187. | | 
Vou. X. 22 
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non développable, a, 8, y les cosinus directeurs de la normale à la surface en 
un point M, ou, d’une façon plus précise, de la portion de normale comptée à 
partir de M dans un sens déterminé. Si par le centre O de la sphère S on mène 
un rayon parallèle à cette normale, cette parallèle rencontre la surface deyla 
sphère en un point m dont les coordonnées rectangulaires sont a, 8, y et qu’on 
appelle image sphérique du point M. A chaque courbe tracée sur la surface > 
correspondra sur la sphére S une courbe qui sera appelée image sphérique de la 


. première. 
Supposons a, @, y réels: comme ces trois quantités vérifient l'équation de 
la sphère S | a+ P+ = 1, 


on pourra exprimer ces trois quantités en fonction de deux paramétres. Pour 
cela, nous ‘considérons cette sphère comme une surface réglée admettant un 
double système de génératrices imaginaires et nous prendrons pour variables 
deux quantités demeurant constantes respectivement sur les génératrices de 
chaque systéme.* Pour cela remarquons que l'équation 








a+ +HFS.. (1) 
peut s’écrire (a + 78)(a — 7B) = (1+ y)(1—y) i M 
et posons atip Sunt E | | 
i—y p a — if bé L (2) 
a—if ltr _ | 
1—7 “apip T | 


où s est la quantité imaginaire conjuguée de s puisque a, B, y sont supposés 
réels. La signification géométrique des quantités imaginaires s ‘et s, est très- 
simple: on la trouvera dans les Legons de M. G. Darboux: on pourra aussi 
consulter le Mémoire de M. Goursat “ Sur les surfaces qui admettent les plans. de 
symétrie d’un polyèdre régulier,” Annales de Ecole Normale supérieure, 31% 
série, T. IV, 1887, pages 42 et suivantes. 

En résolvant les équations (2) par rapport 4a, B, y on trouve 








__s+s | 
a = ) 
1 +55 
Ta So —~§ | F 
=g 2 3 
8 SES (3) 
Mu z __ 88 — 1 
IFs. 








# Voyez Leçons sur la Théorie Générale des Surfaces par G. Darboux (Gauthier Villars, 1887), Tome I, 
pages 22 et 245. 


` 
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D'après. la méthode employée pour la première fois par M. Bonnet* avec des 
variables un peu différentes, on peut définir la surface $ en écrivant sequen 
du plan tangent en Mà cette surface sous la forme 


aN w(s + s) + iy (s — 8) + z (ss — 1) = u, (4 
et en regardant u comme une fonction de s et sọ, 
= (8, so). 


Lorsque cette fonction @ sera connue la surface > sera l'enveloppe des plans (4): 
elle sera donc entièrement connue. Les coordonnées du point de contact M du - 
plan (4) avec la surface = sont données par les équations suivantes 


oe <a | - (5) 


1 T SS) - ) 
Dans ce systême, les équations différentielles des lignes de courbure et des lignes 
asymptotiques sont les suivantes : 


2 - À 
lignes de courbure : a d? = a ds? | (6) 
lignes sie à 
| u—s 8 che 
~- 2 ee aa =o. (7) 
—— ds + À ds -+ 2dsdsy a : + a NE 


Enfin les ue Sal le rayon de courbure Æ et les coordonnées 4”, Y’, Z’ 
du cantre de courbure devicanens i 


Ou Ou Fu 
2R Se ee va ~ 0 + oa + VE I, | 
Ve dd a a ae Fu Ou 
Os ° 08 š Bros, * Os “Os ae (8) 
wep rin [pos 44/85 2 
= a a : re “Os ag | 
Ou dw 
a oe -alaa + “Ost oa 





. * Journal de Liouville, T. V, 1860. 
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Ces formules s’établissent aisément : on les trouvera dans les Lecons sur la Théorie 
générale des surfaces par M. G. Darboux, T. 1, pages 245-246 : les variables que 
M. Darboux appelle a, @ et & sont nos variables s, s, et — u. Ces mêmes 
formules se trouvent reproduites dans le Mémoire déja cité de M. Gourgat 
(Annales de l'Ecole Normale, 1887, pages 46 et 47). | 
8. Ces formules générales étant rappelées, arrivons à l’objet de ce Mémoire, 
à savoir la détermination des surfaces > telles que la projection de Vorigine sur 
une normale quelconque se trouve au milieu des centres de courbure principaux. Pour 
abréger le langage, nous appellerons ces surfaces les surfaces $. Voici comment 
on obtient leur équation différentielle. Les équations de la normale au point © 
M (a, y, 2) d’une surface X sont 

X—g Y—y 4-2. 
a Bg. ae 


le plan projetant l’origine sur cette normale est 








aX + BY +y7Z7Z=0. 


/ 
Donc la projection de l’origine sur la normale a pour coordonnée Z: 
Z=2—y (ax + By + y2). 


D'après les valeurs (3) dea, 8, y ona 


Z=s— yy [et s)atila—sy + (0—1)¢], 


ou enfin, puisque le point de contact M(x, y, z} est dans le plan tangent (4) 








y ne ee bs 


D'autre part, on vérifie sans peine, d'après les formules (3) et (5), que le Z’ d’un 
centre de courbure est lié au rayon F’ correspondant par la formule (d’ailleurs 


évidente) | Zi =g yh’. 


En appelant R” le second rayon de courbure et Z" sa hauteur au dessus du 
plan xOy, on aura de même 
A =z + yR". 


Donc las ee ee 
~ a 


rr) 
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La définition des surfaces > donne 

Z! -+ Z" | . 
Z = 9 à 
vA à dire, après suppression du facteur y : 


Ri+ R" u o 
2 l+  ” 





équation qui signifis que la distance du plan tangent à lorigine est égale à la 
demi-somme des rayons de courbure principaux, propriété résultant immédiate- 
ment de la définition. En remplaçant la demi-somme des rayons de courbure 
principaux par son expression déduite des formules (8), on a l'équation différen- 


tielle des surfaces cherchées 


Fu . Qu Qu 1—ss __ 
(EE 850) eg — en TF asp = 9 





Pour intégrer cette équation, posons 


uw = v(1 + 8), 


(9) 


v désignant une nouvelle fonction inconnue qui n’est autre chose que la distance 
du plan tangent à l’origine. Par lintroduction de cette nouvelle fonction, 


l'équation différentielle (9) prend la forme 
a _ 
Osos 
=) + AG), 
les fonctions f et f étant conjuguées. On aura donc 


u = (1 +8) [/() + A (6)]. 


D'après les formules (5), les coordonnées d’un point de la surface seront 


qui donne immédiatement 


a+ fi)" 0 + OAE | 
a — iy =F (6) — 8K) + = OFAC, 
2 = f E) + af e) ETE Ll) HA lo] | 





1 — ss, 





(10) 


(11) 


» 
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Ces formules résolues par rapport à + et y peuvent s’écrire 


eo R| (1 — P) fl (e) + re f(s )], | | 
y= Rta (+ e= ro], 


sapro- so) | 
le signe R désignant la partie réelle d’une quantité imaginaire quelconque et 
f(s) une fonction analytique de la variable imaginaire s. 

À toute fonction analytique f(s) d’une variable imaginaire s correspond 
donc une de nos surfaces > qui est réelle. Lorsque l’on fait croître f(s) d’une 
constante, les différentes surfaces $ que l’on obtient sont parallèles, comme il 
résulte immédiatement de la signification géométrique de la quantité 


o= fO thls) = + BO) 


y?) 








‘qui exprime la distance du plan tangent à l’origine. Lorsque la fonction 


analytique f(s) est algébrique, la surface X est elle même algébrique. 

Voici quelques surfaces particulières rentrant dans la catégorie des sur- 
faces >. 

1°). Si l’on prend /(s)=C la surface > correspondante est une sphère 
ayant pour centre l’origine. : 

2). Si l’on prend f(s)=a logs, 


a étant une constante réelle, on trouve celle des surfaces = qui est de révolution 
autour de laxe Oz. La méridienne de cette surface est une développante d’une 
parabole ayant pour axe Oz et pour foyer Vorigine O. 

3°). En prenant, plus généralement 


f(s) = (a + ib) logs, 
a et b étant des constantes, on aura une surface > possédant la propriété d’être 
parallèle à elle mème, car si l'argument de s augmente de 2x, f(s) augmente — 
de la constante 2ri (a + ib), | 


et la nouvelle portion de surface £ correspondante est parallèle à l’ancienne. 
Le cas le plus simple serait le cas de a = 0. 
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4. Lignes de courbure. L'é équation différentielle des lignes de courbure étant 


Qu Ou 


ds? as = ds? a> “Ost Ea 





ceke équation devient dans le cas actuel 


u= (1 +88) Lf(8) + A (e)]; 
ds? [(1 +.ss).f"(s) + 28,7" (s)] = dsp [(1 + 859) fy’ (8) + 25H (So)]. (13) 


Cette équation est intégrable si f(s) est de la forme 
| P(e) = a8 
a et n étant des constantes dont la seconde n est réélle ; Alors 
fo (8) = 80 ; 
dy étant conjugué dea. En effet, dans ce cas, on peut diviser les deux membres 


de l'équation (13) par 
n + (n + 2) ss 


as” ~id? = apt Tds, 


et il reste l'équation 


dont l’intégration est immédiate. Si'n est commensurable et différent de — 1 

les surfaces correspondantes sont a On peut encore effectuer l’intégra- 

tion si l’on a TE ER 
f f (s) = (s + (3 +- by 

a et b étant des constantes quelconques — pour conjuguées a, et ba de sorte 

que | 


So (8) = (5 7 (0 t by) 
Dans ce cas l'équation (13) devient 
ads _ - ads 
(bys — 1)(s -+b (bs — 155 + by)?’ 
où les variables sont séparées. 
Lignes asymptotiques. En vertu de l'équation différentielle (9) des surfaces 
>, le coefficient de 2dsds, dans l'équation (7) des lignes _asymptotiques se 


réduit à | O w 
(1 s) 
“et l'équation différentielle des = asymptotiques devient 
Qu 


Sa dè + à ant Tg n=O 
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LS 


ou enfin, d’après la valeur (10) deu, 


[(1 + sso) f" (8) + 257" (s)] ds? + [( T i (8) + 2376 (8) ] ds 
4 OEA ods, (14) 
1 + ss 


5. Pour terminer cette étude nous sillon montrer comment à chaque surface 
> se rattache une surface minima et réciproquement. L’équation différentielle: 
` des surfaces minima est 





Ou o Ou, 
(1 + sso) as aes So Bs, + u,= 0, | (15) 
et celle des surfaces > | 
Ou Ou Ou 1—ss _ 
ESP 880) ee a ee de . (9) 


En différentiant l'équation (15) par rapport à lune quelconque des variables, on 
obtient les deux équations 


(1 ae 88) 





Pu, oom 
0808 ag =N | 
b (16) 
Ou Oru, __ 
(1+ 8) aa — so aa — 0: | | 


Ceci posé si l’on a une solution u, de l'équation différentielle (15) des surfaces 
minima, on en déduíra une solution w de l'équation (9) des surfaces $ en faisant 


Om - Ou 
as 80 Aa? | (17) 





U =E Un — 8 = 


comme on le vérifie immédiatement à l’aide des relations (15) et (16). 

Réciproquement, soit w une solution de l'équation (9), il existera une ‘ 
fonction uw, vérifiant les équations (15) et (17). En effet l’équation (17) donne 
par la différentiation 


Ou Pu Pty 
Os OF ĉo Gsm ? 
Ou Puy Ou, 
Oso = 0505 os’ 


et comme (15) donne 


~ 
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on a, en définitive, 


Ou, u 
| Sian = Ga) 
N Om 1 u, a a 
gs? s os s (1+ 8%)’ 
Ou $1 ou su 
D m Om) 


La fonction w étant supposée vérifier l'équation (9), la quantité 








| és nn F. ] 
ds 1 + 8% s Os s 1+ sg 
est une différentielle exacte. L’intégration de cette différentielle donnera st l 


Ot p(s 4) + 0: | 


de même 


| U uw 
(14 ss) ds — i Oh g l l dso 
est une différentielle exacte dont l'intégration donnera 


9 3 
ae =e, So) + Co 


et alors l'équation (17) donnera enfin 


w =u + s[(s, s) + €] + s [Y (s, so) + co] 


avec deux constantes arbitraires c et cp imaginaires conjuguées. À chaque 
fonction u correspondent donc une infinité de fonctions u avec deux constantes 
c et c&; mais les surfaces minima que l’on obtient en faisant varier les constantes 
c et & se déduisent de l’une d’entre elles par une translation parallèle au 
plan zOy. Réciproquement on vérifie immédiatement que si l’on transporte 
une surface minima ` parallèlement au plan «Oy en changeant la fonction wu, 
relative à cette surface en | 
= Uy + C8 + Coso, 


~ 


la fonction u donnée par l'équation (17) ne change pas et par suite la surface > 
. correspondant à la surface minima ne change pas. 

Donc, en regardant comme identiques les surfaces minima qui se déduisent l'une 
de l'autre par une translation parallèle au plan des xy, à toute surface minima 
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correspond point par point une seule surface È et réciproquement : les plans tangents 
aux deux surfaces aux points correspondants sont parallèles. - 

Nos formules permettent encore de montrer que, si l’on transporte une 
surface minima parallèlement à l'axe Oz, les surfaces = correspondantes nt 
parallèles; et réciproquement. Cela résulte de ce que, si l’on ajoute à w la 


quantité c (1 — ss) 
la fonction w donnée par la formule ( 17) augmente de 
‘e(1 + ss). 


Ces résultats’ deviennent en partie évidents par l'interprétation géométrique de 
la formule (17) f 


= Ou, du | 
So GR (17) 
Si l’on appelle z la coordonnée z d’un point de la surface minima, on a d’après (5) 
| Ou. a 
— ty +8 = + 8% rs 


üy — 


1 + SSp 
La formule de transformation (17) peut donc s’écrire 
u(1 + 8%) = — #4, 


ou, en appelant, comme plus haut, v la distance au point O du plan tangent à la 


surface >: v = — z}. 


On a donc la construction suivante: Soit une surface S, et un plan tangent 
P, à cette surface aw point M. Constrwisons un plan parallèle P situé à une 
distance de l'origine O égale à. la distance du point M, au plan xOy. Lorsque le 
point M, décrira S,, ce plan P enveloppera la surface transformée &,. 

En particulier, si le point M, décrit une surface minima le plan P envel- 
' oppera une de nos surfaces >. Inversement, le calcul nous a montré qu’une 
surface > donnée ne peut être déduite par ce procédé que d’une surface minima. 

6. M. Bonnet à indiqué* une transformation qui permet de déduire de 
chaque surface minima une surface telle que le milieu des deux centres de courbure 
principaux situés sur une normale se trouve dans un plan fixe «Oy. J’ai montré, 


* Comptes rendus de l’Académie des Sciences de Paris, T. XLII, page 486. Cette transformation est 
rappelée dans l’Ouvrage déjà cité de M. Darboux, à la page 255. 
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dans mon Mémoire sur les Déblais et Remblais précédemment cité qu’un pinceau 
de normales à une des surfaces de M. Bonnet découpe des aires équivalentes sur 
deux plans parallèles au plan «Oy et équidistants de ce plan. 

Les surfaces 2 que nous venons d'étudier se déduisent d’une façon fort 
simple des surfaces de M. Bonnet dont nous avons rappelé à l’instant la défini- 
tion. En effet d’après la seconde des équations (8) qui détermine les coordonnées 
Z des deux centres de courbures principaux, D sh différentielle des surfaces 
en question est 


| Otte | 
(1 ae es a To a -+ = — tly = 0. (18) 
Soit wu, une solution de cette équation, la fonction 
ug o 
pw oe O O n 
1 = #89 Os0s, 4 
vérifie l'équation , Ge 
0808 


. comme on s’en assure immédiatement en | différentiant l'équation (18) successive- 
ment par rapport à s et às Donc la fonction 
= | 1 + 559 (u Os Os a) 
u= (1+ ss) 0 = F a Oe ae Oe 
vérifie l'équation différentielle (9) de nos surfaces 5. . és 
La correspondance entre la surface > et la surface S, vérifiant l'équation 
(18) est la suivante. Appelons # le z d'un point-M, de la surface &,, 








na | . 88) + 1 
O a | ae ot 3 


ce qui signifie que v est égal à la longueur de la normale à la surface S, comprise 
entre le pied M, de cette normale et le plan xOy. Comme v désigne la distance 
à l'origine du plan tangent à la surface 5, on a la construction suivante : 

Etant donnée. une surface S, de M. Bonnet, on mène en un point M, de cette 
surface le plan tangent P, et la normale M,N, jusqu'au plan «Oy; le plan P 
parallèle à P, et situé à une distance de Vorigine égale à la normale M,N, enveloppe 
une surface 2. 
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On pourrait montrer qu’a toute surface $ répond inversement une surface &,: 
il suffirait pour cela de refaire un calcul analogue à celui de la pag® 182. 

Cette correspondance entre les surfaces Z et S, montre que: 

De tout système de routes servant à déblayer une aire plane homogène sur he 
aire équivalente située dans un plan parallèle, on peut déduire un système de routes 
servant à déblayer une aire sphérique homogène sur une aire équivalente située sur 
la méme sphère. | | 

Les routes servant au premier déblai seront normales à une surface &,, et 
les routes servant au second déblai normales à une surface >. 


| 


Surfaces telles que la somme. des rayons de courbure 
principaux est proportionnelle a ta distance 
| d’un point fixe au plan tangent, 


R Par E. GOURSAT. 


1. Dans un Mémoire récent, publié dans l’American Journal of Mathematics, 
Vol. X, No. 2, p. 175, M. Appell a étudié les surfaces telles qu’un point fixe se 
projette sur chaque normale au milieu des centres de courbure principaux. 
J’étudie dans ce travail des surfaces jouissant d’une propziété un peu plus géné- 
rale ;-la détermination de ces surfaces dépend de l'intégration d’une équation 
linéaire aux dérivées partielles, qui peut être intégrée sous forme explicite par la _ 
méthode de Laplace dans un nombre illimité de cas, dons les plus simples four- 
nissent précisément les surfaces minima et les surfaces étudiées par M. Appell. 
De chaque surface de cette espèce. on peut en déduire une nouvelle par une 
construction géométrique, qui comprend comme cas parziculier la construction 
donnée par M. Appell. 

Je montre en terminant comment on peut ramener à un problème résolu 
par Riemann la recherche des surfaces de cette nature tangentes à une dével- 
oppable donnée le long d’une courbe donnée. 

2. Considérons un systéme de trois axes rectangulaires Ox, Oy, Oz et une 
sphère S de rayon égal à l’unité ayant pour centre l’origine. Soit = une surface 
non développable, M un point de cette surface, a, b, c les cosinus directeurs 
d’une direction déterminée MN sur la normale à la surface > au point M. Si 
par l’origine on mène une parallèle à cette direction, cette droite rencontre la 
sphère en un point bien déterminé m, dont les coordonrées rectangulaires sont _ 
a, b, c, qui est dit l'image sphérique du point M. A chaque courbe tracée sur 
= correspond ainsi une courbe tracée sur la sphère quai sera appelée image 
sphérique de la première. | 

VOL, X. 


La 
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Pour représenter la position du point m de la sphère, on exprime les coor- 
données a, b, c en fonction de deux paramètres. La sphère © @ 


+ b+e—=1 y 


pouvant être considérée comme une surface réglée, on sait que par chaque point 
passent deux génératrices rectilignes imaginaires. Nous prendrons comme 
variables indépendantes deux quantités restant constantes respectivement ‘sur 
les génératrices de chaque systéme. L’équation de la sphère pouvant s'écrire 


(a + Na — ib) = (1 + o)(1 0), (1) 


* 


nous avons immédiatement les deux systèmes de génératrices | i 
a+  1+e 
[6 gam 
z | P (2) 
a—ib Ii+te _ | | 


————— a Zg 
1—e a + ib °2 








s, désignant la quantité imaginaire conjuguée de s lorsque a, b, c sont réels. La 
signification géométrique de ces quantités s, sọ est bien connue; si a, b,c sot ~ 
réels et si on fait la projection stéréographique du point m de la sphére sur le 
plan des ay, le point de vue étant le point. de la sphère situé sur la partie posi- 
tive de axe Oz, la quantité imaginaire s est lafixe de la projection. Des 
équations (2) on tire inversement ` 








qaz 8 + Sp \ 
1 + sso | 
__ . Hs 
= i a 2 | (3) 
88-— 1 | 
¢= — , 
1 + ss 
L’équation du plan tangent à.la surface > au point M pourra s'écrire 
i a (s + so) + ty (8) — s) +z (ss — 1) = u, | (4) — 


en posant, pour abréger, ù= (1 + ss,)d, à désignant la distance de l’origine à 
ce plan. Si dans cette équation on regarde w comme une fonction donnée de s 
et de s, le plan représenté par cette équation enveloppe une certaine surface et 


on peut regarder la relation 
u = D (s, s) 


" 
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comme l'équation’ d’une surface dans le systême de variatles adopté. Les coor- 
données du pôint de contact M du plan (4) avec la surface Z sont données par les 
équations suivantes | 





_ z = + su—s? | 
2) — 0 
ps + Y 7 1 + Ssg 
l x — 1 me | "Gs (5) 
J . Ll+ss i 
Ou Ou 
, = S as + So Ta w 
1 + ssy 
Dans ce systéme, les équations différentielles des lignes de courbure et des lignes 
asymptotiques sont les suivantes : Y 
lignes de courbure : Ou ,, Fu 
e . ds A 6 
; os 8 — Os? à ( ) ; 
lignes asymptotiques : 
À | Ou Ou 
ae + De a + au Apoa a = 0. (7) 


Les formules donnant le rayon de courbure principal R’ et les coordonnées 
A‘, ¥’, Z' du centre de courbure deviennent: 


PRE de 4, à Ja + somes Fes 
X'—iY'= us RON: | | | 


J 


` On’ trouvera ces formules dans les Leçons sur la théorie générale des sur- 
faces de M. G. Darboux, t. I, pages 245-246; les variables s, s, —u sont 


appelées par M. Darboux a, 8, £. -Ces formules se trouvent aussi reproduites.au 
début du Mémoire déjà cité de M. Appell. 


Etant données plusieurs surfaces X, 3, 3”,.... considérons les points 
m, m’, m",,.... de ces surfaces où les plans tangents sont parallèles et la résul- 


~ 


à 
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tante géométrique OM des droites om, om, om",.... Le point M décrit une 


surface qui est dite la résultante géométrique des surfaces 5, 3Y, X, . »» Ñi 


wu, W, u”,.... sont les fonctions de s et de s, qui définissent respectivement les 
surfaces >, X, 3”, ....1a fonction U qui fournit la surface résultante sera 


U =u pH upu +.... 


La somme des rayons de courbure principaux Æ'+ R” étant une fonction 
Ou Qu 


linéaire de u et de ses dérivées De Da’ Dede? OF volt immédiatement que la 
; 0 0 


* 


somme des rayons de courbure principaux de la surface résultante est égale a la 
somme des rayons de courbure principaux de toutes les surfaces composantes 
aux points correspondants. En particulier, si on a comme surfaces composantes 
une sphère et une surface minima, la surface obtenue, qui sera parallèle à une 
surface minima, jouira de cette propriété que la somme des rayons de courbure _ 
principaux sera constante, et inversement toute ee possédant cette propriété 
sera parallèle à une surface minima. 
8. J'arrive maintenant à l’objet de ce Mémoire, qui est d'étudier les 
surfaces telles que la somme des rayons de courbure principaux est proportionnelle 
à la distance d'un point fixe au plan tangent. Supposons que nous ayons pris ce 
point fixe pour origine. n distance de l’origine au plan tangent est PERS] nous 


avons vu, au signe près, à 
w% 


1 + ss,’ 


si nous appelons X,, Yi, Z les coordonnées du point milieu des centres de cour- 
bure principaux, on a . os 


3 a 
X + iN = = Es 
. ae 8 F 
LE BH ia 
gy = nk. Ou 1 ( u Ou 
= da 2 au a : 


et la distance de ce point au plan tangent est égale, au signe près, à 


1 Cu Ou Ou 
[QG + 880) aoa, —s a Oo. +u], 


c’est-à-dire à la demi-somme des rayons de courbure principaux, comme il était | 


est proportionnelle à la distance d'un point fixe au plan tangent. 191 


évident a priori. L’é équation différ 2 des surfaces cherchées sera par consé- 
uent | ou 

oo (1 + 68) oe — 0 2 -a E “+ u [t+ ]=0. (9) 

1 est aisé de voir que la constante Æ représente le rapport des distances du point 

milieu des centres de courbure principaux et de l’origine au plan tangent, ce 

rapport étant pris positivement lorsque l’origine et le point milieu des centres 

de courbure principaux sont de côtés différents du plan tangent. 

Pour K= 0, l'équation (9).se réduit à l’équation des surfaces minima; pour 
K= — 1, on retrouve l'équation différentielle des surfaces étudiées par M. 
Appell. Dans ces deux cas, l'intégrale générale de l'équation (9) peut être 
obtenue sous forme explicite; on peut l'obtenir en particulier par l'application 
de la méthode de Laplace. Nous allons voir qu'il existe une infinité de valeurs 
de A’ pour lesquelles l’application de cette méthode fournit sous forme explicite 
l'intégrale générale de l'équation (9). 

De la forme linéaire de l'équation (9) on conclut que, si l’on a plusieurs 
intégrales, leur somme sera aussi une intégrale. En d’autres termes, si on. a 
plusieurs surfaces répondant à à la question, leur surface résultante jouira de la 
même propriété. C'est, comme on voit, l'extension à nos surfaces d’une pro- 
priété bien connue des surfaces minima. Il serait d’ailleurs facile de l’établir 
AE eer d'après ce qui a été dit plus haut sur les surfaces résultantes. 

: 4. Dans l'équation (9) faisons le rer de variables 

s=a, &=— + 


on aura Ou Ou Ou 


Pu 
nda E UU ai 2 2 

ds ~~ da do oe ze 0808) — ony pa 
et l'équation devient 


Ou Où Ou 1+2K)— a 
Pema a T Boy ta, 
Posons ensuite u = £. ; on trouve la riouvelle équation | : 
_ io OE 2E 
| (1 — 8) aap agt ae T a— 87 (10) 
du reste, on, obtiendrait Mitoek cette équation en employant le premier 


système de variables a, B, € employé par M. Darboux (Leçons sur la théorie 
générale des surfaces, t. I, pages 244-245), Posons encore 


E = (a — 8)v; 
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l'équation (10) devient 


Ov Ov BA—WV+2K _ 
(a — B) 2%, Jð EE 4 BSA, v= 0. | 
a i pour A.une racine de l'équation i | 
MS 2K = 0 (11) 
et posons 2 = 1 +m; la nouvelle — prend la forme trés-simple 
Ov Ov | 
GP) gaap — m Se + mn 08 0. (12) 


En des les trois transformations précédentes, on voit qui on passe de Véqua- 
tion (9) à l'équation (12) en posant: 
st, pe ye (13) 
P B | 
où À désigne une racine de l'équation (11) et où A= 1 + m; la constante K est 
donnée en fonction dé m par la formule 
` u — (m+ 1)(m— 2). - 
K= Se am | . (14) 
Inversement, si on connaît une intégrale de l'équation (12), les branle (13) 
permettront d’en déduire une fonction u de s et de s, vérifiant l'équation (9). 
En général cette fonction u ainsi obtenue ne prendra pas de valeurs réelles 
lorsque les variables s et s, prendront des valeurs imaginaires conjuguées et, par 
conséquent, ne fournira pas une surface réelle. Mais il est facile d'éviter cet 
inconvénient. Soit, en effet, | 
w= f(s, 8) 


une première intégrale de l'équation (9); comme cette équation ne change pas 
quand on y échange les variables s, są et que tous les coefficients sont réels, la : 
fonction A (so, 8), où fp désigne la fonction conjuguée de f, sera aussi une inté- 
grale de la même équation. Il en sera encore de même de la somme 


F (8, 8) + So (So: 8); 
et il est clair que cette dernière fonction est réelle lorsque s et s, prennent des 
— imaginaires conjuguées. | 
5. L’équation’(12), à laquelle nous sommes conduits, s'est déjà présentée, 
sous des formes un peu différentes, dans un grand nombre de recherches d’ Analyse 
ou de Physique Mathématique. Etudiée d’abord par Euler dans le tome III de 
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son Calcul intégral, puis généralisée par Laplace,” elle a été l’objet de travaux 
“très importants de Poisson,t de Riemann,f et plus récemment de M. Darboux,§ 
qui l'a étudiée en détail, ainsi qu'une équation plus générale, dans ses leçons de la 
Faculté des Sciences de Paris pendant le semestre d'hiver 1887-1888. Je ne 
me servirai ici que des propriétés les plus simples de cette équation, en indiquant 
comment on peut les établir. 

Lorsque m est quelconque, on ne peut pas obtenir pour l'intégrale générale 
de l'équation (12) une formule générale où figurent explicitement les fonctions 
arbitraires et leurs dérivées jusqu’à un ordre déterminé; dans le Mémoire déjà. 
cité, Poisson a donné une forme générale de l'intégrale qui contient deux fonc- 
tions arbitraires sous des signes d'intégration définie. Mais on péut toujours 
obterir, quelle que soit la constante m, une infinité d’intégrales particulières, 
Ainsi, en cherchant les solutions de l'équation (12) qui sont homogènes en £ eta, 
on est conduit à l’équation différentielle linéaire à laquelle satisfait série hyper- 
géométrique, et on trouve ainsi que les fonctions 


v= aF (— u, m, Teema pE), i | l ° 
" B i | (15) 
va" (m, 9m +u, 14m ue, À), 


où F désigne la série hypergéométrique de Gauss, vérifient, pour toute valeur de u, 
l'équation (12). Pour avoir des solutions entières, il suffira de prendre pour y 
un ncmbre entier positif. De même, en cherchant si lé équation (12) admet des 
intégrales qui soient le produit d’une fonction de a par une fonction de 6, on 


trouve que la fonction | 
v = (a — A) "(8 — hy” | = (6) 


satisfait, pour toute valeur de k, à l'équation (12). Enfin on vérifie sans difficulté 
que, si @ (x, @) est une intégrale, il en sera encore de même de la fonction 


d d ` 
(aa + 8)-"(a8 +o (ZES SELS, an) 





= Kecherches sur le calcul intégral aux différences partielles, par M. DE LA PLACE. Mémoires de Mathé- 
matique et de Physique de l’Académie des Sciences pour 1773, p. 341-408. 

t Porsson, Mémoire sur l'intégration des équations linéaires aux dérivées partielles. . (Journal de l’Ecole 
Polytechnique, t. XII, XIXème Cahier, p. 215; 1828.) 

t RIEMANN, Ueber die Fortpflanzung ebener Luftwellen von endlicher ci nl de (Gesammelte 
Werke, p. 145.) 5 

8 DARBOUX, Sur une équation lineaire aux dérivées. > partielles, (Comptes rendus, t. XCV, p. 69; juillet 
1889.) ; - 
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quelles que soient les constantes a, b, c, d. On voit done qu’on pourra toujours 
obtenir une infinité de surfaces réelles répondant à la question, quelle que soit 
la valeur de la constante K, et même de surfaces algébriques pourvu que la 
valeur de 4 fournie par l'équation (11) soit commensurable. 

Pour abréger je désignerai dans la suite par Æ(m) l'équation (12) et’ par 
>, une quelconque de nos surfaces correspondant à cette valeur de m, Comme 
à chaque valeur de Æ l'équation (14) fait correspondre deux valeurs de m dont 
la somme est égale à l’unité, on voit que les surfaces Sn à Dm sont identiques. 
D'ailleurs on passe immédiatement de l'équation E (m) à l'équation Æ(1 — m) en 
multipliant les intégrales par 


2m —1 S 
(a — Bb}. 
Si on désigne, d’une manière générale, par V, une intégrale quelconque de 
l'équation Æ (m), on peut écrire 


V,a = (a — BYP, (18) 


Je dirai que deux équations Æ(m) et H(m’) sont contigiies quand elles 
correspondent à des valeurs de m qui différent d’une unité; les surfaces X 
correspondantes seront dites aussi contigües. A une série de surfaces &,, ou 
Sım correspondent deux séries de surfaces contigües 3%, ou Som, et En OU 
2m. Je supposerai dans ce qui suit que les valeurs de m, racines de l'équation 


# ` w Pi. \ 9 
(14), sont réelles, c’est-à-dire que la constante Æ est supérieure à — =: On 


pourra même supposer, si l’on veut, que la valeur de m est supérieure à — 

6. Laissant de côté ces généralités, je considère maintenant le cas où 
l'équation (12) peut être intégrée par la méthode de Laplace; pour qu’il en soit 
ainsi, À faut et il suffit que m soit un nombre entier. On a donc une suite 
illimitée de cas d'intégrabilité. Puisque les valeurs m et 1—m ne donnent pas 
des surfaces différentes. on pourrait se borner à prendre les valeurs positives 
de m; mais il vaut mieux, pour la suite, considérer la suite des valeurs entières, 


tant négatives que positives, de m avec la suite des valeurs correspondantes de K 


Mas si dy did Dh Oy TU Sd D, 6. 
K.... 14, 9, 5, 2, 0, —1, —1, 0, 2, 5, 9, 14, 


as 


Chaque valeur de Æ se présente deux fois dans cette suite. Ainsi pour m= 0 et 
m== 1, ona K= —1, et on obtient les surfaces étudiées par M. Appell dans le 
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travail cité plus haut. Pour m=2, et m——1, on retrouve les surfaces 
minima. Pour m=3, et m=— 2, on a K= 72; les surfaces obtenues sont 
telles que la somme des rayons de courbure principaux est égale à quatre fois la 
distance de l’origine au plan tangent, et ainsi de suite. 

` Il nous reste à montrer comment on peut dans ce cas ‘obtenir effectivement 
l'intégrale générale de l'équation (12) et par suite de l’équation (9). On peut 
évidemment supposer pour cela que m'est un entier positif. En différentiant le 
premier membre de l'équation (12) par rapport à a et à 8B successivement, et en 


posant __ Fv 
W= Sac 
on trouve que W vérifie l'équation 
| OW, ow | 
(a B) mt + (m4) =o, (19) 


qui west autre que l’équation Æ(m+1). Si done V, désigne une intégrale de | 
l'équation Æ (m), la fonction | 
Vm 
Vai ii dadB ; : (20) 


sera une intégrale de l'équation Æ(m + 1). Mais il n’en résulte pas qu'en 
prenant pour V, l'intégrale générale de l'équation #(m) on obtienne de cette | 
façon l'intégrale générale de l'équation Æ (m + 1). Pour examiner ce point 
essentiel, je considère l'é équation intermédiaire qui est satisfaite par la fonction 


_ dv Po, du | | 
Cr GE) a" ay + (m+ 1) gT 0. (21) 


Soit vı une intégrale quelconque de l'équation (21); cherchons s’il existe uné 
intégrale de l'équation (12) telle que l’on ait 


Ov 
—— E 9) 
Oa : 


L’équation (12) peut alors s'écrire | 
(a— 8) Gt — mnt m DE 0, 


Ov gu 
et on en tirera 2 pourvu que m ne soit pas nul. Les valeurs de — et de 


OP da op 


ainsi obtenues satisfont a la condition dintégrabilité, d’après l'équation (21). 


Par conséquent, si m n’est pas nul, on obtient l'intégrale générale de l'équation 
Vou. X. 
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(21) en prenant v = ka , v désignant l'intégrale générale de l’équation (12). On 
démontrera de la même manière que la formule 


= Jv, : ý 
W = FR’ | , 
où v, désigne l'intégrale générale de lé Suaian (21), représente l'intégrale 
générale de l'équation (19), pourvu que m ne soit pas nul. Ainsi, tant que m 
est différent de zéro, la formule (20) permet de déduiré l'intégrale générale de 

l'équation Æ(m + 1) de l'intégrale générale de lé équation E(m). 
Si nous supposons que m soit un nombre entier positif, l'application répétée 
de la formule (20) nous donne pour l'intégrale générale de l'équation Æ (m) 


gr y, : 
Va PER gaa ; . (22) | 


V; désignant l'intégrale générale de l'équation Æ(1). Or cette équation £(1) 
s’intégre immédiatement, car on peut l'écrire © 


PaA o, 


| Oa Op 
on en tire ae F(a) —¢ (P) 
| rat ae 
f (a) désignant une fonction quelconque de œ et @(@) une fonction quelconque 
de 6, et par suite a acg (a) — = 
Vn = (23) 


Si dans cette formule on fait maintenant le changement de variables (13), on 
obtiendra, pour représenter l'intégrale générale de léquation (9), une fōrmule 
où les variables s, sọ n’entreront pas symétriquement. Pour éviter cet incon- 
vénient, on pourra opérer comme il suit. Dans la formule générale (23) prenons 
la partie qui contient la fonction arbitraire de a 


gona LG) 
V. = = __ta—f à 
m dar Ont oge=* } ga ~ 


et TR dans cette partie le changement de variables. Nous obtenons ainsi 
une intégrale de l'équation (9) de la forme 


u= Af"—1(s) E Bf"? (8) +... Lf (8), (24) 


+ 
dé 
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A, B, C,...:£ désignant des fonctions déterminées de s et de s, f(s) une ` 
fonction arbitraire de s, et /’(s),..../"7'(s) ses dérivées. Me par 
Ay, By, Cy, .... Lo ce que deviennént les fonctions A, B, C,....£ quand on 
y permute les jetties s et s, par f(s) une fonction aroi alre des s,. L'intégrale 
générale de l'équation (9) sera alors 


u= Af"—i(s) + BfP-*(s) +.... + Lf(s) 
+ Ag fy (50) + Bose’? (80) +.» + Zoo (So); 


et, pour obtenir des surfaces réelles, il suffira de prendre pour f et f des fonc- 
tions conjuguées. Si on porte ensuite cette valeur de u dans lés formules (5), 
on aura les coordonnées d’un point de la surface exprimées en fonction des deux 
‘paramètres variables s, sọ. 

Appliquons cette méthode aux cas les plus simples: 


K=—1,m=1, m=0, Surfaces 3, ow 3, de M. Appell: 
w= (1 + DLF) + Ale); 


(25) 


K=0, m=2, m=— 1, Surfaces minima ou surfaces X et X: 
A (1 + sso) L (s) + fo (s0)] — 2807 (8) — 2570 (80) J 
K=2, m=}3, m= — 2, Surfaces Xz ou Zz: 
u= (1 + DL (8) HA (6)] — 6 Lela) a H OO 


1 +55 
On peut remarquer que le coefficient À de la plus haute dérivée de la fonction . 
arbitraire est toujours égal à 1 + ss). Il ne serait pas difficile d’ailleurs de 
former l'expression générale des coefficients A, B, C,....L, mais la formule 
générale ainsi obtenue paraît compliquée. 
Supposons, par exemple, que dans la dernière des formulés précédentes on 
prenne f= fo = 1; on aura pour u, en négligeant un facteur constant, 
_# + 3 
1+ ss)" 
Les équations différentielles des lignes de courbure et des lignes asymptotiques 
de la surface obtenue seront respectivement 
(1 + sf) de? = (1 + of) dst, 
(1 + sf) ds? + (1 + sf) ds} — 4 (8? + 55) dsds, = 0; 


on voit que la recherche des lignes de courbure se ramène à l'intégration de 
Pécuation d'Euler. Ces lignes seront par conséquent algébriques. 





- 
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7. Dans le Mémoire déjà cité plusieurs fois, M. Appell a rattaché d’une 
façon très remarquable les surfaces Z, ou 2, aux surfaces minima. Etant donnée 
en général une de nos surfaces Z, correspondant à une valeur quelconque de m, 


nous allons voir qu’on peut en déduire deux surfaces contigües par une construc-. 


tion géométrique, qui comprend comme cas particulier la construction donnée 
par M. Appell. Voici comment on est conduit à ce résultat; nous avons vu 
qu’en désignarit par Va l'intégrale générale de l'équation Æ(m), l'intégrale 
générale de lé A E (m + 1) était donnée par la formule 


D Fr f 
Prune =A 
+1 = Oa0p ! 
sauf le cas où m était nul; mais si l’on écrit la relation précédente 
OVm  OVn 
da Op 26 
Vin — a , ( ) 


on reconnait immédiatement qu’elle s'applique encore lorsque m = 0. On peut 
remarquer que les formules (18) et (26) permettent de ramener Vintégration de 
l'équation générale Æ (m) au cas où m est compris entre 0 et 1. 

Cela posé, soit v une intégrale quelconque de léquation (12) et u l'intégrale 
de l'équation (9) qui lui correspond par le changement de variables défini par les 
formules (13). Au moyen de la formule (26) on déduira de v une intégrale v 
de l'équation contigüe, puis une fonction w qui vérifiera une nouvelle équation 
analogue à l’équation (9). En transformant convenablement la relation qui 
permet de déduire w, de w par le procédé qui nous a déjà servi plusieurs fois, on 
- arrive à définir une construction géométrique analogue à celle de M. Appell. 
Mais on peut supprimer ces intermédiaires et partir directement de l'équation (9). 

De l'équation (9) 

ou 


(1+ ss) 2a — 6 a D oa u ~ + [1 + ]u=0 = (9) 


on tire, en différentiant le premier, membre par rapport à l’une St LC des 
variables, 





Ou _ du 2K p su Ou) 
(1 + 880) ag = 8 Oe Tf re 1 + ss, oa 


i Gu _ Zu 2K p su O du (27) 

rs) Gg oa Tir aliee a5, | 

Posons ` E du Qu S — 1 id | 
Tau 8 aa HATE" r (28) 
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A désignant une constante quelconque. A l’aide des relations (9) et (27) on 
vérifie sans difficulté que la fonction U satisfait à l'équation suivante 


' o U OU OU | ss+1+2{(K +21) |) 
(1+55) OSO8 — 6 Er —— Sy As, ee TE U | (29) 


(s8-—1 
= [A?-—3A— 24 Tu; | 





si on prend pour à une racine de l'équation (11) déjà obtenue 
M — 32 — 2K = 0, 


on voit que la fonction U satisfait à une équation de même forme que l’équa- 
tion (9) ; 

CU au OÙ , sy +1+2(K+i1—1) | 
(1 + sso) Dee A Sn eS U= +. (30) 


qui se déduit de l'équation (9) en remplaçant K par Æ +2 — 1. 
Soient a’, A” les deux racines de l'équation (11), que je suppose réelles et 
distiretes, et m’, m” les valeurs correspondantes de m, 


m=N—1, m= DA! —1, m Hm =l; 


changer K en K+ 4’—1, cela revient, d’après la relation (14), à remplacer m’ 
par m + 1, et de même changer K en K + A~”—1 revient à remplacer m” par 
m” + 1. Par conséquent, si la fonction u d’où l’on est parti définit une surface | 
Zn, les deux fonctions U que l’on vient d'obtenir définiront respectivement une 
surface Enp: et une surface Emi. Pour avoir la signification géométrique de la 
formule (28) écrivons la comme il suit: | 





ou du 
o U A oa En SS9—1 u. 
1+tss 1 +55 1+ ss) 1+ ss)’ 


A ayant une des deux valeurs m + 1,2—m, et reportons-nous aux formules 
(3), (4), (5). L'expression 
Ou Ou 
re À 
—L + as 


représente la coordonnée z ‘du point de la surface où le plan tangent coïncide 


~ 


w 
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avec le plan (4), - L est égal au cosinus de l'angle que fait la normale en ce 


} ~ KE 
point avec laxe Oz; enii | 
| u U á 

1+ ss’ Ll+sy > P 

sont les distances de l'origine aux deux plans considérés. On a donc la construction 
suivante: Sow Èm une quelconque de nos surfaces, P un plan tangent à cette surface 
et M le point de contact. Menons un plan parallèle P, à une distance de l’origine 
” égale à la distance du point M au plan «Oy, diminuée de la re sur l'axe Oz de 


la distance de l’origine au plan P multipliée par le. facteur constant > + (m — =) 


ce plan P, enveloppera une surface Xn41, où une surface Xn _ ee 


Si on suppose m = 2, ou m=—1, une des valeurs de À sera nulle, la 


construction se simplifie; et on retrouve la construction de M. Appell pour 
passer d’une surface minima à une surface 5, ou X. C’est d'ailleurs le seul cas 
où la construction se simplifie, | | 
Réciproquement, on obtient toutes les surfaces Zm+1, ainsi que toutes les 
` surfaces Em1, en appliquant la construction qui précède à toutes les surfaces Xn. 
I suffit évidemment de le démontrer pour les surfaces X%,,,, par exemple. Soit 
U une intégrale de l'équation (30); il nous faut examiner si on peut trouver une 
fonction u vérifiant à N fois les équations et (28). Ces équations peuvent 


£Anvir 
s'écrire 4 m < D | 
a __ A Fa" 2K ey 
2% Esg er L} — , 
7 + 88) xx Sd, oo ie u— U. j 
` De l'équation (28) on tire en différentiant 
OÙ Fu Fu $8) -—1 Ou Psy 
Os OS On ve "ès + (1 + s3,)°’ 
ou Cu Qu 
et on déduit de ces équations les valeurs de Be Oe? E Za °2 fonction de 


Qu 
ga D =o(u, U, 8, 8; a), 


Zag = Ÿ (a RUE S). 


Fan(s, U, s, So: =), 


u, U, 8, 8: — 
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et, en posant où = ¢, wet ¢ seront déterminées par un système d'équations aux 


Os 


différentielles totales 


| oe U, 5; Sor 6) dso» 
d =n (u, U, 8, so; D) ds + Vu, U, 8, 89, ) dos, 


‘ 


et, la fonction U étant supposée vérifier FEANEMOE (30), los conditions d’intégra- 
bilité seront satisfaites. 

8. Si on applique aux surfaces >. les deux constructions précédentes, en 
remplaçant m par m + 1, on obtiendra les surfaces X,, et les surfaces Smg. On 
peut donc déduire les apices 5, des surfaces 3,41, comme on déduit les sur- 
faces 2,4, des surfaces Sm. Mais il est à remarquer qu'il n’y a pas réciprocité 
entre ces surfaces prises individuellement. Etant donnée une surface particu- 
lière Sn, la construction précédente appliquée à cette surface donne une surface 
“bien déterminée %,,., et une nouvelle construction appliquée à En, donnera 
une nouvelle surface 37 qui sera en général différente de %,. On le vérifiera 
plus loin sur des exemples. 

. On voit maintenant comment on pourra faire dériver, par des constructions 
géométriques successives, toutes nos surfaces >,, des surfaces pour lesquelles 
Vindice m est compris entre zéro et l’unité. On pourra même, en remarquant 
que les surfaces X, et =,_,, sont identiques, diminuer cet intervalle de moitié. 

Considérons en particulier les surfaces dont l’indice est un nombre entier. 
Attribuons à la constante m toutes les valeurs entières, tant négatives que positives; 
on à vu que chaque série de surfaces se présentait deux fois, pour les valeurs 1 — m 
et m de l'indice. On peut alors se borner à considérer les constructions qui 
permettent de passer d’une série de surfaces à la série suivante. Chaque série 
de surfaces se déduira de la précédente par une construction bien déterminée et 
on peut faire dériver toutes ces surfaces d’une seule série, par exemple des 
_ surfaces minima. 

Prenons en particulier les surfaces $, ou 3,; la valeur tn de u est, 
` comme on l’a vu plus haut, 


z u =.(1 F ss) LF (8) +A (6); 
l'équation (11) est ici 
42— 32 LI—0. 


x 
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Si on prend À = 1, on trouve- à 

U= — (1+ sso) [sf" (8) + Sofo (so)]; | 
qui convient encore aux surfaces >); on s'explique aisément ce fait en remarquant 
que ces surfaces sont contigües à elles-mêmes. Si on prend ensuite à = 2, on 


. # 
trouve 


U= 2sosf (8) + 260 (50) — (1 + 850) LP (8) + af” (8) + sofo (80) +o (80)] ; 
c’est, avec un changement de notations, la valeur générale de u qui convient aux 
surfaces minima. Prenons encore les surfaces minima; la valeur générale de u 
est de la forme. 
u = Asfy (8) + 2s f (s) — (1 + sol (o) + HY (5) ]- 
L'équation en à est ici À — 34 = 0. Pouri=0,ona | 
= (1 + sso) [a (s) — F (8) + safo” (80) — Fo ()]; 
c'est la forme qui convient aux surfaces =). Pour a= 3, on trouve 
= (1 + 8%) [9f"(8) + 22 (8) + sof! (60) + 2A (80)] — 65 [af (8) + FO 
12ss 
— 68 [8/9 (8) + Fo(80)] + i+ = [sof (s) + 8fo(S0)] - 
_ Cette valeur de U peut s’écrire, en posant sf (s).== @ (s), s/(80) = po (5); 
S P,(s))-+ 33 P(s 

U= (1 + ss) EH" (6) + 96! (eJ — 6 Esp) + 509! @)] + 12 SESS ; 
c'est précisément la valeur générale de u trouvée plus haut qui convient aux 
‘surfaces >. 

9. Etant données une courbe gauche analytique C et une deelorea 
passant par cette courbe, il existe en général une surface minima et une seule 
tangente à la développable A le long de la courbe C'; les coordonnées d’un point 
de cette, surface peuvent être exprimées en fonction de deux paramètres par des 
formules ne renfermant que des quadratures. Cette importante question a été, 





comme on sait, posée et résolue pour la première fois par E. G. Bjorling.* M. 


Appell a résolu le même problème pour les surfaces 3,.f Au moyen d'un très- 
beau résultat dû à Riemann, on peut traiter la même question pour une surface 
quelconque satisfaisant à Ié eee (9), ‘quelle que soit la valeur de la con- 
stante À. | | 
Imaginons que par l’origine on mène des perpendiculaires à tous les plans 


* Archives de Grunert, i. IV, p. 290 ; 1844. 
+ Mémoire sur les déblais et les remblais. Voyez. Mémoires présentés par divers savants à l'Académie 
des Sciences, t. X XIX, No. 8, p. 187. 
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tangents de la développable A; ces droites forment un cône, qui coupe la sphère 
S de rayon égal à l’unité savant une certaine courbe c, qui sera définie par une 
relation de la forme 

: p (s, So) == 0; 

la développable A étant donnée, la fonction cherchée w prendra des valeurs con- 
nues pour les systèmes de valeurs de s et de s, qui vérifient la relation précédente. 
D'un autre côté, la courbe C étant donnée, on connaîtra aussi la valeur de z pour 


_ces systêmes de valeurs de s et de s, c'est-à-dire qu’on connaîtra, le long de la . 


courbe c, la fonction . Où dig Ou = 
Os : O8) ; 
Cette relation, jointe à la relation 
: _ - = 


nous fera connaître les valeurs des dérivées de la fonction inconnue 


du du 


le long de c, à moins que l’on ait 
os : ‘ds ? 5 q > 
sds, uit sys = um 0 ° 
Je laisse de côté ce cas singulier, qui ne se présentera pas si la courbe C et la 


développable A sont réelles. Le problème de Géométrie posé. plus haut est 
donc ramené au problème d'Analyse suivant: 


Déterminer une Jon u satisfaisant à l’equation (9) et prenant, ainsi que ses ` 


ou 


dérivées premières FRS , des valeurs données à l'avance le long d'une courbe c 
Sp 


représentée par l'équation 


® (8, 8) = 0. 
Tl suffit d’ailleurs de se donner l’une des dérivées a = , car la relation écrite ` 
" 0 
plus haut __ du u , 
du = z; ds + 5 ds; - 


appliquée à un déplacement le long de cette courbe, fera connaître celle des deux 
dérivées partielles qui n'est pas donnée a priori. Au moyen des formules (13), 
ce problème se ramène lui-même au problème analogue relatif à l'équation (12), 
car la relation @(s, s) = 0 se change en une certaine. relation 


¥(a, B) = 0; 


et, si la fonction & et ses dérivées partielles du premier ordre par rapport à s 
Vou, X. 
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et à s sont supposées connues pour tous les systémes de valeurs de s et des, 
vérifiant l'équation ® (s, s) = 0, il en sera évidemment de même de la fonction 
v et de ses dérivées partielles prises par rapport à a et à @ pour tous les systémes 
de valeurs de q et de 6 vérifiant la relation nouvelle 4 (a, 6) = 0. f 

Ce dernier problème se trouve résolu, sous une forme un peu différente, 
dans le Mémoire déjà cité de Riemann (Gesammelte Werke, p. 145). Le grand 
géomètre établit que l’on peut obtenir la fonction v, satisfaisant aux conditions 
précédentes, par des quadratures seulement. 


PARIS, Janvier 1888. 
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Remarks on the Logarithmic integrals of Regular 
Linear Differential Equations, 


By Kari Heron, Munich. 


Logarithms generally appear in the expressions for the solutions of regular 
~ linear differential equations when two or more roots of the fundamental equation 
become equal to each-other. But if the corresponding indices differ by integers 
(not including zero), these logarithms may disappear, provided that certain condi- 
tions be satisfied. Fuchs has expressed these conditions in the form of determi- 
nants (Journal fiir Mathematik, LXVIII, pag. 376). I noticed, however, some 
time ago, that the Fuchs equations are not independent of each other when the 
proposed differential equation is of a higher order than the second. In the 
present paper the minimum number of conditions on which the existence of 
logarithms depends is deduced from very elementary principles. Besides this, 
several theorems concerning the pseudo-singular points (points à apparence 
singuliére) of linear differential equations of the second order are given in such 
an explicit form as to facilitate practical applications to concrete cases. 


i; 


Any regular linear differential equation may be reduced to the form (cf. 
my paper “Zur Theorie der mehrwerthigen, mehrfach lineär verknüpften Func- 
tionen ” in Acta Mathematica, t. XI, pag. 97), 


ar. 2 + OPA e). +... +B a)y =, (A) 


Ff, (x) denoting an entire function of the degree m(t—1). The roots of the 
equation 


tose- Hae) TER Ge a, 


206 Hrun: Remarks on the Logarithmic Integrals of 


together with E}; = œ mark the “singular points” of the integral function y 
which satisfies the preceding differential equation. : 

Let (Yu, Yai, .... Yi) be a system of fundamental integrals of equatian 
(A), representing its complete solution in the neighborhood of the singular point 
&,(t=1, 2,....%, +1), and suppose the point P, the geometrical representation 
of the argument x, to describe round the singular point £,, a closed curve whose 
interior does not contain any other singular point £,(.21), then the integrals 


Ynis You +++ Yi Will not return to their initial values when the point P Lu 
one its circuit, but will acquire the new values 
Yai — wy". Yui; Yai = wP Yaris <...>» Ypi — Wi, Ypie (a) 


The coefficients wi), w,....w{” are the roots of a certain algebraic equation 
which is generally termed the “ fundamental equation.” 

Whenever two or more (x) roots of this equation become equal to each 
other, the equations (a) will have to be replaced by the following system (cf. 
Fuchs, Journal für Mathemat., t. LX VI, pag. 136]: 


Yii = Li. Yrs 
Yoi = W. Ya F Onis 
Ya = Wi. Yai + aya + ii 
CEE PEA í | (D) 
Yni = WY ni Op, 1e Yr —1, iF Ör, Yo ie ee Dirt Ya 
Yara, Sor" Ya+l, is 
Ypi = WP. Yp,ie | 
In these formulas õn, ar, w,- G1, ,—1 are constant quantities and 
w = wP = wP = ..,.= wf"). (b) 


The equations (I) will be satisfied by the following expressions for 
Yii Yaire. Ypi: 


Yü =M ia | ) 

Ya = na + Cy. 1g (x — &), 

Yai — 13} F Col Moi lg (a rae £:) + Cige Hiie [lg (x = E) | 

if ih dha dr at Gest, li don dre de Rsk Ws A Gs ee E IT 
Uri = An, it Oar, 1°r—1, ;-lg(a—&)+. ea Home em fle (0-—E)] N ) 
Jedi i m Nr’ p | 

y zi cu Np i 
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The function ny (p = 1, 2,....) is defined by the expression 


Nyi = (x — k)i. Py (x ne £), | (c) 
D, (w — £) being the usual symbol for the convergent series 
: af) + al (@— &) + a? (x — EF +... + in inf, 


where af is always different from zero. 


The indices Ay, (p= 1, 2,.... p) are the roots of the equation ` 


seed 


[vey] (Cee S - + 1) | 
+ EPT "F, (8). La — 1). Y Gea: 1) + BE) = 0. _ (B) 
pai 
Because àp and w are connected by the relation 
A TT Igw, | (a) 


the indices 41, i Aa, i -eeen can only differ from one another by integers. 

The constant coefficients Cn, Ca, Cy, +++ + C1,,—1 In equations (IT) are sub- 
jected to certain conditions, unless æ= 2. In fact we derive from the system 
(ID 

Ys, = Na + Cara [IS (x =k) t 27V — ti + Cet [g (x — &) + 2n — 1 IF. 
Bu; from equation (c) we conclude 

ET = N 2,.... 0. 
Hence Yg = Wifi T CW. Moi [lg (x pa E) + 27 — 1] 
+ cyw mu [lg (x — £) + 2nW — 17 | 
= wing, + Inv — 1 wif ema + 2m. lg (a — &)} 
| + (on — 1) mu [lg (a — č) F. 
© The last expression for Ja will only coincide with 
Wie ai + Gata + ri 

if the. condition Wig == Coz En DE fulfilled. By continuing this simple process we 
get the remaining relations 


2 = gy + C21, 3015 = On. Cily > ee My m1 — C2, 9 Cr. 


z $ 7 ý 1 F 
‘The number of the coefficients Cuir Co ce vos gn 18 a A(x—1). As there 
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are (x — 1)\(a— 2) conditions between them, only x — 1 of them are inde- 
pendent of one another. | | 

Now it is evident that 7, will contain no logarithm ife,=0. Likewise ya 
will be free of logarithms if cu = ©, = 0. Generally the integral of the form 

# 

Yui = nt F Cri, 1ra, i 1G (@ Ei) + ea mi Lg (@ — Gi) 
can be reduced to the form y; =", if the preceding integrals Yii,- -++ Yə 
contain no logarithms and if the additional condition ¢,_,,; = 0 be fulfilled. 

By combining this result with à well known theorem of Fuchs (Journal 
für Mathematik, t. LXVIII, pag. 367), we obtain the following theorem : 

I. “If the indices An, Ai, .. . . A belonging to the functions Yus Yay +++ + Ye 
differ from one another by integer numbers, the analytical expressions of those 
integrals will, as a rule, contain logarithms (Yy excepted). But unless two of — 
the indices Ai, Ag, e». Am are equal to one another, they may be freed from 
the logarithms by satisfying certain conditions. The number of these conditions 
is — 1.” l 

« We have not yet proved that the expressions given in equations (II) for 
Yir Yn +++ Yp form really a complete system of fundamental integrals of the 
differential equation (A). For that purpose, let us consider the following 
expressions: j | 

Yn. (w 6), Ya. (We Ent, 6 Ye (WH — Et. 


Tf Ay Agi >. ee. Au, We May write | 
De 1, i Ani Ms Aq — a, mm Ai E Magy ee Ani — Agi = Mn 13 
where nj, fig, +++ + Ny are certain positive integers subject to the conditions 
Ny << Wy» Ny L Ngy oe oo Naag Lys 
or | | ml, NZ, ....W12R— 1. 
For any index õn we have by equation (c), 
Yai = (æ — kijai Í Ds (æ — &) + Ca 1, 1° (& — E). Pai (x — &) 1g (a — Ë;) 
+ Cama, 2. (0 — ÉD (x — &). Ug (x — é) F 
+ Gi, 51: (x — £). P (x — £).[lg (a — D 


Hence we conclude that the expression Yz (æ — &)~**i= Q, will be a finite 
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continuous function in the neighborhood of the singular point &, for we have © 
under the preceding conditions, 


oo [e — £)” [lg (@— &) Le, = 0, 
(y = 1, 2,.... 46). 


Yar = (x — J Qa 


Fro the equation. 

. we derive by differentiation 
d ĝi it : dQ, 
mpal = (x — 1) faai T (a — &). dx | : 


It will be easily seen that the expression enclosed in brackets has the same 
characteristic properties as the function Q; itself On this account we may 





writs os = (x — Pait QU, 
and likewise 


d Di uume — Ya | — 
ae = (x — &,)*at 2 OY, Nr Te — (x ee Bi) st P, QP, 





OY, OU’, .... OY denoting a series of functions analogous to Q;. Hence we 
prove in the usual manner that Yi, Yas.» -Ym together with Ysti is 
Yates... Yp Satisfy a regular linear differential equation of the order p (cf. 
Fuchs’ paper in Vol. 66 of the Journal fir Mathematik, pag. 142-144). 

The case x == p requires our special attention. If DOW Yai, yi, ---+ y; do 
not involve any logarithms, the point £, will cease to bea singular point for the 
ratios Yui Ypis YorsYois + + + + Yp—1,i: Yp It may be called a “ pseudo-singular 
point” of the differential equation (A). Remembering that the indices A, 
Asi, «+++ An are now such as to satisfy the p — 1 conditions 

Ap —1, i Api = M, Apo, Api E May o e ee A — Api = pr; (C) 
Nis My... 1 being positive integers, we conclude from theorem I: 

II. “In order that the point £, be a pseudo-singular point of the linear 
equation (A), it is necessary and sufficient to satisfy 2p — 2 conditions.” 

We shall have now to establish p — 1 of these conditions “explicitly” so as 
to acquire a sufficient criterion, whether a certain point & be a pseudo-singular 
point of a regular differential equation or not, supposing that the »— 1 condi- 
tions (C) are fulfilled a priori. This problem will be solved gradually by begin- 
ning with equations of the second order. 
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+ 


‘9. 


-In the particular case p = 2 equation (A) takes the simple form 


[+ (a) a + HOR GC). Ze RO= | (i) 
Equation (B) becomes á 
WGAG—D4V (RO +R GES (2) 
Lee de 2. t. 


The analogous equation belonging to the poiat Ei = œ is 
; : F F; 

aa +1)— | a a+ | a9] =o. (3) 

From this equation (whose roots are À, 413, 2,141) follows 


E en = à 
21—2 dd Wee ee ee Oe 
ti = | 











whilst we get from equation (2) 

ü Fy (6) = Ay, iA a =, 2,....4. 

The integer function X; (x) will therefore be divisible by 4 (æ) if 
| An = = ci = = 0. 


But it is very easy to express the general integral of equation (1) by another 
function whose indices satisfy the latter condition. Indeed, denoting every 
general solution of a regular linear differential equation by the tables of its 


indices in this manner 
ee Abe. o's Anes agate 
Aor, Avg, ss + Age, Av ty 


we may verify immediately the following relation: 


Pa Aygy se + A; An, al st (a oe . (x — Eye. a (x — AC 


Koy, Ans ee e + Aois Ao ipa 
| | 
ba Wine, tees o. : Mipi H Y An | 
J 


x 4 | 
a fa e.e = i — Aus Az, RES 
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If we put therefore 
y = (w@~ Ei). (@ — Be)... (WE), 


the function y will I satisfy “ differential a 





` Ÿ (a). a ETTOR Ft ä(a).n=0, : (1a) 
| = ne RG 
LOS) o@= Fe], 


 @(«) is an integer function of the RE i— 2, On account of equation (3a) 
it has the form 


@ (æ) => Pose itl’ le, i+l: a? + aa + rose’ T4 + ou ee + Hog gd + Hj 09 (1b) 
if the function y is denoted by 
bs 0, 0: T We 


z hy h, . tree ie le, t-+--1 
The function x (x) is determined by the equations 
x (E) = —V (dh. | (24) 
. The nce coefficients x, Hu. xio are independent of the indices f: 


According to the special values which are attributed to them, the character.of 
the function y will be more or less complicated. For this reason we shall term 
them the characteristic parameters of the differential equation (1a). 

After this digression we return to the original differential equation (1). Let 
£, be any one of the points £1, &,.... & and 


Yu = (x — Y2. Pı (x — £.) : (4) 


be one of the fundamental integrals belonging to the point £. Then the second 
integral y,, may be represented by the expression 





F; (x) ah 
ve) 4 | 
E Yu. | ——— ae . 5 
| A I. YuYu ( ) 
Since the roots of the equation 4 (x) = 0 are different from one another, we have 
-H (æ) a \ F (E)- 1 E | (6) 


But, on account of equation (2), we | find directly 


n= TE “U + Ag — i. Y Gi): 


VOL. x a 
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consequently | 
Pr À ay = T (a — Eu tai ' | | / 
Writing for brevity = 
5 heey i , 
P(e) = ppa REL) Wes)’ M 


equation (5) can be put in the form 
Ya = Yu: f P (a) . (æ — E) Lu dæ. 
But it is possible to develop P (x) into the convergent series 
GO + & (x — ëE) + ele — Eft... . + in inf 
where the first constant c, differs necessarily from zero. ‘Therefore we have 


Ya — Yu fT > Cy. (x pe Eyam t+? | da. 


v= 6 
“ 


Supposing 21, — A», = n (n being a positive integer) we obtain, by integration, 





ore \- (a —E)"— Hale... eaa eE) 
+e, lg (&— č) + eapi (@— E) t T ppa (E — E) +... + in inf. |. 

Hence we get for y,, the final expression 
Ya. = (w+ EJ”. P (@— E) + en l@ — EJP (@—E) IgE) * (8) 


From this formula it is evident that y, will contain no logarithm if the equation 
C, = 0 be fulfilled. We have now to establish the connection of this equation: 
with the coefficients of the differential equation (1) or, what is the same thing, 
with the indices À and the characteristic parameters x. 

We may always consider Ÿ, (x — £) as a known function. Let it be givén 
in the form 


P, (a — £.) = Ag + a, (x — E.) + a (x — E, + vce H inini 
P, (x — £) . Pı (x — £.) will be likewise a convergent series of the form 


8 — a + a (@— E) + a (@— EP +H.. .. + in inf. 


h 
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We have ap = aot), 1 = 2a, and generally- 
N Oy =2 LZA + la F.o E amara] F 4,0, 
à i Oey 14 = 2 [ Altay 4-1 -+ yay + ees + Adyt] . 


The coefficients of the series 
1 


=z 5 Ay — Ac — é) + As (e — Ef — Ay (e — EF +... se in inf 
are connected with those of the series s by the formulas [ay =- 
A = 1; 4 = u; À = af — 0; A; = a} — Zoo + ag, ete. 

The general expression for À, as a function of ns gys ee + An iS 

Us Oy, Agya. <. Un 

1 i ir os an ee 

À, = 0, dig Oh iach Og EF 
Og Oy: Ty a eey Cae 
0, 0. Ox 4 


The expression for A, as a function of the coefficients a,, a, .... a, is deduced 
from the latter one in the following manner. In the equation 


Vin PER 
FRE “9? [a],= > D [a], 
val v=] 


let [a], be the complex of all terms of the dimension v in respect to a and [a], 
be the corresponding expression of the terms in a. Then the numerical coeffi- 
cients pẹ’, rf) are connected by the equation 7? = (v + 1).p%. By this rule we 


find easily 
A = 24; A, = 8a} — 2a,; A, = 4at — 6a,a, + 2az, etc. 
- = TE (a — Epit 
Next we develop the expression “Ga 
h+h(@—E)+8(@+E)+....+ininf 


~ The product of this series into the series 
A, — A; (a— E) + 4 (æ — EF —....+ in inf. 


into the series 


- 


is equal to . * 
hás + (hdo— hd). (@— £) + (ody — h4 + de). (WEP. 


FC 
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Hence we derive the general expression for ¢, in equation (8), | 
À de. 0 À. -H 

- This result may be enunciated in the subsequent theorem: ` | 

IIT. “Let £, be any of the è zeros of the sé function 4 (æ) in fhe 


regular differential jones 
[+ ( ap 54 = +4¥(@)-A@). Yt Hy (a). y=0 
and A1, À, the roots of the quadratic 
ly (E)PAA—1) + V(E)-AE). A+ AE). 


‘Supposing the difference A, — Aa to be equal to .a positive integer n, determine — 
a, function 


Yu = (x — EJL. {as + ay (@— E.) + a (e — EP +... fy 
satisfying the proposed differential equation. Thereupon express the coefficients 
Ay, Å, .... À, in the equation | 


yu” (x — E)r = Ay — Ay (w— E) + A (x — E} + 
as functions of the coefficients a,, a,,....a, and likewise the coefficients 
lbs 4,.... 4, in the identity 

RTE 


as functions of the indices 


=ht+h(e—£)+.. i a a A Cia A i + 


Any, Ags- Aus 
| A1; Aap » MR RAR Ai | 
If the aggregate 
L,-Ap—b,i4r +... + (— 1% A, 
happens to be equal to zero, the point £ will be a pseudo-singular one of the 
given differential equation, and Yn, Ya will consequently not constitute a system 
of fundamental integrals,” 


The present criterion is formally confined to finite values of £. But the 
case E, = Ë, = may be easily reduced to the case £ = 0 by changing the 
independent variable œ in the differential equation. Indeed, if we put x =— | 
the point ¿= 0 will correspond to the point «= œ. 
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3. 


-Ni coefficients of the differential equation (1) [No. 2] are completely 
determined by the indices Ap (P= 1, 2; t= 1, 2,....4, + 1) ift be equal to 2. 
In this case we may ji a= = 0 and ġ = 1 and obian the a ential equation 


x (a — pa 7 +e(@—1)A(@).5 = L 4 F(a). y=0. (1) > 


Introducing the function y instead of y, by the substitution 
y= An (a — 1). y, 


” will bse an integral of the a 


a(a—1) Z +4). 2 +p.n=0, (2) 
where p denotes a constant quantity. Suppose 
j 0, 0, a) 
a Ge B, Bl. | 

to Je the table of the indices of y, y (æ) will be a linear function of x i 
the conditions 
| x (0)=—7y; x()=—-ÿ+at+6 +1. 

Therefore -y (Œ) = (a+ l +1)x—7y 


From equation (1b) [Ne 0. 2] we conclude p= af. Consequently 7 will be a 
solution of the — 


o(@—1) $2 + [e+ + 1)e—y] +08 .n=0. (8a) 


The complete integral-system of this well-known differential equation is ` 


Yu = FU, B, y, a], 
Ye = Fa, Ê, a +- 8 —y +1, (1 —%x)], 


/ l 1 
ys =F |a; à—y+ l; a — B+ 1, — |, 
Yn = 2t, Fla—y+1,B—-y+1, 2—-y, x], 
Yon = (ia) F [y —a, y—-B, y—a— b +1, (1—2a)], 


Ys= a *F[B,8B—y+1,8—at ive | 
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Fla, 8, y, £] denoting the hypergeometrical series of Gauss. This series has 
no definite value as soon as y becomes a negative integer. Thus / 


Fla—y+1,B8—7y+1,2—7, x] has to be rejected if y — 1 =r; 
likewise Fly—a,y—6,y—a—@+1, (1—2)] ifatP—y=n, , 


| bead B 
and F]8,B—-y+1,8—a+1,—|ifa—8=n, 


n denoting always a positive integer. In these cases we have the following ” 
expression for Ya, Ya, aNd Yog: | 


Ya = P, (x) + D. Fa, B, y, x]. lgx (y — 1=n), 
Yoo = P (1—x) + 8. Fa, B, a+Ë—y+1, (1—x)].Ig(1—x)(a +8—y=n), 


=D (—) + Fe, a—y +1, a—p+1, Las + (a—B=n). ~ 


The condition c?=0 denotes that æ—0 is a pseudo-singular point of the 
differential equation (3a). Similarly c? = 0, c® = 0 will respectively indicate 
that «= 1 or x = œ are Peeudo ein euler points of the hypergeometrical differ- - 
ential equation. 


- We shall pursue only the case c® = 0, as the two remaining may be absolved 
by following exactly the same method. The point œ = 0 will be a pseudo- 
singular one if the condition 


Cy — |,» Ay — ln - Ay + ge A2 — ene + (— 1)4.4,=0 


is ratified. As the coefficients h, 4,....2, are in the present case. given by 
the equation | à 
| (a) = + Lo + Dot +... + La +. 
we find 

D D). er) +. 


Furthermore, since 
SAT a (a + 1)8(8 +1) 
Fla, B n+ 1, |= 1 +- ol DAS RITES LUS 7 
we get 
= 1, Hoes 208 y — 2È ala +1) AP +1) 
ASL GS aT = CE CE RS 
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In roducing these expressions for 4, 4,.... i, and Ap, A,,.... A, into the 
equMion c, = 0, we obtain the latter in the form | | 
Cy = (a — 1)(a — 2)....(x—n)(8—1)6—2)....(8—n)—=0. 
Hence we conclude | | | 
_a=1,2,3,....n and 6 arbitrary, 
` or = 1, 2, 3,.... n and a arbitrary. 


This result justifies the theorem: 
IV. “If the third element y of the hypergeometrical series Fax, 6, y, x] 
which satisfies the differential equation 


2 (e—1) LT + [a+ 8 +1)e—y] Z +08. = 0 


has the form y = n r 1 (n being a positive integer), the expression 
RAE E Biyel: jg 


together with Fa, 8, y, £] will constitute a complete on of this differ- 
ential equation in Less But supposing n > 1 and a to be equal to one of the 
numbers 1, 2, .n, and @ remaining an arbitrary quantity, or vice versa, the 
poiny x= 0 will cease to be a singular point of the proposed differential equa- 
tion.” 

The “relationes inter functiones contiguas” [ Gauss’ Werke, t. 1, pag. 130] 
may serve to express the series FTa, v, n+ 1, a] rationally by F[a, 1, 2,%] 
and Fax, 1, 3, £]. By means of the formulas | | 

(œ —1)(1—x) Fla,v,n+1,x] , 
+ [n— w — 1 — (a —v + 1)e]. Flo, v— 1, n+ 1, 2] 
— (n —v + 2) Fla, v— 2,n + 1, x] = 0. (form. (1) 1. c.), 
~ (n—a).x.F[a, v, n+ 1, x] | 
+ n[n— 1 — (2n—a—v—1)x|.Fla,v,n, x] 
— n (n— 1)(1 — g). Fla, v, n— 1, a] = (form. (15) 1. c.) 


 F[a;v,n+1,£] is expressible by 
Fla,1, 2, £], F[«, 1, 3, £], Fa, 2, 2, £], Fla, 2,8,2a]. 


€ 
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But between these four functions there exist two relations: 


[1 — (2 —a)x]. Fla, 2, 3,2] + Fa, 1, 3, x] —2(1— x). F[æ, 2, 2, Yao 


(cf. form. (14) 1. c.), : 
2fi1—(2—a)a].F[a, 1,2, x]—2(1—x).F[a, 2, 2, x] 
+(2—a)x. Fa; 1, 3, x] = 0 | (cf. form. (11) 1. c.). 


Therefore F[a, v, n + 1, x] can be reduced to F[a, 1, 2, a] and Fa, 1, 3, æ]. 
We find easily 


Fla, 1, 2, a] = — : 


— 2 1 2 1 .Nè-—a 
A Ne ee a Cea 





This is sufficient to show that Fa, v, n+1 , æ] is “a rational function of + and 
(1— x)” [1 <v <a]. 


4. 


The general theory of differential equations of the second order with more 
than two finite singular points is very little elaborated up to the present. 
Only a few special cases have been treated by Green and Lamé, whose 
researches have been completed and enlarged by Liouville, Heine, Hermite, 
Fuchs, and other mathematicians. 

Let us first consider differential equations with a single characteristic 
parameter. This will occur for i= 8. Equation (1) [No. 2] assumes in the 
present case (£, = 0, & = 1, ss = a) the form | 


2 (e—1)(e—a) $4 + e(@—1)(e—a). AE + B@).y=0. (1) 





This equation is satisfied by a function y with the indices 


0. 2. «a. CO « 
Ants Anz) Ars 3 Ana) 
; i A1 À A3 Ang . 
If we put | 
| y—=aM(x—1)%(x— a)". 9, 


the new function 7 will be an ery of the — 


a (æ — 1)(x — PE = +x@) Z L + ö (2). n =Ù. . © (2) 


> 
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h the table of the indices of y to be 


2E ka & 
$ j 0, 0, | 0, a 
© (i—y, 1— ô, y~a+d5—8, 8 
By equation (2a) [No. 2] we have therefore : 
x (0)=#(0).7, x (1) =4 (1).ò, MOETET E E 
or'since 4 (x) = æ (x — 1)(x — a), these equations are 
r= 07, =at, LOS — al DU +88 1 
consequently 
x(a) =a +B +P fat B—d+itayt)}.etay. 

- Equation (1b) [No. 2] gives for i = 8, 
| & (x) = ab æ + x. 


| | Writing — aBg instead of x,, the differential equation (2) will take the 
final form 


x (x — (e—a) 2 | | 
+ [+8 +1) — Jat B—S+41+4a(y + te + ay] À 
+ a8 (x — g)n = 0. 


The quantity g represents the characteristic parameter of this equation. Mod. 
(a) may be supposed to-be >1. Should it be <1, then it will be easy to . 
transform equation (2a) into a similar one for which the first hypothesis holds 


| (2a) 


good. Now let us determine the coefficients a,, a... . in the series 
n = > A,X", | (3) 
v= 0 È 


that y be a particular solution of the equation (2a). ane latter equation will 
be identically satisfied by the series (3) if 


y I OO 


N a, [ir meit 1)v +aBlart? 


= Ge + +r[a+ 8—3 1+ aly + D] tapo 
Hy @— 1) a + vay} #1 = 0. 


VOL. X. 


220 Hron: Remarks on the Logarithmic Integrals of 

From this identity we derive formula 

(y+a—l)v+ B—1)a,1—{vy tat B—Stat+y+o— 5] + abg} Ae | 
+ a(v + 1)(v + = 0: 


a, and a, are connected by the equation aya,—a@ga,=0. Equation (4) gives 
ee BB (5) 
"12. ee 7f+D....(j+r—1) a 


where G denotes a certain integer function of g of the degree v. If we put 


Fla(a, B,y; Ò) g, w] | aa 


= af m T G LA Ge x 
eee acer à TECH) à DE: DEN EE a + (6) 


Ga 

aaa BOE OTT XT in inf. 

DER ES @ tet 

Fla(a, B, y, d)g, x] will be certainly an integral function of the differential 

equation (2a) if Mod. (x) << 1.- Substituting a, from equation (5) into equation 

(4) we obtain for the successive detérmination of the functions Gs O purani 
the formula | 


GHD = fy EREE E E E EE | MU 
— av (a +v—1)(8 +v—1)(y +r—1). Go = 0 


a 


+ 


starting with the functions 
B= gy, GQ=apf +la+8—D+1+a(y+0)}g— 
In the special case a = 1, g = 1, we have 
GU = (a + 1)(@ + 2)... (a +v — 1). (8 + 1X8 + 2)... (8 +v— 1), 


consequently | | 
| Fli(a, B,y,d)1,x]= Fa, b, y, æ]. 
This relation is important, as it shows that Gauss’ hypergeometrical series may 


be looked at as a “degeneration” of our general series F[a(a, B, y, 8)g, a]. 
Since the functions of Green* and Lamé} are solutions of the differential 





#*tOn the determination of the exterior and interior attractions,’ etc., in the Transactions of the 
Cambridge Phil. Soc., 1885 (read 6th May, 1883). This paper contains already the fundamental proper- 
ties of the functions which have been afterwards called by Heine ‘‘ höhere Lamésche Functionen,”? 

+ Liouville’s Journal, t. IV (1839) and ‘* Leçons sur les fonctions inverses,” Paris, 1857: 
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hue ms 
du 1 dw 1 
v (e — 1)(x — a) ewe [8x — 2(a + 1)e+a] a en +1) + g)u = 0. 
ñ being a positive integer, we have the expression 
| LE re 1 1 
w= F|a(— 5n, ++ 1), )g 0 


A second solution of the differential equation (2a) must necessarily have the 


`x 


form | na = oY. Y (x). 


Now an elementary transformation of the indices gives the relation* 


PE nk aia nc A 


1 (0 0, a—y+1 

ý ad 0, 1—d0,y—a+d—8, B — oes 

eee 0, 0, 0, 'a—y +1 
- a — y), 1—3, y—atò— 6, B— a 


bad 


Hence follows immediately | 
Ya = 2-7. Fla(a—y+1, B—y+1, 2—y, 8g, a]. (8) 


But if y—=n +1 (n being a positive integer), this second solution has to be 
rejected and substituted by . 


yn =P (a) + ca- F [a (a, B, y, 8) g, 2] -1g æ. 


The point « = 0 will be a pseudo- singular one if the condition ¢, = 0 be satisfied. 
- It is evident that A, contains no a, whose index v is». Therefore À, is an 
integer function of g of the degree n. The coefficients l h, e... lh aïe in the 
present case determined by the équation 


(x — 17° (x — a) Tete = o + hæ + La +....t¢hatt+.... 


They are of course independent of g. Consequently the condition ¢, == 0 will 
become an algebraical equation of the n™ degree in respect to the quantity g. 
Hence the theorem: 


* This manner of denoting integral functions by their table of the indices is adopted from Riemann. 
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y: “If in the differential equation 


CH ; d 
s(z—1)(e—a) 54 + [0+8 +1) ja +8 — itt aly S)he Hay] 

+ aß (x —g).n = 0, 
of which F[a(a, B, y, ô) g, x] is a solution, the third element y takes the talue 
y =n + 1 (n being a positive integer), then it is always possible to determine 
the characteristic parameter g by an algebraical equation of the degree n, so that 
the point «= 0 degenerates into a pseudo-singular one. The elements a, B, ò 
are not subjected to any algebraical condition.” | 


Theorems altogether analogous to the preceding one may be enunciated in 
reference to the points æ = 1, a, œ. 


5 : | . = 


Let us proceed to differential equations of the second order with any 
number of singular points. Suppose £,, %,....& of the series &,,&,....& 
to have degenerated into pseudo-singular points. This hypothesis implies the 
equation (cf. Theorem III) | 


Cn = 0, Ca, = 0,....6, ŒE O, | (1) 


1 


and subjects, therefore, the à — 2 characteristic parameters of the equation 
dy i dy fa) fe i —9 i—3 z= 
4 (x) qa t x (@) g + E Bh T tT a H n= (2) 


to v conditional equations. 
The original table of the indices of y is 


oy 0, eee 


L r ly, s.. l; Pa 

As soon as 

h =— m,  =—m,...., =—n,, 

Cn, = 0, Cn = SR b = 0, 
only Espo Espo- - £; remain proper singular points of equation (2), which 
we write now in the form 

| » (2). (a) $4 + x (a). LL + 6(@), n= 0 (3) 
oe dr” dæ i í 


mani giele e a — &,) and 44 (x) = z) . 


ta 
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LR - last differential equation has not the regular form (A) [No. 1], notwith- 
standing its general integral n may be expressed by the general integral z of the 
auxiliary regular differential equation 


| Pz dz a ; 
| i (2) = + x (2) gy t (w). 2 = 0, | (4) 
where Y:(x) and &,(x) denote integer functions of the degrees i—v—1, i—v— 2. 
The table of the indices of the new function z is supposed to be 
Fe re 
jz 


[bee Lis, . oh; PE — | M 
| ism] : à 


The general theory of linear differential equations requires the sum of all the 
indices in this table to be equal to 2— 1 (cf. Fuchs, Journ. für Mathematik, t. 66, 
pag. 146). In fact we ju 


DT bat Pha=i—1, 


tel 


but i= nı, consequently k -+B + — n=i a 2, q.e.d. 
» >> 2 | > 
The function y; (x) is completely determined by the relations 
AE) = — VEG — 1 jt=o41, v+2,....8. 


Oy g must necessarily be of the form 


i=v 


a (2) = (18. - Yn}: i eae et 
` i=1 
1, Hg, ++ ++ Hivo being the characteristic parameters of the differential equa- 
tion (4). 
Now it is always possible to determine two integer functions P, (x) and 
P,(x) and to express xi, xl, ....x}_, , by means of x, ge. %—2 that 


1 d 
the relation par oar AG: 
exists between the functions y and z. The particulars of this method of reduc- 


tion are fully explained in my paper quoted in the Pee nINne of No. 1 (Acta 
Mathem. t. 11, pag. 97). 
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The preceding remarks lead to the subsequent theorem : 
VI. “Whenever v of the à zeros (Ers Eos ee Ei) of the integral function 


ab (x) in the differential equation ; 
d d | | 
| Ņ (x). or + 4, (a). Ge + a 


¢ 


degenerates into pseudo-singular points, the function y will be expressible 
rationally by a function z — the regular differential d'ou 


TOE ae z + 2 (0). À + à (a). #= 0 


where the zeros of a}, (x) are the proper singular points of # and its first deriva- 


. dz ; si 
tive function ~. The è —v — 2 characteristic — of z are known 


functions of the 2 — 2 characteristic parameters of 7.” 

Hence we conclude, if x= 0 is a pseudo-singular point of the differential 
equation (2a) [No. 4], the function F[a(«, B,n<+1,0)g, a] will be ane 
sible by the hypergeometrical series of Gauss. . 

FRANKFURT A.M., 27 Dec., 1887. 


P. S.—M. Poincaré has requested me to correct an error in his memoir, “Sur 
les groupes des équations linéaires,” Acta Math., Vol. IV, p. 217: “Pour qu’un 
(p + 2)(p—1) 

2 


infini des coéfficients }, soit un point à apparence singulière, il faut 


conditions” —this should be “.... 2p — 2 conditions.” | K. H. 


r 


On some Applications of the Units of an n-fold Space. 
By ©. H. CHapMan. 


. The following article originated in an eae to obtain a proof of the sila 
for multiplying two determinants of the n® order by the principles of quater- 
nions. There is no difficulty, of course, in the case of a determinant of the 
third order, but beyond that it seemed necessary to use a more general system 
of vector units than Hamilton’s 7, 7, k. The symmetry of an n-dimensional 
space, where n is odd, leads at once to the proper assumptions, as has been often 
shown. In working with n rectangular unit vectors the symbols S and V as 
defined by Hamilton were found not sufficiently exclusive, and, as a makeshift, 
a new symbol «, was defined and found extremely useful. When applied to the 
product.of two vectors @, has the same selective power as V, but applied to the 
product of three vectors, it selects the same terms as S: Applied to a product 
of more than three vectors œ, is equivalent neither to S nor FV. 

Aided by this symbol, the rules for determinants of the n™ order were 
found with ease and a method of inverting the linear and vector function ® in 
space of n dimensions was generalized from that given by Hamilton for ordinary 
space. The fact that p effects a linear “substitution upon the coefficients of p 
leads on to the interesting connection between the operator @ and the theory of 
linear differential equations, and by means of its properties a number of theo- 
rems may be demonstrated with facility. 

I begin by showing the connection between or dinate quaternions and 
determinants of the third order. 

If a, 8, y and a’, G”, y be two systems of non-coplanar vectors in space of 
three dimensions, it is easy to obtain the following equation, viz: 


Sala, SBa, Kya | 
SuBy.S'aBy = 8.ValB'VBly Vya SB, SEB, Sy 
Say, SBY, Sry 
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But plainly, © / 
os Va! 6! VB'y 'Vy'a | — = $.Va'B' V.YB'y Vya! | (1) 
= — S. Val l'y Sd by = — Sw Bly’. , | 


Hence | Sue, SC'a, Soa 
Saby . Sa wpy = = —| SB, SBB, SB (2) 
Say, BO'Y, YY 
If now 








a =mi ty] + zak, B = ai + yj + ak, y= al + Yf + 2b, 
| ae = at + yig + ak, B'= xt + yg + ah, y= oll + yii + ah, 
then 














I ol nl 
Li, Yi & Lys Yi. À 
AI! — fn Sp g 
Saby = — Lo, Yo, Zo , — Sw b — | Ho, Yo, Ža 
ae ae, 
Lys Ys, g Xs, Y3, 43 
= l Iil sal 
and Sa'a = — (max + YY Az), 


SB'a = — (aire + YY + ae), 
Sy a = — (xxs + Ays + 88), 


and so on for the other scalars. Hence 














RUE Yir % wi, Yi, À | OL + YY Ha, ee HYH A mælt yyi +e 
| LE / al 

Xp, Yo, Z | L | Xo, Yo, % | = ot + YoY it Z2, Loti + Vas + 2023 LX F YoY gt 9s 

l nl nd / / t l / / i / ! 

La, Y3; %3 La: V3: 23 Kgl Yay T Z Lolo + Ya +, L3 -F YsYat ras 





by eq. (2). Giving thus the rule for multiplying determinants of the third order. 
Noting that Vab = (age — xan) Ye... = (Y — M1) b+ ...., eq. (1) gives 


9 ; 
Li, Yi, 4 CY — YyHy Palo m Lila, Yia — 2 Yo 














Lo, Yas Za | = | La Ye, ls — Lots Yaga — Los 
Xs, Y3, Z3 LY — Yi, Bgl — Noirs Yah — ZY 


or the square of a determinant of the third order is equal to the determinant of 
its minors. 

To generalize these results F consider a system of n units like 4,7, & in 
a space of n dimensions, where n is an odd integer. Let these units be 


4,4,4,....&, and let SlL—=0; also UJ, ——Ul,. Also the complete cycle 
when multiplied together produces a scalar. Assume then 
A AE a ao | | (3) 
where À = + 1, as will be shown. 
Again, since 7? = U= — 1, it follows that 
| — + == — ri 
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\ To determine the rule for the essential sign of A, note that, by eqs. (3) 








and (4), Ll «++ ly = —~ Al. 
5 by successive multiplications l 
= AU, i= (1) AI, aha eh Ahahah, 
since nis odd. By the continued use of eq. (4) this becomes 
| Éd) + dde, 
or ARS = CeL | 
hence Az jy D 1 | 
ul | = (DT 6) 
This is satisfied only if A = (— pt “T”. From Fe symmetry of the space it is 
safe to conclude that in general ` 
ire hhb eoe ham (I) A, 


= or if proof were needed, multiplying 4 by the first member of eq. (3), then 
multiplying the result-by 4, we have, if tlie equation be preserved, 


Hs sb Ans 
or i — bly... .Lh=— À, 
or lol es @ o LE -== A, 


a: process which may be carried on indefinitely. Thus both the sign and numer- 
ical value of A are consistently determined by A (5) for the whole series of 
- cyclic products formed from the n units. 

To determine what the value of 44 is, since = 0, it may be assumed 

at once that 
| ble = ah + aly Ex tals aa taln. 

Then Shhh = 0 = — m + tsh + -oo =E — a. 
Likewise X = 0 and a= — Shble, 04 = — Shehu, .... 


Hence the product of two vectors is a linear function of the remaining n— 2 
of the system. ; : 
Let it be 7. to express a vector p linearly in uns of the funda- 


mental units 44.... lp- | | 
VOL. x. ; 
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Assume the equation S 
p — Lih F Xal + ob Waly 
Then at once, multiplying by l, and taking scalars, rs 
x, = — Sho, | (6) 


which determines the coefficients. If 
Pi = Yh + Yala eee + Yale 


since ll, = — ll, ` 
Vpop = — Vpop, | (7) 


and plainly also, Sp. = = i: 
‘Let di, a,....G, be a system ofn vectors such that 


| M = uh + Mi F Male +... F Linns 
Oo = Lol F Lolo F Ragla ft... . F Leal,, | (A) 


Gig = La Lol F Bash +... Sante « 


Let o, be a symbol such that when applied to the product of any x vectors it 
shall select all those terms containing the product of any x distinct units and 
shall exclude all other terms, the selected terms being united into an aggregate 
by addition. 

Let oo ....0,, or briefly w.(a), when the cyclic order is perfect, be : 
such an aggregate. Considering any two vectors œg, it is clear that only those - 
terms of their product included in @,a,0, enter into a,. Hence the symbol a, - 
may be arbitrarily inserted in a product under w,. And in general, if A<x, to 
insert ©, under o, before any group of à vectors is maly to bring into evidence 
an operation implied in o, itself. Therefore 


DA e 0 e e Ay = OAA se ee a, [Oe 44 eae Me Af Les e de 
w, being merely selective, is plainly commutative with all scalars and distribu- 
tive over a sum. | 
©, (a) is the sum of all the determinants in the matrix 


ils Tia, Hyg, e > + Lin 
Loj, ogy Loges e. Lon 


Celi Lezo Vegy e + Wen 
each multiplied by the group of units whose suffixes are determined by the 
second suffixes of the principal diagonal. So far as‘ the letters in each product 


i 


CHAPMAN: On some Applications of the Units of an n-fold Space.. 229 


Nare concerned, this is only another statement of the definition of @,; and as to 
the signs, it need only be noticed that given any group of x units, 


_ . = (M), bit... . Li, | 
where no two are identical, then any arrangement produced from (M) by a 


interchanges of consecutive vectors equals (— 1)\(M), so that the signs of the 
various terms are precisely those required. Hence, taking x = n,,0,(a ....4) 


Kils “193 + * . Lin 
= | el ra en LA 


+ ¢ è» + fo k + y è $ 


è 


where A=%....1. 

When dealing with only two vectors, @,-is the same as V, as a glance at the 
system (A) will show; and.o,_10,....@,_; is a vector, since the product of any 
n—1 units produces the remaining one multiplied by + A; but 


Un Lng; oP Xan 


®, —1 (Oy eee On —1) + V.a oo eo o An: 


Also, while a,0,....a, iS a scalar, it is not the same as S.a,.... a). 
From eq. (7), then, @,p,9 = — @pp.. Hence 


G04 eee Dy 1% t~.. b n, mmm Op “>. (ox, — 14) . «+ = œ On 
ie nus On Gy © ». a | (OAA _1) s. a e On 
‘ewe mem OA . . 4 « & Rx — 3 s> t @ On 


Therefore, to interchange two rows (or columns) changes the sign of the dise 
minant. 

Again, uyr se Ge a = a (O) aeea But aa. = 0 
evidently. Hence o(a) = 0 if it contains the same vector twice, and a deter- 
minant vanishes if two of its rows are identical. 

If one of the n vectors a,....0,.... @, is a linear function of the others, 
we have E i 


OX} =. è Hy oe ew 8 On, ene WH Xo oe ne (Ca, + Cog + e «e» » + Can) e e o. On = 0, 
since every product will contain some vector twice. Also 
ONE RTE a.s: (a, —- C1 -|- Coo = e a o ) sù a o Ln — OX a e o © ns 


since the products formed with the added vectors all vanish. Hence a determi- 
nant is not changed by adding to the terms of any row the corresponding terns 
of any other row multiplied by a common multiplier. 
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Consider the system l - T / 
Bi == YO + U12% +... + Vin: 


| Ba = Yny = Ynt F » + Ynnn * 
From what has already been shown it is clear that ’ 


Yu» Yror Yig-- ++ Yin 
Enr ? I ae 
BB ....B, = | Vas Ye: Yas Jin | Ona -> . + Ons 


Ft e o e g E € è = g + 


which again 


>. e a è> y Ò # y w s & 


Yni: Yng sa Ynn 


Lh1 Lng eee Lan 














But 


By ree (Yuen + Ya F Yita À eee F Yan) 4 | 
T (Yuti F Yk T Yita T» + YinTn2) Læ+...., 


te 8 ‘Gl GUGA #8 @ fH 8 8 + 


Bu s (Yan ne Y aol E a e. ) l + (Yp + Yugo -+ sa’ .) lp + éa 


Hence a,0,0,.... 8, 
Yau Yan t -e F Yita Yukat Yet -F Yintang ee cee 


es se s 4 > & E & y k oS ON 8 4 © + #8 @ © 


Yen t Yn. ee ek Yarn®nry Ynti t Ya + -< + Ynnn ss, 








These results must be equal since w, selects the same terms from a product 
whatever be the intermediate steps of the work, provided no reductions are 
made among the units. Thus we have the rule for multiplying determinants. 
I shall obtain it again in a moment. 

Assume a system of functions as follows: 


hy = Zn —1 (01) + 2504 —1 (a) ns + Zinn 1 (a), 
he = Zan — 1 (0) + 220 9 (Ag) Tosia Zann —1 (On) : 


h, = nn, —1 (01) T Znan —2 (Qa) + eanet + Zand —1 (@n); 
where Qn —1(@,) = — Wy 1% id se Ay Hyg. + Ay ge 
Let oò _ lyr... .. Ay one the result obtained by. taking out-of the 
product hhg... . Ay all those terms containing the product of A distinct cyclic 
groups of units such as Lispi- -> hah... 4-1. @2~-1 is distributive over a 
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Nçum, being merely selective ; hence the products obtained may be separately 
considered. The same reasoning which showed that 


: o | 
Olly (CD, Ob gOrg o vo e) ee à à Oy ŒE DD + + + + My 


shows that | On yh, oc a a fa (co _ À, her: soe .) ew Ay, 


whete w>_, operates on any à functions, oa. 
In the first place, : 
@n—1[On—1(04) Om (4) | = 0. 


For | à Call oes hurt Ohh... Gebel... 
=— A [Caan + A+ Crh + Cols +... 
Hence . 
On—1 [@p—1 (01) Oy — 1 (4) ] = A’ (Cn O,— 0, Cn) lah + | = 0. 
Also On — 1 [On —1 (0a) On—1 (Ap) | = — of _1[0,~-1 @,) @,~1(0)]; 


e for both are linear in the n units. This gives the rule for the signs and shows 
that no function o,_,(a,) can come in twice under 65_; in the same pr oduct. Ht 
follows just as in previous cases that i 


BILI #123 Igy» ee e Bin 


On — yh, À, =| Obs Fa sr. Ben hs [co 1 (1) @p —1 (eg)... On —1 (An) |. (8) 


ni finds eng 3 treo Bnn 
As before shown, 


On—1 (a) = re A| Cinta + Cnh as Cals Frise +O, n —1n 1] | (B) 


+» 6 è» 8 ù > > ù + s 2 8 @ S 8 ù @ S: 8 S y S 8 ê y ë S: ë S @ y y @ Ò 8 6 2 > Ò # ee & 


On 1 (On) = A Oita + Ch + Cols + see + Cr, n—tn—1| 3 
where Ci» is the coefficient of 4/,....¢,_1 in the product aaa.. .. an1; but : 


this is plainly Tils yoy = yg, seers D nl 


Vo] : Lag ; X93, ~ eseo » Xz n—l 


es * a a s * @ ë y oO è > & @ @ G u y G ee = + £4 


Cn—1,11. Cn~—1,21 Cn—1,8) ° + +1 Ünl n—1 


~ 


aad Ch is formed from this by dropping the left-hand column and Haine on the 
right the next in cyclic order, and so on for the other C’s in a perfectly evident 
manner. That is, ©, is the minor of the determinant 


Til, Lig, Tigy.» -> + à Uy 
Lals Logs Kgs + - + + y Lon =p. 
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complementary to an, On tO Zas Cig tO Une, and so on, but plainly the arrange’ 
ment is such that | 
Tan Cin + La Cu + Ene Oo + ds Cig +. es + £r, n—101, n—1 = D, , 
tun Cin + Gui On + Luz Cao + ee F Bu, n101, n—1 = 0. 

_ Also we have plainly in the case of o,_1(a,), | , 
Li, aUa T La 1,10 + r—1,2C rg + tri, MOR Pacea t Ona D, 
Lun Orn GaGa F Balg th ssssases sereine + Cy n10 n= =O, 

u being different from ~ — 1. 

: We have also 
tans Oa T nO Fia a cee Le D eia aa =D, ) 
tnu Cin F Liu Con F Lau Can eee < © F Ent, pOnn = 0. 

All these equations are immediate consequences of the definition of a determi- 

nant combined with the equation 


| OA ee. Aux + «+ + O0. 
Now making 


Za — Lan 3 Ayo — Ln» 213 — Lon; QE . Fin = m—1,ni 
Roy — Uni; a — Ly» Zoo = Logo eee) Ron = Wa—1,1) 
Ra] — Une) fgg == Tig, Zag — Von, -eey Zn = On—1,2) 
Ba — Un ,u—1) Bug == Li, u—1;: Bug — Lo, p—1 ANS Cun — m—1,n—1) 


there results 
1 
= A hy — [won Cn + Lin Con - Lon EM + se | ln 
+ [Cnn Cu + Lin Cor =} Lon Ca —- sie .| A + ... 


OT hi = — AD, 
` Ro = aee ADL, ä 
hs = — ADI, (C) 
ln L eee ADI, _; . 


by (— A)”. From the group (B) we have : 
| Cas Cr; Cy, Casi E es | 
On Fo, (a) Oh 1 (a) er Ont (a,,) | = (— AY Cins Cas» Ca : Cass ce Cn, ip ARA tess bi (9) 


* * ù> s e > g > à 9% ù + > # 8 č a 


Ons Cu Cha) Cas eens Cras 
and from the group (C) . 
ontho o- -o Ta (— AY Dh ee ae 
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N substituting i in — (8) and POPPE the 2, %,.... by their values, 


= AYD". lyh . n—1 
. Lan) Lins Lon J i i Lt, 2 ORT Ci: Chg, ee On 
— | Pal > ns Ans, oe On —1,1 ye | Ca Cro, Cogs + +. Con (—A)"Z,0,.. lai: 
La. nT} DI, PQ mn 1 3 La m—13* . Ün —1, n— l Ca: Ce } Cas Fr ce 
Hence Os Cos Os sas Cin 
Con Coy, Cog, eo + « On = Dr-}, 
Cee Ce Vann. 
a well known theorem. | | 
Let it be required to determine a,, &,... .æ, in the equation 
P = BOn (0) + COn (0) +... + x, a, (a). 
We have | 
Sa,9 = LN. [On 1 (@)] a +....+aS.lo-i(a)la +... 7 
We have seen that | | 
On —1 (04) =—A Onl + Obs. + Cinta] E 
and also On = ma + Laha anaa F Zantin» 
Hence . 
S. [on (a) ] a, = A EM Ca + £a O + + tan On| = AD = @,,. 00g... a 
Also 
Ù. [ani (a,.) ] On — A [Ba Curt Une Cua + au es T Lan Cun] = 0. 


Therefore d o il ox ot 
| | — AD SGn0 ; La — AD Sap, Ly — AD Sep: 


w 


These results may be elegantly reached as follows, viz: The product of a, into 
@,—1(@,) is made up of products of J, into terms. which do contain J, and terms 
which do not contain Z, but contain the other n— 1 units. The former products 
are all vectors; the latter are all scalars and when u = 1, 2,.... their aggre- 


gate equals ©,:aa, ....a, by definition. Hence §.[on—1 (€u) ] Qu —1 = On (Qa), 

and S'.[@,—1(a,)]a,=0 for @,.a,æ,1....æ....a—0 as has been shown 

already. Hence S. Aup = 0,0, (a) = «AD. 

. Hence | 

ADp = = On — 1 (a) So,0 + or (a) Sap + © n—-1(%g) Sap rie | (10) 
+ O1 ETE 


Let 81, Bz, Ba, .... Bn be any n vectors, then 
ADB, — Oy, — 1 (a). San + © n—1 (02). Sab + ET 1 (On): Sty 10 


M y ë a ea a a eae O a ae 


ADE, = Ore —1 (a) s Sn2n + On —1 (Xe) Saban + a On (a). Su, Ps: 
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and applying o,, 
Sol, So ,...., San 
A” D'on. Bi. © à o Ba = AD AD = ADD | Sale, Sub, ...., Sa,Be 
= 04.1 lOr) Onla) 0+ Ona]  |--.........,...... ae 
Soins Sans... Sanba 
But oz ifon (01) an1 (02)... 0, aae = (== TRAD by eq. (9) ” and . 


this is — A De, since nis odd. Therefore 
Sa 0: , Sabi, sb aa NOMEA 


Sans Sa3,,.... Daaba | 


which is the rule for multiplication in another form. if the scalars be. written 
out it takes the ordinary form. 

Let op be a vector function into which pọ enters linearly; there will be 
terms of the form d8y1y2 . . . . y,p and terms of the form zp, where z is a scalar. 
By aid of eq. (10), p in the terms of the form zp may be expressed in terms of 
- an arbitrary system of n vectors, a1, %,....@,, provided D does not vanish. 
The vectors 6 may be expressed in terms of the same system and @p will take 
the form 


op = 61 (0) [ES yuy « + + + YP] + On—1 (Oe) [ZS Vaio + à + + Yep] ++ +. 
+ On —1 (On) [ZS. YniY ngs.. Yap] 4 


But ES .yi72 -io -Yap = Sym... Ya] p = Slp. Hence we have finally 


` pp = On —1 (01)  SB:p ae On —1 (a2). SCP + >... + On —1 (An) SBnp =Y (11) | 


Eq. 11 being given, let it be required to express @~'y =p in terms of the 
known operator ĝ. For brevity, write dp as follows, viz: 
pp = S60 + 4,568.9 +....+5,88,0, 
and take Dp = bS 0p; + BaS d2p res BaS dnpr: F 
Then, p, being any vector whatever, | 
Soipp = Spp'p,, evidently. 


Following Hamilton, on whose work all this is based, the functions p and g’ 


may be called conjugate to each other. Now take n—1 vectors, Ay, Ag... . Ani 
such that ©,_1.A% ....2.1 = y =, it is clear that 
DA EE E E E + = E E E 0) 


SAPP = KAn Mpg + eo + Ana SH On AAA o a o Mg eee Ana = 0, | 


~ 
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--X where w= 1,2,....2—1. But 


SA pp = Sop’, = 0, 
giving n — 1 conditions which will all be fulfilled if 
MO = Wy —1-PAD'Ay o + à MW Aya, 
m being a scalar whose value is to be found. 
But since pp = On—1 Ade . . +. An 1, 
| p = DT LO, 1... . Anad; 


mp [oni MAr. e e o Anaa] = Onai. VAD Ag à à à + PA. (12) 
Let a, be a vector such that 6,.2,2, . ...2, £0; then 
D. PAP Onr. Ado oe + + An] = SAP To, 1. Andy os Anal 

— SA [@, 1. A ss. An 1] = S. (On —1- AA eon An—1| À, — On AA parioa Ane 

Also 

S.A, [Oni DAD Aa . o .. D'An] = Son Dap Ao .... O Anal D An 
= On PMP he à + + An. 
Therefore, multiplying eq. (12) by ®'A, and taking scalars, m is given by the 


equation On PAP Ag 0 oo PA 
ee ee es 


hence, 


As m isa homogeneous function of degree 0 in À, Ay, ...- An, it is not altered by 
linear transformation; its value is therefore independent of the particular 
auxiliary system chosen in any given case. ‘This is easy to see, viz: taking 


Ay = Cuh + Cle +... + Cin’ ; 


ne o'n p o © y a ùo s e è © © @ y «© 


Au = Cah + éuh + -+ Corn 








we have Ci Careers Cia 
QuoÂrese Ang = RU RER IE RS PES A= OA. 
| Cr Cn2 , ss. nn 
Also, D'n = Cyl, + eg’, He... + CrP ln 
PA, ee CaŸ 4 T CaP h + oe ee FCn Uns | 
and On PMD Aa à 2 à + PAy = Con GG... OI. 
\ 
Hence One DAD Ago... D'An 1 
er e a 
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Making ¢=@-+g and therefore & = @' +g, and repeating the calculation of á 
m for the new function, it comes out naa": | 


ue (® +g) a (9 + 9) 4a à» à à (®' + 9) a 
J — Op As e e e + Àn 
1 
= Log HLEH). (O HI) , 


That is, 
| mg = m + mg + mg? +... + mg +. Mg", 


the values of m4, Mm,.... being evident, and in particular, m,=1. From 
eq. (12), | 

mg (p +g) [ani Ag +... Anil - 
= Ona [(P + g) AG +9)... (P+) Ans] 
= On se DA D'Ag +. D'An H JA] te LB] Fe. +9 Oni Arg eee Ana, 
= MO" [W,_1-Agay Ana + 914] HP B] +....+ gT On. AA MERE ET 


Operating on both sides with (@ + g), 


[m+ mg + mgo +... + mg +... Mg” | On—1 Ang ve o e Ansi 
= MYOn—1- Arg à + e Ans == MOni Arha e e e + An + 9 {o [4] 
+ mp" [On—1: Ardy ess Anal} + gi? LB] + [4]; 
Laletot + [B]} +... +g- fo [I] + CE} 
+ gH [oni A + + + + Ana] + LAE] | + gone oe - An 


Now g being any scalar whatever, its coefficients on both sides are equal, and 
this is assured by noting that the coefficients of g’ and g” are identical, since 
m,—=1. Hence 
LA] + mp on (Ar) = Mor- (Ar), 

or [A] = map lo, à (Ar) — MP "On —1 (An), 

that is, [A] is a linear and vector function of @n—-1-(A;), and the same may be 
shown for [B],.... But we have 


90, 1(4) + [M] = mr), 
Ÿ [M] + [L] = Mn 2071 (M) . 
® [L] + [K] | = My 3n—1(Ar), 
o(O] + (BI = mo, à Qu), 
[B] + [4] = MOn 1 (A); 


D [A] + Mton) = Mor (A). 
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Hence 
M | — [My1 id ®] Op (Ay) ’ 
* [L] — [My Lu My 19 T o] a (A) ? 

[£] = [Mas — My0 + Ma 19 = D°] On —1 (A1) ; 


[A] = [m — gp + mp m +. + Maa — pan (Au), 
MPT 1 (Aq) = [m — mp + map — «6. My D + TT] a_i (2). 


@,—1(%)-is an arbitrary vector; hence if it be omitted there will remain a 


symbolical equation in true for any vector that may be inserted, therefore 


mp = m, — mo + mp? —. 2... — Ma + TT, (12) 
OP — map + mo"? — + mg? — MP? + mo — m=0. (13) 
The coefficients My, Moss eee My are all 1l independent of the vectors Areeni Ai 
for they can be nl in terms of the units 4....¢@, and the constant 
vectors of ġ'. | 
Equation (13) may be written 


(P+ ANP + gs) ....(p+9%)=0, 
which means that n veao Òl: Og; à 5. can be found such that each of them 
satisfies a relation of the form 


(p+ 9,.)5.=0, or pi = — Jdr 


But plainly 91, g2, ....g, are the roots of m,=0. Of course there is a rela- 


tion of the same aa for 9’, viz: 


(P HUNP + hy)... (G+ An) = 0, 
where h,....A,, are the roots of an — 
| m=, 
m, being thie quantity related to @' as m, is to @. The operation (@ + g)—? has 
already been determined as follows, viz: 
m, ($ + Dodo E KPH 9) as aus he vee (PFH g) Ans] 
and for (@' + À)! we have therefore 


amy, (QP + AY os... Ana] = Ona [O +h) Ay +1) Ape es + (PHA) Ana], 


where 


mM, =Z on (9 + hWLlo +t AL... . (+A) G. 
Let 


D'e + P D" + P,D" 0 + +. + P,p = 0, where D" = A , (18) 
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s 
be a linear differential equation of the n™ order in p with uniform coefficients, 
~ and ¢ be the independent scalar variable; then, if 
| ER RE ©, 
_ be an integral of (18), &,,æ,....x, are a system of integrals of the scalar - 
equation D'a + PDT a+... . + Pa = 0, “a (19) 
- provided p.010... + an does not vanish. For substituting the value of p in 
eq. (18), the coefficients of a, a,,....a, must separately vanish; but these 
coefficients are the results of substituting a, a, ....4, successively in eq. (19). 
Evidently, also, if a, %,....%, are a system of independent integrals of eq. 
(19), the equation in p will be satisfied by 
p = Lt F tag F o ee F Baans 
Ga, .-...®, being any -constant vectors whatever. | | 
If p be expressed'in terms of any other set of independent vectors as ` 
G1, Bor e- Bas the scalar coefficients will still be integrals of (19). For we 
“have, changing the notation of eq. (10), | 
Oy = Cy Py + CyB, + A Cina 


4 t @ © è è a @ k y ò g è o > G & G è è + 


On, = Gab F C2 + M CRE rare a Onan 


whence | 
p= (Cut + Cata +... + Cmn) Pa ee e + (Cinta F Conte + - EE Can) Ba 

If p be an integral of eq. 1. (18), gp will also be an integral. For, evidently, 

p [D'e + PP Ip +....+ Py] =0. 
But 7 is commutative with D as is well known, hence 

D'op + Pi D pe +.... + P,Dp = 0. 
This i is also clear from the fact that @p is obtained from p by a linear substitu- 
tion. For, taking 


ES 


p = M0 + Lt ~~... + nn ; ° . ~ 


and pp = 96:10 + Bg S250 Press TOO, 
we have Da = AS Bio + a Bo +... . + a, SB,ou, 
or PO, = 11 + 9%» ~~ ions + Cyn&n » 


and i in the same way, . | 
| | pau = = al + Go +... + ann. 
But pp = xpa + xas +... Haas; 
hence 
pp = (aya, + Qt F ao se + tn) Oy + (au + Aata t à 6. + Ant) do 
He + (ant F ante +... + annn) an. (20): 
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So that p may be ee by dicks the vectors of reference or by apply- 
ing , and the coefficients will remain integrals of eq. (19). If 
- 3 ` | p = yO, + yy +... F Baan | 
- is an integral of eq. (18), it follows that Sdp = aSda, + 2,8 Saty + ....+4+2,S6a, 
is ą general integral of eq. (19); and the same is true of S.ôpp. Now let it 
be required to determine à in such a manner that S.dop = ASòp, h being a 
constant scalar; that is, to determine an integral of eq. (19) which is unaltered 
by a certain linear transformation, except as to a constant factor. We have 
; S. Spp = hSdp; but S.dop = Sp9's, 
hence ASS = Spq'd, or S.p (hd — pô) = 0 : 
whatever be p; but this requires that @'3 = Ad, hence À must be a root of the 
equation in @ corresponding to the equation (18) in @, and ò must be the 
corresponding vector. There are, therefore, n integrals of eq. (19) which are 
only multiplied by a constant by the transformation æ. If 
S.dgp = hSSp, then 8.84% = Hp. | 
For ‘  S.dgp = S.p ipp = 8. p7dp = S. ppd = S.phù = P Spo. 
Hence the integrals Sôp, Sd.p,.... Snp determined by the above process are 
independent, as may be seen in the usual way. | | 
- The above simple process may be varied as follows, viz: We have 
S.Sepp = (anti + Auto to. Gina) Soart... «F (Aint + ante... Anntn) S Oan 
= ASSp = h (218a + rba +... + x, 0); 
giving n equations in A, viz: | 
(air — h) Sa + aSa +... + am = 0, 
Aq, S80, + (Ax —h) Sias + .... + &,Sda, == 0, 


+ 
t e o o 8 © o ë y Ò è ọ è o o U P Ò u ù > 0, b U a 0 6 A Q o 


da S504 + Ang SO, gee oe + Ann SÔr = 0; 


whence must be a root of the equation 


| Gun —h, dy Ses LV 
| (21) 
a. de eee ee 
If À, be a root of eq. (21), it may be substituted in the preceding equations, and 
the result is n conditions to determine å; hence the statement that 6,, 6,...:56, 


are determinate vectors is fully justified. 


4 
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We know that the roots of eq. (21) are identical with those of 
m, = 0, (22) 
therefore the coefficients of the successive powers of À in eq. (21) are invariants. 


This fact is otherwise sufficiently clear, for those coefficients depend only upon 
certain constant vectors and not at all upon the variables in p. : 


In case the eq. m, = 0 


has a pair of equal roots, the properties of the corresponding integrals may be 
obtained with great ease, viz: It is clear that ô may be so taken as to satisfy 


the relation Sp = Spp’, = hy Spd, 

—h, being one of the equal roots. Then taking y, so as to satisfy the equation 
D'y = di + hays, (23) 

we have Spp'y: = Syape = Sd,p + HS y2p . 


If more than two roots of eq. (22) are equal, let their number be à and let the 
vectors Yg, Yz, - « . « Ya be given by the following equations, viz: 


D'Y Sc by + hiya, 
D'Y = ô, + Ya + lys, 
D'y, = à + Ya + Ya + Ay: 


n=O + ye + ys +... + par + ya 
Then the integrals and their forms after the substitution @ will be 
Sp ; S&pp = hy Sd, | | 


S20 3 SD = = S81p + À 19Y2p » 
Syp; Sysop = = S01p T Syop T hyp 


Sp; Syp = Sdp + Syp + Syp ih use FASO; 
all these are obtained by multiplying by p and taking the scalars, remembering 
that Spp y = Sy$p. 
It may be noted that y, cannot be parallel to ô; for, making y, = 2d, and sub- 
stituting in eq. (23), we find 

2gp'd, = à + Ayes), 

or hard = À + Azò, or 6,0, 
which is not in general true. 


(24) 
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We may obtain the integrals in a much simpler form by taking 


| D'ye = h (y + E 
oa | P'ys = fa (ys + Ya)» 


P Y= fa (Ya F YA), 
andthe integrals before and after the substitution @ will be as follows, viz: 
Sp ; Soipp — hy 880 ; À 
yap; Syp = hy [Syp + Sd], | 
Sy; Dypp = hi [Syp + Syp], 
Sy ap 5 Sapp = hy [Sp + Sy ap]: 
The form of the system (25) is that obtained by ones (Cours d'Analyse, III, 
No. 144) by a somewhat complex analysis. 
It remains to prove that the integrals of the her (25), together with 
* these determined by the remaining vectors 6,,,....6, which satisfy the equa- 
. tion ` pÀ, — hð = 0, 


(25) 


form an independent system. If they satisfy any linear relation, let it be the 
_ following: po 
Sp + eaS yap +.... + edSyp + ataapa +... + Sp = 0, 
which may be written | | 

Sp. Lord, + Cayo + 4 à. + ya pda... + ad] = 0 = Op [7], (26) 
[n] representing the bracketed vectors. Eq. (26) is satisfied if p is perpendicu- 
lar to [7], which may happen only for certain directions; but, as ¢ varies, p 
turns in an infinite number of directions; and it follows that eq. (26) cannot be 
true for all values of p unless [4] =0. We must have then 


C01 + Ce +... bart aida +... + Cady = 0. (27) 
Operating on eq. (27) with | | | | 
(D — (P — Aya) — age)... (GIy), 
the vectors di, dnpus + +  « 6, all disappear, leaving the equation 
(D — h(E — Panpi) e e e e (A, [aye +... Fam] = 0. . (28) 
Eq. (26) may be satisfied in two ways: (1) if the vectors 7....%, are 
parallel respectively to any vectors of the system ò, d.43,-.... 6,3; or (2) if 
Cya F... +H aya = 0. But, referring back to the assumed values of Popes tP 
we have ' (p’ — hy) nr = di, l l (29) 
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and if y— zò, the first member vanishes leaving ò —0, which is false. If “ 
again y, —20,, we have | 
zod, — 2h10, = à 

or | | z (h. — Ay) ôs = À; "= 
but à, cannot be parallel to 6, unless the roots A, and À, of eq. (22) are equal, as 
may be plainly seen from the remark immediately following eq. (21); and these 
roots are, by hypothesis, not equal. Hence Ya cannot be parallel to any of the 
vectors 61, d:431,..+..6,- Moreover, we have 

| DYa — hin = hyn. . (30) 
Making y, = 2d, in eq. (30), it becomes 

| 2 (le — hy) à = nya, ; 
that is, if any vector y, is parallel to 6,, the next preceding it is also parallel 
to ð. This leads directly back to the assertion that y, is parallel to à,, which 
we kow to be false. Therefore, if eq. (29) is true we must have. : 
l Cya F... Hay =O. | 

This reduces eq. (27):to the following, viz: 


C10; - CRETE + ss... + Cron = 0. | - (31) 
Operating on eq. (31) with @' successively n — À times, we have 
C10, + Cap 10h +1 T wees + CrOn = 0, i 


RA —- Ay Oy 4.1041 + t.a’ + cb — 0, 


* s g a @# à 8 2 > y è: > € 9 a 2 è è 5 F 9 2% S S 9 S o g » 


ht-a,d, + Tita aga Fees + ed, = 0. 
Eliminating cd, 435,41). +--+ nn, it is found that the determinant 


1 pi ’ , i 
hy ; hagl, ; fen 
hi ; Waa, } hi, 
WON, AG, oe EO 


must vanish. But the value of this determinant is the product of all the differ- 
ences (Ayı — /A)...:, etc, and cannot vanish because no two of these roots 
are equal. Therefore there can be no linear relation among the integrals as 
determined above. | 

The operator @ represents the substitution which takes place among the 
independent integrals when ¢ goes around a critical point and its constants neces- 
sarily change in passing from one critical point to another. 


A Problem suggested in the Geometry of Nets of Curves 
and applied to the Theory of Six Points having 
multiply Perspective Relations. 


By ELIAKIM H. MOORE, JR., Nu Haven, Conn. 


1. A 1.1 correspondence between the curves of two nets of curves, one in a 
plane Æ, the other in a plane II, may be established.by making four curves of one 
net no three of which are linearly related, correspond to four such curves of the 
fat 
I 
common base point system (if any), in a group of : points; the 1.1 correspon- 


other net. Let two arbitrary curves of the net in 7, intersect, besides in the 


dence between the curves of the nets establishes a p.g correspondence between 
the points of the two planes Æ, IT. 

In particular, for p—q—1, there is a 1.1 correspondence between the 
points of the planes, 1. e. a Cremona transformation changes one plane of points 
into the other. The geometry of the net of curves and the points* of H is 
transformed into a similar geometry of the net of curves and the points of IT. 
‘One and so simultaneously both of the nets of curves may be set in corre- 
spondence with the net of lines in a plane Q, and hence also arises a Cremona 
transformation between the points of Q and Æ, and of Q and IT. Thus it is 
. natural to speak of the geometry of the net of curves and the points of & or H 
in the terms adopted in the As geometry of the lines and points of a 
plane Q. 

Jn the plane Q let a figure Æ be determined by certain points; these deter- 
mining points of F are subject to certain conditions or limitations as to generality 
of position in order that the figure # may enjoy certain properties. Assuming 
as fixed the correspondence between the curves of II and the lines of Q, the 


* That is, geometric constr uctions and theorems which are or may be completely expressed in terms 
of points and curves of the net. 


Vou. X. 
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corresponding figure F of TI is determined by the corresponding points, which 
are subject to the corresponding conditions (which now involve the determining 
points of F separately and these points together with the base point system of 
the net in TI) in order that the figure F may enjoy the corresponding properties. 

However, after the general character of the net in II, that is, the order of 
the curves and the full nature of the base point, or say principal, systeni has 
been determined upon, this principal system depends still upon certain arbitrary 
constants or parameters connected with the determination of position in Il. 
Now considering these parameters of the principal system of II at our disposal, 
it will in general be possible, by the suitable determination of an equal number 
of parameters, to relieve the determining points of F from all the conditions which 
involve also the principal system; this leaves the points of F subject to say 
internal conditions only. | | 


— 


Then, when the points of F have been fixed subject to the remaining : 


internal conditions, a principal system (definite or with certain parameters still 
remaining equal in number to the excess of the original number of parameters 
over the number of conditions from which the points of F have been relieved) 
may be found; that is, a net of curves in II of the required nature may be 
found, so that in the geometry of that net of curves the points of F shall deter- 
mine a figure F having the required properties corresponding to the properties 
of the figure Æ in the plane Q. - 


It is possible that the points of F, in particular positions, satisfy not only | 


the required internal conditions, but also others likewise internal, and such as 
to give to the principal system an equal number of parameters. (See §3.) 
Especially noteworthy (e. g., $ 3, end, §4 fe.) are the cases in which in this 
way the points of F are released entirely from conditions. This will be pos- 
sible only when the number of conditions imposed upon them for a fixed principal 
system in II is equal to or less than the number of parameters of the principal 


system, (The converse is not true; see §3, the principal system has six param- ` 


eters, for n —7 there are only five conditions, but of thesé two are strictly 
internal and. cannot be relieved by suitable choice of principal system.) 

2. In the following paper I wish, when the net of curves under considera- 
tion in II is the net of conics through three points, to make this determination 
of the principal system for two figures F'; in the second case the figure will 
receive further consideration on its own account. f 


# 


re 
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Consider between the points of the two planes ©, II a quadratic trans- 
formation with as principal system in each plane three distinct non-collinear 
points, say in Il, H,4,H,. Then with well-understood exceptions relating to 
the principal system in Q, in the plane IT to a point in © corresponds a point, 
to a line in Q, a conic passing through the three points H., and to the net of 
lines in Q, the net of conics through the three points H,. The (ordinary) 
geometry of the points and lines of © is transformed into the geometry of the 
points and this net of conics in the plane II, say for brevity into the geometry 
of the plane Iowmm Where the subscript indicates the net of curves in H 
corresponding to the net of lines in Q; or, where no ambiguity will arise, 
the geometry of the plane I, m,n, (indicating merely the principal points of the 
net) or even of the plane H,. The principal system consisting of three points 
has six parameters. _ 

Case I. 3. The simplest possible case will be taken as a good illustration. 
| In Q let the figure # consist of n points (n > 2) subject to the n — 2 con- 
‘ditions that they shall lie in the same straight line. 

In Il, likewise the n points of F' will be subject to the n — 2 conditions 
that they shall all lie on a conic passing through A; A. | 

First, n >5. Then thése n — 2 conditions are equivalent to the n— 5 
internal conditions that they shall all lie on the conic determined by any five of 
them. and the three conditions that this conic shall pass through A,, H,; and H. 
Let n points P,(c=1.....) be subject merely to the n— 5 internal conditions 
that they shall be conconical* on say conic C*. We expect to find a prin- 
cipal system H with (6 — 8 =) 8 remaining parameters, so that the n points 
shall be conconical with the points H,; and in fact each point H, must lie on 
C?, but has on it one degree of freedom or its determination on it involves one 
parametric constant. Here the three conditions imposed upon the principal 
system are three independent conditions, one on each point; and so the three 
parameters remaining are independent, one for each point. We cannot, for 
‘instance, take HM, arbitrarily (using two parameters) and afterwards determine 
HH, (with still one parameter). 

* Conconical; just as any number of points lying on ea eres ae ence: of a Be are said 
to be ee ` l 


concyclic | 
f Compare #12, where the principal system has four remaining parameters, which may be used in : 
determing H, H: at will, where M: is determined as one of a finite number (two) of points. 


246  Moort: A Problem suggested in the Geometry of Nets of Curves and 


Exceptional cases arise when no five of the n points fully determine a 
conic: 


(a) If n—1 of the n points say P, (.=1... P are collinear, say on the 
- line p, the conic is p together with: ne line of the pencil through the remaining 
point Pr. 


(b) If the n points are collinear on p, the conic is p together witt any 
line of the net of lines in the plane II. 

These afford illustrations of the remark near the close of §1. That is, in 

(a) n — 8 internal conditions are satisfied by the n points, two more than 
the required n — 5, which may be interpreted as the conditions that the conic 
C? should decompose into two lines and then that it should be any conic of a 
certain pencil, that is, should have one parameter ; of these two additional internal 
conditions only the latter relieves the principal system Æ so that it: has 


(8+ 1==)4 parameters; say take Æ arbitrarily, and BH, each arbitrarily on ` 


the line-pair (P, H, p): while in 

(b) n — 2 internal conditions are satisfied by the n points, three additional, 
of which only the two that the (degenerate-) conic should be any conic of a net, 
à e. should have two parameters, relieve the principal system H, so that it has 
(8 + 2=)5 parameters; say take H,, A, arbitrarily, then A, arbitrarily on the 
line-pair (,H,, p). | 


Second, n75. Here the n points are subject to no internal conditions, but. 


may be taken at random. There are then the n— 2 conditions on the prin- 
cipal system H that the three points H, shall be conconical with the n points 
P.; the principal system subject to these conditions has (6 — (n — = =)8 —n 
parameters remaining. 

Case IT. §§4-11. 

4. Let the figure Æ in Q be two triangles in perspective from a certain 
centre, 7. e. for a certain correspondence between the vertices of the triangles, 
the three lines joining corresponding vertices are concurrent in a point, the 
centre of perspective. The points of the figure satisfy one condition. 

In IT, the corresponding figure F consists of two triangles 4,4,4,, B,B,B;, 
such that the conics C? for i= 1, 2, 3 pass through a fourth common point Z, 
where C? is the conic through the five points 1,.4,H,4,B,. We say, in the 
plane II, the two triangles are in perspective from the centre Z. Stated .other- 
wise, there are three conics C? of the pencil circumscribing the 4-gon 4, H,H,T 
such that O? passes through the points A,B, (.=1,2,s). 


# 
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Taking the two triangles, however, at random, the principal system H is 
subject to one condition and has five parameters remaining; that is, taking 
AA, at random, H must lie on a certain locus, and for a definite position of 
H, on this locus the centre I will be determined uniquely; the second way of 
looking at the figure shows that T lies on the same locus and has Æ}; for its corre- 
spontling centre. ‘The two points Hz, I play entirely the same rôle and so may 
better be written Gy, Ga. | 

Then given M, M, A,, B,(=1,2,3) at random, we are required to deter- 

mine Gi, G, so that certain three conics O?(H,4,A,B,) shall. pess through 
Gi, G, forming a pencil with the base-points HH, GiG. 

5. Two quadrangles have circumscribing them two pencils of conics, any 
two of which meet in a group of points. Thus is determined an involution of the 
points of the plane, 2. e. every point belongs to one and only one such group. 
The points of a group are said to be conjugate to one another, or, to specify the 

- involution, conjugate with respect to the two quadrangles. Every group 
consists of -4, 8, 2, 1 points (the last case is nugatory) RÉGIE as the two 
quadrangles here 0, 1, 2, 3 vertices. in common. l 

In this way the two quadrangles (H, H,4, a (HALA, 4 3B.+2)" deter- 
mine a quadratic involution of the points of the plane II; to any point X 
corresponds a point Y.4ı,.+s, the fourth point of intersection of the two 
conics 0? y= 0? (A, H,A,B,X), (asctict2).* The points X, Via1,,4, are 
conjugate with respect to the two quadrangles or "say with respect to A,.1B.41, 
À,439B43: 

Clearly the points G, Gare conjugate with respect to A, iB, p1, 4,,:B,12 

for = 1, 2, 3, because O% e- passes through G,(1=1,2,3); conversely, two 
points in these three ways conjugate are points GiG, (except points XY such 
that O? x, C2 x, C3, x having HM, H,XY in common yet do not form a pencil; 
that is, have œ points in common and so break up into a common line and three 
non-concurrent lines; this case arises for any two points XY on H, H, unless 
A,B,, A,B,, A,B, are concurrent). 

If two points XY are in two of these three ways conjugate, since then 
C? yfor~a=1, 2, 8 must pass through Y, they are also in the third way con- 
jugate. 

. 6. We find the locus of the points GG, that is, of the points XY at the 


T * Throughont the paper the subscripts depending on iare to be taken modulo 3. | 


A 
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same time conjugate with respect to A,B,, A,B; and to A,B,, A;B;,:or say of 
the points X for which Y, and FY, coincide, Yi = Yp = Y. 

= As X describes the range of points lying on a line 7 passing through A, 
the conic C? x= C?(H;H,A.B,X) describes a pencil of conics circumscribing the 
quadrangle #,H,A,B,, which (since ¿ passes through H,, a base-point of the 
pencil) is projective with the range Z; and hence for i= 1, 2,3 the nae ee pencils 
of conics are projective with one another. 

Any two corresponding conics C? x, C7, g intersect in (Z, H, and) two 
points X, Yj, conjugate with respect to A,B,, 4,B,. The locus of the (variable) 
points of ee of corresponding conics of the two projective pencils 
Cf, x (MAB), Cy, x (MH, 4,B,), is a curve of the fourth order having double 
points at AH, al passing through A,, Bı, Ae: B,; which here consists of 
the line 7, thé locus of the point of intersection X and a certain cubic 
C} ı UP H,A,B,A,B,) having a double point at H, and passing through the other 
five points as indicated by the parenthesis, the locus of the other point of inter- 
section Y,,. In like manner there is a cubic Cj, ,(H?H,4,B,A;B,) the locus of 
points Yı, conjugate to the points X of /. 

Let the ray / describe the pencil about H,; its corresponding Ch. , will then 
describe a pencil of cubics whose nine base points are evident, A, counting for 
four; a line through M, has one corresponding cubic of this pencil; conversely, 
a cubic has one corresponding line, since any point on it U qua Yp by its conju- 
gate point X determines a line MX =z, and the cubic Ch, mx corresponding to 
this line A,X must be (the) one of the pencil passing through U, that is, the 
original cubic on which U lay. Thus the pencil of rays Z through A, is projec- 
tive with the pencil of cubics C?,(H?H,4,B,4,B;), and likewise with the pencil 
Of (HH, A,B,A,B,). 

If fora point X, Y,,= Yp = Y, setting HX= l, Y qua Yy lies on C$., 
Y qua Y; lies on Cġ,,, and so Y is a point of intersection of two corresponding 
cubics of the pencils C$, Ch. Hence the locus of points XY conjugate at once 
with respect to A,B,, A,B, and to A,B,, A,B, is contained in the locus of points 
of intersection of a cubics of the two projective pencils C3, OB. 

7. This latter locus is a curve of the sixth order, Cf (Hy; H} Aj B? A,B,A,B,). 
It contains the two lines H,4,, H,B,. For let X describe the line H,A,. Then 


for X not H, or A,, CP y=H,A,.H,B, and C? x= C?(H,H,4,B,X), which - 


intersect at X on M,A, and at Y, on H,B,. Thus as X describes H,4,, Ye 


3 
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describes H,B,.projectively. In fact the cubic of pencil C§(A?H,A,B,A,B,) 
which contains one other point of A,B, breaks up into this line Æ,B, and the 
conie, Cy 4, = C? (TH, A,B,A,); (this conic is locus of points FY, conjugate to the 
œ! points X adjacent to and surrounding the base-point 4,). 
Thus for y =H, Ay, ` 

2 Ch ay = MBa. O? ,,, 
and likewise. 0h, = MB. C2 4,3 
and also for ly = H,B;, a COE | 
| Cho = HA. Cp 
Ci. = H,4,. C3, B,” 


The equation of this locus is then by suitable choice of constant factors, writing 
0? = 0 for equation of a curve 0°’, 

















that is; | A,B, C3 à, MB. À, 
| 7 | HA, Ci» HA, C3 B | 
or H4. HB, (CP, 4,03, 2, — Cf 2, Ci, 2,) == 0; 


say the locus is | 


| O8(H{H? ARB? A,B,A,B,) = HA, .HB,. CH HPA BA B, AB). 


a 4— Y2 2 _ m 2 ` 
where : Ci ns CS à, C3. B, — Cy. B, C3. a. 








The locus of pomts XY conjugate in the three ways is contained in each of 
the three loci of the points of intersection of corresponding cubics for the three 
pairs of projective pencils (Ch, Ci), (Cb, Ch): (Ch, C). The first as just 
proved contains the two lines H,A,.H,B, and the other two in like manner 
contain (H,A,.H,B,), (H,A;.H,B;) respectively. These lines being in general 
distinct, do not belong to the locus of points XY conjugate in the three ways, 
which latter is hence a quartic C* (AH? H?A,B,A,B,A,B;), whose equation may be 
written in three ways, 


4— V2 2 2 2 a 
C = Cyr, a, CPL, B, — Citi, 8, Ope, a = 0 $ (.=1,2,8), 


putting in‘evidence that it passes also through the six points D,, Æ, defined as 
the fourth points of intersection of the two conics 


(Opra Opa, dd) (Cyr CŽ, ») respectively. 
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Here it has, however, been assumed that Cf contains no extraneous factors 
‘besides the lines Æ4,, H,B,. This appears as follows: Let Y’.be a point of 
| l; on, Ci,» 
Yi, on Ch, 
Now O?, y (Hi H,A1B, Y’) 


intersection of two corresponding cubics Ch, Chu. To Y’ qua} 
l, Cyr Ca, y 
Liv Of yr" 
has already H, in common with J, and hence either (1) C? y intersects 7 in only 
one other point Xr =X, in which case the point of intersection Y’ of two 
corresponding cubics is really one of a pair of points Y’, A, = Xj, conjugate at 
once with respect to 4,B,, 4B, and to A,B,, 4,B,; or (2). OF y contains the 
ray J completely (i. e. C? y degenerates into a line-pair), in which case we do 
do not at all know that X,,"common to 7 and C? y coincides with X, common 
to Zand C? w, and in fact in general it does not. | 
Hence if the two corresponding cubics do intersect in a point Y’ not one 
of a pair of points in the two ways conjugate, they must correspond to a line / 
which a conic of pencil Cf contains entirely, 7. e. {= A,A,, HB; or H,H,. The 
cubics corresponding to H4, (H,B,) ‘have been shown to have in common 
the extraneous factor MB, (M4). The cubics corresponding to HH, must pass 
through the intersection of A,B,, 4,B, and of AB, A,B; respectively ; they do 
not coincide and so have in common no extraneous factor. The a a 
referred to is thus justified. | 
_ 8. Thus the locus of the points GG, such that the conics C? e, he 12; 3) 
form a pencil with the base-points MHG G, is a binodal quartic 


C= C(APHABDE) (1,5), 


| Le | 
corresponds a point | XY. common to 
13 


on which the point-pairs GG, form'a quadratic involution. 

In case ,H,A,P,A,B, are conconical, à. e O3, 4, = CÈ p, then the locus 
quartic (* contains this conic say Cis, which is divided in an involution of points 
GG, by the pencil of conics C}. 

If further 4,4,A4,B,A,B, are conconical on Cis, this 3 is likewise a factor of the 
locus quartic c*, and Œ = CC. 

If still further H,H,A,B,A,B, are conconical on Ci, this is in like manner a 
factor of Ct; this can be if 0 = 04 = Ci, = say Cig, t. e. if the eight points 
H,H,A.,B, (:=1,2,3) are conconical, or if in any way by the breaking up of the 
conics CAC contains C? as a factor; unless this is so, Ct must be indeterminate. 

These special cases may well be considered independently and more fully. 
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9. In the plane II let three (non-coincident) conics 


Cga, epa Al Bi Ale Big a) (1,28) 


on HE, then their three other chords A!B! (.=1,2,3) are 
concurrent* say at G}. 

{Transform the plane into itself by a quadratic’ transformation with MHG, 
(where G is chosen at random in the plane) as principal points. The resulting 
theorem may be éxpressed thus: Let three (non-coincident) conics | 


| Ca, +2 (Hd, + Bip 2Big2) Cres) 


exist. Then taking any point G, of the plane, the three conics Cn g, are con- 
current at G, forming a pencil. 

Thus is established a quadratic involution of the points G G of the plane, 
which must be identical with the quadratic involution of points conjugate with 
regard to A,B,, A,B, conconical with HH, on Cis- (C* is indeterminate.) 

If HH, are the two circular points at infinity, the quadratic involution is 
that of inverse points with reference to the radical centre and the orthogonal 
circle of the three circles. The known generalization of this inversion or trans- 
formation by reciprocal raditi vectores is then to be considered, since by it these 
special cases become clear. 

10: Given a point C and a conic C?. Two points W'R” are said to be 
inverse with respect to the centre C and the conic C@ (or briefly, with respect to 
C and (>) when Æ and R” are collinear with C and are conjugate with respect 
to C2, i. e. the segment E'R” is divided harmonically by C2: 

Let MH, be the chord'of contact of tangents through C to C. The points 
W,= Af, AR", W, = HR". H,R! are called, the anti-points of R and R" with 
respect to H,H,; Ff’ and R" being inverse with respect to C and C2, the anti- 
points lie on C.f Hence the inverse of a line 4, W where W is on C3 is the 
line H,W. Any line through C of course inverts into itself. Points on A.A, 
CH, CH, invert into C, H, H, respectively, or really into elements of direction 


* Salmon’s Conic Sections, 6th ed., 266. | 

+ Let the line CR'R" intersect H,H, in U and Cin V,V,. Then on this line CUV,V, and R'R'F,V, 
are two harmonic ranges. The harmonic pencil H, (CUV,V,) gives on the conic the harmonic range 
H,H,V,V., H,C being tangent at H,. Let H,R intersect C3 in (H, and also) W. The pencil 
W (H,H,V,V,) is harmonic and cuts CR R” in the harmonic range R'(WH,.R'R")V,V,, where since 
RR'V,V, is harmonic, WH, . RR" = R", i. e. WH,R" are collinear; .. in fact H, R’ and H,R" intersect 
at (W or) W, on the conic, and likewise for W,. 
| Vou. X. 
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at those points. This inversion is then a quadratic transformation of the plane 
with CH,H,, CH,H, as corresponding principal points. A conic through 4,4, 
inverts into a conic through ÆH,. In particular, a conic through two inverse 
points WE” intersecting Cå in T and U, OC? (,4,F'R"TU) inverts into a 
C?(H ALR" h’TU), 1. e. into itself; any two points S'S” on it collinear with C 
are inverse; in particular, ČT is tangent to the conic at T, which mdy be 
expressed by the theorem that C2 is the locus of the points of tangency of tangents 
through C to all conics (which invert into themselves) of a pencil through a 
pair of inverse points and 17,4,. Any two pairs of inverse points are conconical 
with H, FT, . 

Conversely, given any six conconical points 1,4,A,B,A,B, on Ch, ue 
C= A,B,.A,B, and C2 that conic of pencil tangent to CH, CH, at H, H, 
which divides 4B, harmonically; then A,B, are inverse with respect to C and 2 
C2} and, by what precedes, also 4,B, are inverse. 

Two conics Cf, Cy each through H, H, and a pair of inverse points A,B,, 
A,B, intersect in two points X, Yy, and since each conic inverts into itself, these 
points are a pair of inverse points.” That is, any two points XY, conjugate 
with respect to A,B,, A,B, in the sense of §5, where H,H,A,B,A,B, are conconical 
on Q, are inverse points in the inversion determined by MÆ, as base-points and 
by AB, A,B, as two pairs of inverse points; and conversely. Notice, however, 
‘as exception, that any point on Qj, is with respect to A,B,, A,B, conjugate to 
every other one. 

11. Let A H,A,B,4,B, be conconical on Ch, thus determining a certain centre 
C and conic C2 of an inversion. Then the binodal quartic O* degenerates into 
C, and a conic of pencil C (H,H,4,B;). The points conjugate with respect to 
A,B,, A,B, are by §10 (except the point-pairs lying on Oj,) inverse. This conic 
of pencil C} qua locus of point-pairs G G, conjugate in three ways must invert 
into itself; that is, it is that conic of pencil which joins the two pairs of inverse 
points 4,44, B,Bi, say C?(H,H,A,B,A1B3).+ | 

This conic is determinate unless A,B, are themselves. inverse points: In 
fact in this case C* is indeterminate, for A,B, (.=1,2,3) being inverse points, 


* Whence easily a proof of the theorem referred to in 29. 


A 2 27 | 
+ Observe that} F may be defined as fourth intersection of | a ah a 425 thatis, 44 , BE Ds, Ea, 
3 25 | 
in agreement with theory of #7. Here since C}, 4= Ci, m =Œ 03,4 =Ci,2 =Cj,, D,E,D,E, are inde- 


terminate. 


* 
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any pair of inverse points X Y is conconical with H,H,A,B, (:=1,2,s), and so 
is a pair of points G,G@,. There are two cases of this kind ; (a) the six points A,B, 
are conconical with, MH, on one conic Cf, and the chords A,B, are concurrent 


at O; (b) the six points are the points of intersection by pairs of three conics 


Ch, Ci;, C having the common chord 4,H,. 
tf A,B, are not inverse but yet conconical with H, M, A, B, on Cj, then CFs 
qui C? inverts into itself and so coincides with C*(4,H,A,B,43;B3), and the : 


quartic ¢* breaks up into the two conics Ch, Ci. On} OP Cis the point-pairs GG, 


; 2 
are given as points of intersection with conics of the pencil 7 . Observe that 
2 


H,H,4,B,4,B; cannot be conconical, or 4,8; would be inverse, unless the eight 
points are conconical on Cf, and the chords A,B, are not concurrent; in this 
latter case Ct = QC? and any point of Cs is in three ways conjugate with 
every other point. | 


Application of the results of Case IT. §$12-18. 


12. Given. six points A,...., grouped in two ways (1)(2) into triples 
of pairs, AmB., A:@PBiay (=1, ae Taking 4, ~ at random, two definite 
quartics Ch, Ch of the netë of quartics C*( HHZ K... . K) are the loci of point 


pairs GimGzm: Cre Czo for the two correspondences or groupings (1), (2). These 


two quartics intersect in the base-points and also in (4 — (2.2 + 6)=) two 
other points. 4/,. Let the point-pairs GiG, for the correspondence 


be. ine on { Oo Lio and Ld; a 
(2) Co Lin and Le 


Then the six points K,....K;, have the perspective relations (1) and (2) in the 
plane Hy x, from the centres Jin, Jim; that is, the conics 


to (MLAB) {ie on Ch 
fi = 1, 2,3 f il th h : 
lo; On AA oB) pepe aarti oar E 


They have the same perspective ‘relations in the = TT 7,7, from the centres 
Je ao (2) * 
Thus, taking H,H, at random, two and only two points A can be found 


such that in each of the planes Hamn, Nya, the six points K... . K shall 


* Net; for a quartic is fully determined by 14 conditions, and here there are 2.8+6= 12. | 
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have the two perspective relations according to the given correspondences 
(1), (2). 

13. In particular, separating the six points into two triangles KR; y 
K Ke, there are three say cyclic correspondences, 


ee) (ar) (ee 
KKK) ER SEEK, 
say correspondences (1)(2)(3). 

In a plane the theorem holds; if two tr ie are earinenliye sonore to 
two correspondences of a cyclic a of. three, then they are also perspective 
according to the third correspondence of that set.* By a or transfor- 
, mation this is shown to hold also in a plane II, m,m,- 

Now these two triangles are in perspective in the two ways (1)(2) in each 
of the planes Mamrn, yma; hence in each plane they must be in perspective 
also in the third way (3), and hence the- ee locus quartic Co must 
pass through Z, 4. 

The three locus quartics 04 C4 Ch, of point-pairs GG, for three ail cor- 
respondences (1)(2)(3) of the vertices of two arbitrary triangles K, K, Kz, KKK, 
form a pencil in the net of quartics C4 (MHK... Ka. 

14. The six points #£,.... A, may be divided in 10 ways into a pair of 


triangles; the vertices of xe triangles may be arranged in triples of pairs of | 


corresponding vertices in 6 ways (arising from the six permutations of the three 
vertices of one of the triangles); any grouping of the six points into triples of 
pairs, A,B., (§12) gives a correspondence between the vertices of 4: pairs of 
A,A,A, A,A,B, A,B,A, A,B,B, 


triangles | 2 BB,’ BBA B.A.B,’ BA,A, 


à Thus the six points may be 





1 i ; . 
grouped in = 15 ways into triples of pairs of points. Every such grouping 


has a corresponding locus quartic C* belonging to the net O* (H? HIG... . Ko- 

From §13 and the remark above it is clear that every such locus ee 
belongs in four ways to a pencil of three such quartics. I hope at another time 
to discuss more fully this system of 15 quartics in the net C*(H?H}A,....X;). 


15. Suppose that for a grouping A,B, of the six given points Æ; . . . . Ke the 


lines A.B, (= 1, 2, 3) are concurrent say at'L; that is, that the corresponding 


* Von Staudt, Geometrie der Lage, p. 125; Rosanes, p. 500, and Schröter, p. 555 of the Math. 
Annalen, II. 
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perspective relation exists in the simple plane I. Then clearly taking M,F, at 
random and any point X on H,H,, the perspective relation exists identically in 


the plane Hyxx or Ilo mg from the centre L, for a line C° (HHX) in the 


plane Tous wx) consists of HH,X itself and a line of the simple plane II, and in 
particular the conics O? x from a pencil consisting of the common line HA,X 
and ‘the pencil of lines A,B, through L. Thus, if for a grouping of the 
points K,...., into a triple of pairs, the perspective relation holds in the 
simple lana 1, then the locus quartic consists of the line HM,H, itself and the 
cubic O° (HMHK... . KL), i e. that cubic of the pencil through the eight 
points H,H,K, . LK, which passes also through the centre of perspective ; this 
cubic is the real ise of point-pairs G,G, for this grouping (the point Z alone 
corresponding to all points on H,H,, and conversely), and one may speak 1 in this 
case~of the locus cubic. 

If several perspective relations of the. points Æ exist in the simple plane I Il 
(that is, if for several groupings the lines A,B, are concurrent), since the locus 


cubics for these groupings all pass through a point say Hj, the ninth base-point 


of the pencil of cubics through 4,4,K,....;, the same perspective relations 
exist in the plane Mamm. Or more compactly, whatever perspective relations 
among the six points K exist in the simple plane TI exist likewise in the plane Iiz m,n, 


- or Ilemma Where HE, with K,....H, make up the nine base-poinis of a 


pencil of cubics. 

The converse is true; for if a perspective relation exist in Il; m,m, the corre- 
sponding locus quartic must pass through Æ}; now the pencil of quartics of the 
net C1(H?H?K,....K,) passing through Z consists of the common line A, 
and the pencil of cie through the nine base-points; thus this particular locus 
quartic must contain the line H,H,, and the perspective relation must hold in the 
plane Il, mx (X being any point on 4,4), or, what is nea the same, in 
the simple plane IT. | 

16. I give two illustrative cases in which the theorems of §§15, 18 have 
application: (a) Two triangles may be in 1, 2, 3, 4 or 6 ways in perspective; this 
last case does not occur when both triangles are real, thé simplest illustration 
being an. equilateral triangle and the triangle with vertices at the two circular 
points at infinity and at the centre of the circle circumscribing the first triangle* 





= Multiply perspective triangles were first discussed by Rosanes, Schréter, Math. Annalen IT; later 
by Kantor, Ueber die Configurationen (8,3) mit den Indices 8, 9, etc.; Sitzungsber. d. Wien. Akad. . 


. II Abtheilung, 1881, LX XXIV, 915-982; and by Hess, Beiträge zur Theorie der mehrfach perspectiven 


Dreiecken und Tetraeder, Math. Ann. 1886, XXVIII, 167-260. 
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(b) Six points may form a Clebsch’s six-gon with the property that two triangles 
formed in any way with these six points as vertices are four-ply perspective.” 
The simplest illustration is the six-gon whose six vertices are the five vertices eh 
a regular pentagon and its centre as sixth vertex. 

17. If we transform the plane II into itself by a quadratic transformation 
with any three points Gq), Gy, Gig as self-corresponding principal points’ the 
net of conics CO’ (H,H,H;) transforms into the net of trinodal- quartics 
O* (Chr G2 Phys Foi Fo Fos) (where M, transforms into G,); we may say 
that the plane Ie) transforms into the plane IL ao 

The theorem of §15 was, whatever perspective relations hold for the six 
points Æ,....K, in the simple plane IT hold also in the plane I e(a), where the 
nine points H,K,f are the nine base-points of a pencil of cubics C*; and 
conversely. | : 

By a quadratic transformation with the. arbitrary principal points Ga., this 
theorem becomes: Whatever perspective relations hold for the six points 
Ki .... Kg in the plane Wg.) hold likewise in the plane Il a) where 
the nine points Co. K, are the 9 base-points of a pencil of C*(G%,,); and con- 
versely. 

By mathematical induction, using successive quadratic transformations, the 
general theorem is proved: 

Given six points K,...., and 8(n + 1) points G,,,(=2:2:3 *) of which 
all are arbitrary except Gws, which is determined (in general uniquely) 
by the condition that the nine points Gw,K, shall be the 9 base-points of a 


- pencil of Q? "(Ge ) 7 then whatever perspective relations among the six 


points Æ hold in the ui 


+ 


hold also in the plane 





n+1 QA 9” +? QÀ 
Ho (ao So) = =H, (a); 
DRE À. 0 
and conversely. 
* This six-gon discovered by Clebsch, Math. Ann. 1871, IV, 284, was further discussed, from the f 


standpoint of ikosaedron investigations, by Klein and by Hess, under the name ‘‘ Das zehnfach Brian- 
chon’sche Sechseck,’’ and more fully by Schrôter, ‘ Das Clebsch’sche Sechseck,’? Math. Ann. 1887, 
XXVIII, 457-482, to whom the latter probably permanent name is due. 

t Throughout this number and the following ones :=1,2,8,«=—1,9,...6. 


AA 


$8 > (8.2 — 9409 (8.9)? 


= r 
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18. Given K,.... K, with certain perspective relations in the simple plane 
II. Define any number of successive triples of points Hy, as follows: _ 


. Let I; Ho), be the nine base-points of a pencil of O”, 
_ and then Ky, “ Á = - © -C° (Ho), 
and then Kr, “ “i ý M C” (Ly) A); 


and so on; that is, in general, let 
Ky Hm, be the nine base-points of a pencil of C8" (HT), 
À 


ap 
=0.1....m—1 
Each triple depends upon all the preceding triples; these being known, two ~ 
points of each triple determine (in general uniquely) the third point. 
= The preceding general proposition, successively applied, shows that: What- 
ever perspective relations among the six points K, .... K, hold in the simple 


* plane IT hold likewise in the plane IT4,4,,, and hence in the plane Meirg ms 
and hence in the plane Iecr mg Han: and so on and in general in the plane 


+1 m — 
a C/O 
.Az=s0.1....m 
Conversely, if a perspective relation among the six points Æ,.... X, holds in 


anne 


the plane with any one of these nets of curves Ie” t? Hoy, ), then it holds in 
0.1....m 


all, and so also in the simple plane IT. 


YALE, NEw HAVEN, CONN., March 20, 1888. 


*In general case, for comparison of the‘theorems, set FX) E Ga ave 


Sur l'orientation des systèmes de droites. 


Par M. G. HUMBERT. 


l.— Théorémes fondamentaux. 


1. Laguerre a fait connaître, dans le Bulletin de la Société philomatique, 
plusieurs propositions géométriques trés simples, relatives aux directions des 
systémes de droites dans le plan, et il en a déduit des conséquences nombreuses 
et importantes: nous avons eu nous même l’occasion, dans un mémoire sur le 
théoréme d’Abel, de retrouver analytiquement ces propositions et de leur donner 
une certaine extension; notre but est maintenant de démontrer un principe trés 
général, auquel peuvent se rattacher toutes les propriétés énoncées jusqu'ici sur 
les directions des systèmes de droites, et qui se prête aisément à des applications 
nouvelles. 

À cet effet, nous commencerons par présenter sous une forme nouvelle une 
notion importante, introduite dans la Géométrie par Laguerre, celle de l’orienta- 
tion d’un système de droites. La définition donnée par Laguerre est la suivante. 

Soient, dans un plan, deux systèmes de n droites, A et A’; prenons arbi- 
trairement un axe fixe, H, dans ce plan: si la somme des angles que font avec 
laxe fixe les droites du système À est égale, à un multiple de x près, à la somme 
analogue pour les droites du système A’, on dit que les systèmes A.et A’ ont 
méme orientation: cette propriété est évidemment indépendante du choix de 
laxe fixe H dans le plan: elle ne dépend que des directions des droites con- 
sidérées, 

2, Cette définition peut étre transformée et précisée, au point de vue 
analytique, comme il suit. 


e 


~ 
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Menons par Vorigine des paralléles : 
y— ax = 0, y—ax—=0,....y—ax—= 0 
set. y— aye = 0, teras Yaa 0, 


aux n droites de chacun des systèmes A et A’; solent aj.: .. Opal... . œl, les 
angles de ces droites avec Oz, les axes étant supposés rectangulaires. On a 


a, = ATC tg 4, QL = arc tg al, 








d'où: < Cala Ph are tg a) + t sin (2 are tg a,), 

c. à d. | ee _ aaa 2a, (1+ia,?  i—a, ` 
| SIF Ipa” i+ — t+ a | 

et par suite | PACE = per ee (i — ay) (i oe dz) ; Ig) j++. (0 ae An) 


~ (Fatt a)... = + Aa) 


Soit posé maintenant 


(y — ax)(y — age)... . (y — ax) = f(a, y), 


(y — ale) se ee (y — aja) =9 (a, y), 
il vient filo TPE ee an) fst) 
I (— 1, i) 
et , | Hild tenets CU). 
ọ(— 1, 1) 


Si done les deux systèmes A et A’ ont même orientation, c. à d. si l’on a, d’après 
la définition > | ga 
u+....+aza+....+al + An, 
on aura Ja) Lad | 
CL) 91,7)" 
On peut donc considérer comme définissant Voriéntation d’un systéme de droites 
issues de l’origine, représenté par lé équation homogène f(x, y) = 0, le rapport 


A (1, PUI . Si les droites ne passent pas toutes par l'origine, et si f(x, y, #) = 0 
— 1, 


un 


est l'é équation de leur ensemble, l'orientation sera définie par le rapport Faery feo. an 
et, plus généralement encore, si f(x, y, 2) = 0 est l'équation d’une courbe algé- 
brique quelconque, le rapport Pen définira l'orientation du système des 


directions asymptotiques-de cette courbe. 


Vou, X. 
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_ 8. Cela posé, considérons dans un plan un système variable de n droites, 
dont l'équation dépend rationnellement d’un paramètre À, et soit 


WA +APCB+....+¢AL+ M=0, " (1) 
cette équation. L'orientation du système est définie par le quotient: 


APA (1, i, 0) +47" B(1, à, 0) +.. RM, à, 0) 
mire) i, O)-+2?-1B(—1, 3, 0)+....+M(— 1,6, 0° 


Pour que @ soit indépendant de À, c. à d. pour que le système variable ait une 
orientation fixe, il faut ét 11 suffit que l’on ait: 
A (1, ¢, 0) = B(1, ¢, 0) = | ae M(1,%, 0) (2) 
A(—1,é, 0) 81,80 "7" M1, 0 

Ces conditions peuvent s’interpréter géométriquement d'une manière très 
élégante : les racines de l'équation APA (1, à, 0) +....+ M(1, à, 0) —0 sont en 
effet les valeurs de A qui correspondent aux Ho compris dans l'équation . 
(1) et contenant une droite qui passe par le point cyclique T(x =1, y =, z= 0); 
de même les-racines de l'équation XA(— 1,4, 0) +....+ M(—1; 7, 0)=0 
sont les valeurs de À qui correspondent aux rt contenant une droite 
qui passe par le point cyclique J(x = — 1, y = i, z = 0); les conditions (2) 
expriment que ces équations ont les mêmes racines, c. à d. que tout système 
contenant une droite (et généralement x droites) passant par J, contient aussi 
une droite (et généralement x droites) passant par J. De la cette conclusion 
fondamentale: - g 3 

T'héorê ême.— Pour qu'un système variable de n droites, dont l'équation contient 
rationnellement un paramètre, conserve dans le plan une orientation fixe, il faut et il 
suffit que lorsqu'une ou plusieurs des droites du système viennent à passer par un des 
points cycliques, d'autres droites du système en même nombre, Dassen au même instant 
par Vautre point cyclique. 

Plus généralement, si equation (1) est celle d’une famille de courbes algé- 
briques, on peut énoncer la proposition suivante : 

Soit une famillede courbes algébriques, dont l'équation contient rationnellement 
un paramètre: pour que l'orientation du système des directions asymptotiques de . 
chacune de ces courbes soit constante, il faut et il suffit que toutes les courbes de 
la famille qui passent par un des points c yoliques du plan, passent en méme tem pe 
par Vautre. - 


Ÿ 
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4. On peut faire de ces principes des applications nombreuses, (Considérons 
d’abord le cas où le paramètre À figure au premier degré dans l’équation d’une 

~ famille de courbes; ces courbes appartiennent alors à un même faisceau ponctuel, 


J (2, Y, 2) AY (x, Y, z) = 0. 


L'orientation du système des directions asymptotiques d’une des courbes précé- 
dentes dépend du coefficient 
| fi, 0) + 49 (—1, 4, 0) 

et de cette expression résulte immédiatement ce théorême : 

St deux courbes algébriques de degré n sont telles que leurs systèmes respectifs 
dasymptotes aient même orientation, le système des asymptotes de toute autre courbe 
de degré n, passant par les points d’intersection des deux premières, aura même orien- 
tation que chacun des deux systèmes primitifs. 

Si la courbe y==0 passe par les points cycliques du plan, ¢(1, à, ro et 

'ẹ(— 1, ¢, 0) sont nuls; par suite: | 

Si deux courbes 7 même degré rencontrent aux mêmes points une courbe algé- 
brique quelconque passant par les points cychiques du plan, les deux systèmes formés 
par leurs directions asymptotiques ont même orientation. | 

Comme cas particulier de cette proposition, on retrouve un théorême impor- 
tant, dû à Laguerre, et qu'on obtient en supposant que la courbe algébrique 
considérée devienne un cercle : 

Si Von groupe deux à deux, d’une manière quelconque, sur n droites, les 2n 
points communs à un cercle et à une courbe algébrique d'ordre n, l'orientation de 


chacun des systèmes de n droites ainsi obtenus est a même que celle des asymptotes 
de la courbe. 


Il.— Orientation de certains systèmes. de tangentes. 


5, En transformant par polaires réciproques quelques unes des propositions 
qui précèdent, on arrive à des théorémes intéressants sur l'orientation du système 
des tangentes qu’on peut mener d’un point à une courbe; ainsi, la proposition 
qui termine le n°3 donne lieu à la suivante : 

Soit une famille de courbes dont l'équation tangentielle contient rationnellement un 
paramètre: pour que l'orientation du système des tangentes qu'on peut mener d'un 
point fixe, 0, à chacune de ces courbes demeure constante, il faut et il suffit que toutes 


” 


262 | HumpBert: Sur l'orientation des systèmes de droites. 


les courbes de la famille qui touchent une des droites isotropes issues de O touchent 
l'autre droite isotrope issue de ce point. | 


En particulier, si les courbes considérées appartiennent à un même faisceau ° 


tangentiel, une seule de ces courbes touchera une droite isotrope issue de 0; si 
elle touche en même temps l’autre droite isotrope, le point 0 sera un foyer de 
cette courbe, Donc: 

Soit un faisceau tangentiel de courbes algébriques de classe n; par un foyer 
J de l'une d'elles menons les n tangentes à l’une quelconque des autres: tous les 
systèmes ainsi obtenus à partir du point f ont même orientation. Reciproque- 
ment, st un point f jouit de cette propriété, c'est le foyer de l’une des courbes du 
faisceau. | | 
Si deux des courbes du faisceau sont homofocales, toutes les courbes du 
faisceau ont les mêmes foyers; l’une d'elles se décompose en une courbe de 
classe n — 2 et en deux points, qui sont les points cycliques du plan. Un point 
quelconque du plan peut être considéré comme un foyer de ce système de deux, 
points, il résulte de là, par l'application du théorême précédent, que: 

Les deux systèmes formés par les tangentes que l’on peut mener d'un point 
quelconque à deux courbes homofocales de même classe ont même orientation; ou 
encore : | 

Le système des tangentes menées d'un point quelconque à une courbe algébrique 
de classe n, et le système des droites qui joignent le même point aux n foyers réels de 
la courbe ont même orientation. [Laguerre. | 

= En combinant ce résultat avec le précédent, on arrive à une proposition 
simple relative au lieu des foyers des courbes d’un même faisceau tangentiel. 

Le lieu des foyers des courbes dun faisceau tangentiel déterminé par deux courbes 
À et B, de classe n, est une courbe telle que st l’on joint un de ses points aux n foyers 
réels de À et aux n foyers réels de B, les deux systèmes de droites ainsi obtenus aient 
même orientation. 


6. Nous reviendrons plus loin, avec quelques détails sur les conséquences 
géométriques de ce théorême ; auparavant, nous ferons une application des prin- 
cipes précédents à la solution d’un problème qui parait présenter un certain 
intérêt. 

Ce problème est le suivant: 

Trouver toutes les courbes algébriques telles que le système des tangentes. qu'on 


+ 


s’ 
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peut mener d'un point à l’une d'elles ait une orientation fixe indépendante de la post- 
tion de ce point dans le plan.. 

Bi l’on se reporte au théorême de Laguerre démontré plus haut, on voit que 
ces courbes ne peuvent être que celles qui ont tous leurs foyers à l'infini; mais 
avant d'affirmer inversement que les courbes qui ont tous leurs foyers à l'infini 
jouissent de la propriété énoncée, on doit faire une discussion, très simple 
d’ailleurs. | : 

Soit en effet G une courbe de classe n dont tous les foyers sont à l'infini: il 
est nécessaire pour cela que la droite de l'infini soit une tangente multiple d’ordre 
n — 1, et que la courbe passe par les points cycliques du plan. Si ces conditions 
sont remplies, toutes les tangentes qu’on peut mener à G par les points cycliques 
coïncident avec la droite de linfini, et tous les foyers de la courbe sont sur cette 
droite, mais leur position n’est pas. déterminée, de sorte que le théoréme de 
Laguerre ne paraît pas immédiatement applicable. 

On peut voir néanmoins, d’une autre manière, que l'orientation du système 
des n tangentes menées à G d’un point quelconque 0 du plan, ne dépend pas de 
la position de ce point. Imaginons en effet que 0 décrive une droite ; l'équation 
du système des n tangentes issues de 0 contient rationnellement un paramètre, et 
le théorème général du n° 3 est-applicable. Par suite, l'orientation de ce 
système est fixe, si, toutes les fois qu’une ou plusieurs des tangentes issues de 0 


- passent par le point cyclique J, d'autres tangentes en même nombre passent par 


‘le point cyclique J. C’est précisément ce qui se présente ici; une tangente 


menée de Ò à G ne peut passer par J que si 0 est à l'infini, et elle passe alors 

par J. Nous pouvons donc énoncer ce théorême : | 
L'orientation du sysième des n tangentes menées d'un point à ‘une courbe 

algébrique de classe n, n—1 fois tangente à la ‘dr otte de linfini et passant par 


les points cycliques, est indépendante de la ‘position du point considérë dans le 


plan. 

Les courbes dont il s’agit sont nécessairement tangentes à la droite de 
l'infini aux points cycliques, sinon on pourrait mener n + 1 tangentes de l’un de 
ces points. 

Il est facile de donner l'équation générale de ces courbes en coordonnées 
tangentielles rectangulaires ; cette équation est: 


(wW + 8) Su (u, v) = F, (u, v), 


4 
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. fétant un polynôme quelconque de degré n= 2 en u et v, et F un polynôme | 
également quelconque de degré n, mais homogène. 


7.: Parmi les courbes qui ont tous leurs foyers à linfini, on peut citer, avec 
Laguerre, celles qui sont enveloppées par une droite dont deux points donnés 
décrivent respectivement deux courbes algébriques, quelconques d’ailleurs.” 

Un autre exemple intéressant est fourni par la famille des épicycloides 
| algébriques. | | | | 

Si une courbe a tous ses foyers à linfini, c. à d. si les tangentes qu’on peut 
lui mener par les points cycliques coincident toutes avec la droite de l'infini, la 
réciproque de cette courbe par rapport à un cercle de centre 0 sera telle que les 
droites isotropes issues de 0 ne la couperont qu’au point 0. : 

Or la réciproque d’une épicycloide par rapport au cercle fixe a pour équa- 
tion, en coordonnées polaires 





1 i 1 | 
= hoo b, E (3) 
n désignant le rapport du rayon du cercle mobile à celui du cercle fixe ; de plus 
n est positif pour l’épicycloïde, et négatif pour l’hypocycloide. 
M. Halphen a étudié d’une manière complète les points multiples des courbes 
(3), dont il écrit équation na 
1 = keos & 6, | (4) 
r q - 


:p et q étant positifs et premiers entre eux. Il résulte de ses belles recherches 
que les courbes précédentes n’ont un point singulier à l’origine, 0, que si p est 
plus grand que g; en ce cas, la courbe présente en 0 deux cycles, dont les tan- 
gentes sont respectivement les droites isotropes ; l’ordre de ces cycles est p — q 
p—q | 

2 
cycles est 2g ou q. D'ailleurs le degré de la courbe est 2p ou p. L’une des 
droites isotropes issues de 0 a en ce point avec la courbe un nombre d’intersec- 
tions égal à la somme de l’ordre et de la classe du cycle correspondant, et de 
l’ordre de l’autre cycle, c. à d. égal à 2p ou à p, ou, si l’on veut, égal dans tous 
les cas au degré de la courbe. Elle ne coupe donc la courbe qu’au point 0. 

Il résulte de là qu’une épicycloide ou hypocycloïde algébrique aura tous ses. 
foyers à l'infini si sa réciproque a une équation de la forme (4), 2 et g étant 
positifs, premiers entre eux, et p étant né à sin à q. 





ou , Selon que p et g ne sont pas ou sont toùs deux impairs; la classe des 


~ 


` 


+ ™ 
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: À , t 
Doit alors n = a A et u étant premiers entre eux; on aura 


De ne es ey | 
SV | q mH TAFE 
si u et À sont positifs, c. à d. si la courbe est une épicycloide, p sera toujours 
inférieur à g. | 
Si la courbe est une hypocycloïde, on devra supposer 2 négatif, et Pon aura, 
si À = — À’: 
Il faut, pour que p soit supérieur à g, que y soit, en valeur absolue, supérieur à 
.u—,2%/, c. à d que X soit plus petit que u; n est alors, en valeur absolue, 
inférieur à 1. Donc: | | , 
Les hypocycloides algébriques obtenues en faisant rouler un cercle à l’intérieur 
" d'un cercle plus grand ont tous leurs foyers à l'infini; et par suite l'orientation du 
système des tangentes menées d'un point du plan à l’une de ces courbes est st indêpen- 
dante de la position du point. 
Les autres courbes de la famille des épicycloïdes ou hypocycloïdes algébriques 
ne possédent pas la méme propriété. 


III.~ Application à Vhypocycloide à trois rebroussements. 


; 8. La plus simple des hypocycloides qu’on vient de rencontrer est, aprés la 


droite qui correspond au cas de n = — L , Vhypocycloide à trois rebroussements, 

= ; le théoréme précédent donne une propriété 
des tangentes à cette courbe qui paraît nouvelle, et qu’on peut énoncer ainsi: 

L'orientation du système des trois tangentes menées d'un point quelconque à une 


qui correspond à celui de n = — 


hypocycloide à trois rebroussements est la même que celle des trois axes de symétrie de 
la courbe. | 

Ce théoréme permet, lorsqu'on connaît deux tangentes de l’hypocycloide, de 
construire immédiatement et sans ambiguïté la troisième tangente qu’on peut 
mener par le point d’intersection des deux premières. On peut le regarder 
comme l'interprétation géométrique, dans le cas de Vhypocycloide, de la propriété 
analytique fondamentale des courbes de troisième classe, propriété bien connue 
qu'on peut énoncer ainsi : il est possible de faire correspondre à chaque tangente 
d’une courbe de troisième classe un argument, de telle sorte que les arguments 


LE 
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des trois tangentes issues d’un point quelconque aient une somme constante. 
En général, on ne connaît pas la signification géométrique de ces arguments, qui 
s’introduisent par la considération des fonctions elliptiques; dans le cas de l’hypo- 
cycloïde, on voit que cette signification est très simple, l'argument étant l'angle 
que fait la tangente avec un des axes de symétrie de la courbe. j 

Il importe, pour ce qui va suivre, de préciser cette notion: soit ¢ une tan- 
gente de l’hypocycloïde ; si par un point fixe 0 nous menons une parallèle à ¢ et 
une parallèle Ow à l’un des axes de la courbe, choisi une fois pour toutes, nous 
désignerons par a l'angle que font ces deux droites, en le comptant à partir de 
. 0x, dans le sens trigonométrique. Cet angle n'est défini qu'à un multiple près 
de x, cequi na aucun inconvénient, puisque les orientations sont définies dans les 
mêmes conditions. eo 


9. Cela posé, on déduit aisément du théorême fondamental les conséquences 
suivantes. | 

Soit t une tangente en un point A de l’hypocycloide: les bissectrices de l’angle des 
deux tangentes, autres que t, que Von peut mener à la courbe par un point de cette 
droite, sont parallèles à deux directions fixes. 

Ces directions sont celles des tangentes aux points B et C, où la tangente ¢ 
rencontre de nouveau Fhypocyclorde. 

On voit ainsi qu'une tangente à à la courbe la rencontre de nouveau en deux 
points, où les tangentes sont perpendiculaires l’une à l’autre : proposition bien. 
connue, qui sert de base au beau mémoire de M. Cremora sur l’hypocycloide. 

Par deux points quelconques d'une tangente t à Vhypocycloide menons à la courbe 
les quatre tangentes autres que t: ces quatre droites forment un quadr ilatère mecrip- 
tible dans un cercle.’ | 

Réciproquement, si le quadrilatère complet formé par quatre tangentes de Vhypo- 
cycloide a quatre de ses sommets sur un cercle, la droite qui joint les deux autres 
sommets est une tangente de la courbe. ` 

Dans tout triangle isocèle circonserit à ume hypocycloide, la d ‘oite qui joint le 
sommet au point de contact de la base est une tangente de læ courbe. ` 

Par chaque sommet d'un triangle circonscrit à une hypocycloide | passe une 
nouvelle tangente, distincte des côtés du triangle :. les trois droites ainsi définies forment 
un nouveau triangle semblable au premier. 
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10. Ce dernier théorême mérite. d’être étudié avec quelques détails; il 
donne lieu à des conséquences intéressantes, _ 

D'un triangle ABO, circonscrit à l'hypocycloïde, on déduit, en.menant les 
tangentes, distinctes des côtés, qui passent par les trois sommets, un nouveau 
triangle A,B,C, semblable au premier; en appliquant la méme construction à 
A,B,U,, on obtient un tr oisième Dale semblable aux deux premiers, et ainsi 
de suite. Cette série de triangles est-elle illimitée? Retombe-t-on nécessaire- 
ment sur un des triangles déjà trouvés, ou l’un des triangles finit-il par sé réduire 
à un point? Ce sont là des- questions auxquelles il est facile de répondre par 
l'application du théorême fondamental. | 

Désignons par a, 8, y les angles que font avec un des axes de symétrie de 
la courbe les côtés du triangle ABC; soit yı langle que fait avec ce même axe 
la troisième tangente issue du point C.° On a, d’après le théorême fondamental : 


| yta t l =A, 
d’où | 1=y—(a+6+7y) mod x. 


Par suite les angles a,, 1, 71, que font avec Faxe considéré les trois côtés 
du triangle 4B, Cı sont: 


a =a—(a+ B +y) mod x, 
B=bB—-(a+6+7y), 
y=y— (a+ +y). 


Ce sont ces relations qui montrent la similitude des triangles ABC et A,B,C,, 
puisque l’on en tire évidemment . 


u—b=a— b, y—n=a—y, B-n=8B—7y. 


Rien n'est plus aisé que de déterminer le rapport de similitude. 

_ Remarquons en effet que les côtés homologues des deux triangles se coupent: 
sous des angles égaux à (a+ 8 +y); or, d'après un théorême connu de géométrie 
élémentaire, si, par les sommets d’un triangle, on mêne des droites faisant avec 
les côtés opposés, dans un même sens de rotation, des angles égaux ©, on forme 
avec ces droites un nouveau triangle semblable au premier, avec un rapport de 
similitude égal à 2 cos ©. 

Les triangles A,B,C, et ABC sont donc Sn blables avec un rapport de 
similitude égal à 2 cos (a + Ê +y). 


Vou. X, 
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11. De là se déduisent de suite aa résultats simples, 
En premier lieu, si a + E + y = + -y , cos (a + G + ÿ) est égal à — , et 
les triangles ABG; A,B,C, sont égaux. r a d'ailleurs | 


a +h tn=— 20+ B+ Yee mod x 


et le triangle A,B,C, déduit de A,B,C, sera égal aux deux précédents. On a 
pour ce triangle: 
Oy Say Fa E mod x. 


De méme pour le triangle A,B,C; déduit de A,B.C,, on aura: 
Og = aa — (a + Fat 99) Sa mod x. 


$ 2 5 ù) s ò a 9 8 # % 2 À @ + g g 


Le triangle A,B,C; coincide donc avec ABO, puisqu’on ne peut mener à Vhypo- 
cycloïde qu’une seule tangente parallèle à une droite donnée. 
On peut donc énoncer la proposition suivante : 

Pour simplifier, appelons premier triangle dérivé, ou, plus simplement, triangle 
dérivé d’un triangle T, circonscrit à l’hypocycloïde, le triangle 7 formé par les 
tangentes menées à la courbe des sommets de 7, et distinctes des côtés de 7; 
appelons second tr sangle dérivé de T le premier triangle dérivé de T; et ainsi de 
suite. On a en premier lieu la pr oposition générale : 

Tous les triangles dérivés d'un même triangle lui sont semblables. La propriété 


démontrée plus haut dans le cas où a +8 +y = = s'énonce ainsi : 

St les côtés d'un triangle T, circonscrit à VA its Jont avec un des axes 
de symétrie de la courbe des angles dont la somme est + = , à un multiple près de 
n, les deux premiers triangles dérivés de T sont égaux à ce triangle, et le troisième 
coincide avec T. | 


En second lieu, si a+ 8 +y= 3, le rapport de similitude est nul; le 


| triangle A,B, C, se réduit donc à un point. De plus on a: 


7 
He, -mod TH, 
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ce qui montre que les côtés de A,B,C, sont perpendiculaires à.cêux de ABC. 
Donc: | | 
Si les côtés d'un triangle circonscrit à Vhypocycloide, font avec un des axes de 


symétrie de la courbe des angles dont la somme ost | , à un multiple près de 7, les 
hauteurs de ce triangle sont des tangentes de Uhypocycloide, et le triangle ce se 


réduit par suite à um point, 


12. Reprenons maintenant les relations 


nu a aL mod x, 


entre les angles qui correspondent à un triangle ABC et au triangle dérivé 
A,B,C,. On a de même, en passant au dérivé de A,B,C,: 


Oy Sy (a + Pr + 1) = a+ tery) mod x, 


En général, pour le ième triangle dérivé de ABC, on aura des expressions de la 
forme a=œ+h(a+B+y) moda, 

Ba =B + anla HE +), 

Ya =Y + nla tE +y). 


Pour le (n + 1)?™ triangle, il viendra : 


Oy +1 = En — (thy T Pr sf Yn) =a — [2h, + 1](@ + 6 + y); 


a = 8 2 a @ o © © u + s © = &© À + + © à © @ + # + + D © + + = + + » 


d’où, la loi de récurrence : | 
Rata + 2h, +- T= 0. 
On en tire, puisque A = — 1:. | 
, C1 

(as 3 ? 

et par suite, les angles Any Bar Yn que font avec laxe les côtés du °°° triangle 

dérivé de ABC sont donnés, en fonction des angles analogues a, B, y qui corres- 
. pondent à ce triangle, par les formules : | 


a = a + ET a+ 8 + y), 
YY 
n=y+ = a =(a+B+y). 


i 
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_ Observons enfin que le rapport de similitude des triangles 
| A,B, Cr et A, 1B, -1€. — l 
est égal, d’après un résultat rappelé plus haut, à | 
> e D) ee (ee DYMI ' | 
2 cog TC ath +»), -Es l 


c à d. à 2 cos Xia +8 + y). 


13. Ces formules permettent de répondre aux questions qag Von s'était 
posées. | 
D'abord, dans quels cas la suite des triangles dérivés l’un de lautre se termi- 
nera-t-elle à un point? 

. Pour que le triangle A,B,C, se réduire à un point, il faut que le rapport de 
similitude de ce triangle avec le triangle 4,_,B,_:10,- soit nul, c. à d. que : 


PT (a+ B+ y)= > mod x, 


a+B+y = 


OÙ 





On aurait pu arriver de suite à ce résultat | en bien que a, + 6, + y, est nul 
à un multiple près de x. 
De là ce théorême, qui est la généralisation d'un résultat donné plus haut. 
Si les côtés d'un triangle circonscrit à Uhypocycloide font.avec un, des axes de 


symétrie de la courbe des angles dont la somme est de la forme aa" at, la série des 


triangles dérivés du premier se terminera & un point, aw bout de n constructions. 

Ce point sera le point de concours des hauteurs du (n — 1)*™° triangle 
dérivé du triangle primitif. ` . 

Cherchons maintenant dans quels cas on ester bees, après un certain nombre 
de constructions sur le triangle primitif. 

Il faut pour cela que l’on ait a, =a, 8, = B, Ya =y mod x, aad: 


3k 
a HT oaa 


Si n est le plus petit nombre pour lequel une relation de cette forme ait lieu, le 
ne triangle dérivé du triangle primitif coincidera avec ce triangle, et si l’on 
continue les constructions, on retrouve tous les triangles déja formés. 


-+ 


A 
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Mais ici se présente une particularité curieuse : c'est qu’en construisant les _ 
triangles successifs à partir du. premier, il peut arriver que l’un d’eux coïncide 
avec, l’un des précédents sans que l’on ait retrouvé de nouveau le premier triangle. 

En effet, le pen et le oe triangles dérivés (q >p) coincideront si l'on a: 


J CP eae e +8 ++ Be 


wad: | Ya + 8 + NI thas 1] = 3hn, 


ou | , 3k 
et ET Y= Ep" 


Si ae condition est remplie; Æ étant premier à 2, le °° triangle dérivé 
coincidera avec le p®™°, et, en continuant les constructions, on retrouvera indé- 
finiment les triangles dérivés dont l’ordre est compris entre p et g—i1, sans 
retomber jamais sur le triangle primitif et les p—1 peer triangles dérivés. 
Ainsi : 

Si les côtés d'un triangle circonscrit à Vhypocycloide foni avec un des axes de 

ok 


symétrie de la courbe des angles dont la somme est de la forme PT T, 


le g*™ triangle dérivé de ce triangle coincidera avec le pe. 


14. Il est aisé d'expliquer à priori pourquoi, dans le Cas qui nous occupe, 
le triangle primitif ne se reproduit pas nécessairement: cela tient à ce que la 


suite des triangles dérivés n’est pas réversible sans ambiguité, ou, en termes plus 


précis, à ce qu'un même triangle circonscrit à l’hypocycloïde peut être considéré 
comme le dérivé de deux autres triangles circonscrits, et non pas d’un seul. 
Reprenons en effet les relations 


a= a — (a+ B +y) + ka, 
Bı=p— (a +E +y) + tn, 


y= y — (a +8 +y) + my. 
On en tire: — ME ET E a 
B= Bi— lath + 9) Eg, 

y=y à + (aa + Ba + 9) + te 


~ * 
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Les nombres { + m — k, k+ m—1,k + 1—m sont de même parité; on aura : 
donc, pour a, B; y, à des multiples de x près, les deux systèmes de valeurs: 


1 1 M4 
a =u y (oi + hit); a = a — -y (ut At) + >> 
1 | | 1 | T 
B= Bi— = (a + B+); B= Bi (ut Bi +) +=; : 
l 1 | a 
y =y ++), y=y— z a + b+yN) + 


De là ce théorême: | 

Dans tout triangle circonscrit à une “hypocycloide, on peut inscrire deux autres 
triangles circonscrits à la courbe: ces deux triangles sont semblables au premier et 
semblables entre eux ; leurs côtés homologues sont rectangulaires. 


15. On pourrait pousser plus loin ces recherches, en étudiant l’ensemble des 
triangles circonscrits qui admettent pour triangle dérivé d’un ordre donné un - 
même triangle circonscrit, et l’on arriverait ainsi à des résultats assez curieux 
que nous n’énoncerons pas, afin de ne pas fatiguer l'attention du lecteur; nous 
nous contenterons de signaler une proposition de nature différente qui se déduit 
aisément du.théorême fondamental. 

-~ Soient À, B, C les points de contact des tangentes menées à l'hypocycloïde par | 
un point M; sur les directions MA, MB, MC portons, à partir de-M, des longueurs 
Ma, Mb, Mc, respectivement égales aux inverses des segments MA, MB, MC: le point 
. M est le centre de gravité du triangle abc. 

On peut donner une autre forme à ce théorême : 

La tangente en M aw cercle qui passe par les points M,A, B, est conjuguée 
harmonique de MC par rapport aux droites MA et MB; de plus, si Von porte sur 
la droite MC, à partir de M et dans le sens opposé à MC, une longueur égale à 2MC, 
l'extrémité du segment ainsi obtenu est sur le cercle précédent. 

Sans insister sur les conséquences que l’on. pourrait déduire de ces proposi- 
tions pour la théorie de l'hypocycloïde à trois rebroussements, nous reviendrons 
au théorême démontré plus haut, relativement au lieu des foyers d’un faisceau 
tangentiel de courbes planes, et nous montrerons; qu’il met en évidence une 
classe intérressante de courbes, étudiées déjà par divers Bomar et en par- 
ticulier par M. ee 
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IV.— Lieu des foyers d'un faisceau tangentiel de courbes planes. 


16. Nous avons démontré plus haut que: | 

«Le lieu des foyers des courbes d’un faisceau tangentiel déterminé par deux 
courbes À et B, de clase n, est une courbe F, telle que si l’on joint un de ses 
points aux n foyers réels de A et aux n foyers réels de B, les deux systèmes de 
droites ainsi obtenus aient même orientation. | 

Ce résultat peut être présenté sous une autre forme. Groupons deux à 

deux, d’une manière quelconque, un foyer a, de la courbe À et un foyer b, de la 
courbe B; il est clair que le lieu F est celui des points tels que, de l’un quel- 
congue d’entre eux, les n segments a,b, soient vus sous des angles ayant une 
somme algébrique égale à un multiple de x, et l’on retrouve ainsi des courbes 
remarquables étudiées par M. Darboux. - ae. 
. ` Qes, courbes comprennent, comme cas particuliers, les courbes telles que 
l’on voie, de chacun de leurs points, n segments fixes sous des angles dont la 
somme algébrique’ est égale à une constante quelconque : il suffit en effet de 
supposer que chacune des courbes À et.B a un foyer à linfini, c. à d. que ces 
courbes touchent toutes deux la droite de l'infini; un des segments a,b, est alors 
à l'infini, et il est vu de tout point du plan sous un angle constant, 0. La 
somme des angles sous lesquels les autres segments à distance finie sont vus 
d'un point quelconque du lieu F est donc constante, et égale à — 6, à un 
multiple près de x. 

De là définition même du lieu F résulte immédiatement une belle proposi- 
tion, donnée par M. Darboux: 
© Ki une courbe est telle que, de chacun de ses points, plusieurs segments soient vus 
sous des angles dont la somme est un multiple de x, elle conserve la même propriété. 
avec une infinité d'autres segments ayant tous leurs extrémités sur la courbe. 

Ces segments s’obtiennent en joignant deux à deux, d’une manière quel- 
conque, les foyers de deux courbes quelconques du faisceau tangentiel déterminé 
par les courbes A et B qui ont servi à la définition primitive du lieu. 

Si À et B touchent. la droite de linfini, il résulte de ce qui à été dit plus- 
haut que la proposition précédente doit être modifiée ainsi : 

Si une courbe est telle que, de chacun de ses points, plusieurs segments soient vus 
sous des angles dont la. somme est constante, elle conserve la même propriété avec une 
infinité d'autres segments, mais la valeur de la somme constante varie quand on passe 
d'un système de segments à l’autre. 
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La définition du lieu F'ne dépend que de la position des foyers des courbes 
À et B; on peut en particulier supposer que chacune de ces courbes se réduise à 
ses n foyers réels, et l’on a ce théoréme : A £ 
Si une courbe est telle qu'en joignant un quelconque de ses points à deux séries 
de n pôles fixes, à distance finie ou. infinie, on obtienne deux systèmes de même orien- 
tation, cette courbe est le lieu des foyers des courbes de classe n qui touchent les n° 
droites joignant les pôles de l’une des séries aux pôles de l'autre série. 


17. L'ensemble des n foyers réels d’une courbe appartenant à un faisceau 
tangentiel donné jouit de quelques propriétés simples, qui dérivent aisément des 
principes précédents, : | 

Soient en effet A,, 4,,... À, les n foyers réels de la courbe A; B,.... B, 
ceux de la courbe B; M le foyer d’une courbe du faisceau tangentiel déterminé 
par À et B; M le point infiniment voisin de M sur le lieu F. 





Menons par M un axe quelconque MX; désignons par o langle MW'MX, par 
a, langle A, MX; par B, l'angle B.MX. On a, d’après la propriété fondamentale 
. du lieu F: 
w tat... . + an= bit bat... . + brn 
et, en passant de M à HW, 
-= dutdm+....=dB+d8,+.... 


Or da, est l’angle W'A,W, et l’on a, dans le triangle WA. M: 





? 
da, = HT sin (o —&,). im 


Par suite : | > sin DE ax) as > np Pa ; (5) 


a 
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18. Ce résultat est susceptible d’une interprétation géométrique élégante, si 
l’on introduit une notion due à Laguerre. | 

Cette notion est celle du centre harmonique d’un système de points par rap- 
port’ un point. 

Etant donnés dans un plan-un point M et un groupe de ni points, 4,.... Án, 
portens sur chaque droite MA,, à partir de M, une longueur égale à inverse de 
MA,: composons ces longueurs comme des forces ; sur la direction de leur résul- 
tante, portons, à partir de M, une longueur égale à l'inverse de la n*™® partie de 
cètte résultante; l'extrémité, a, du segment obtenu sera dit le centre harmonique 
. des points A,....A, relativement au point M. 

D'après cette .définition, si l’on imagine par M deux axes rectangulaires, 
MX et MY, et si a, est langle de MA, avec MX, les coordonnées du centre 
harmonique a seront : 








fe di 
tu 2 ? P 2a 
étant posé __ ~ COS O, _ = Sil a, 
£ oo > MA, ? C= > MA, ° 
On peut aussi écrire : | 
X us Y 


opie Shay 


On aura des formules analogues pour les coordonnées des centre harmonique, b, 
des points B,.... B, par rapport à M: 








Pense. Yun 7 
g” + n° J re +. n° ? 
étant posé 
1 = 5 COS Be r < Sin p, 
= > HB, er 


Or la relation (5) donne: 
E sino— n cosa = Ẹ sin o — 7! cosa, 


remplacons dans cette équation E et n, E et # par leurs valeurs en X et Y, 
A!’ et Y’, il vient: 
Asino — Ycoso  X’ sin o — Y’ cosa 
XL Yö T LE Te yr : 
‘En d’autres termes, un même cercle: 
L + y + À (x sin o — y cos a)= 0 
Vou, X., 
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E : X 
passe par'a et b: ce-cercle est d’ailleurs tangent en M à la direction MM’, c. à d. 
à la courbe F. Donc, les centres harmoniques des points 4,....4, et B,....8B, 


par rapport à un, même point M du lieu F, sont sur un cercle tangent à F au 
point M, et, comme on peut remplacer les points A... . An, ou B,....B, par 
les n foyers réels d’une quelconque des courbes du faisceau tangentiel determiné 
par les courbes À et B, on a ce résultat: ° 

Soit F le lieu des foyers des cougbes de classe n appartenant à un faisceau tan- 
gentrel donné: le centre harmonique des n foyers réels de l'une quelconque de ces’ 
courbes par rapport à un point choisi arbitrairement sur F reste sur un cercle, 
tangent en ce point à la courbe F. 


a 


19. Un cas particulier remarquable est celui où le point M ést un point 
double de la courbe F; l'équation 


E sin o — 7 cos o = Ë’ sin o — y cosa 


est alors vérifiée pour les deux valeurs de qui correspondent aux deux branches 
de la courbe passant en M, et, par suite, on a nécessairement £ = EN ie 
Done: l | 

Si la courbe F a un point double, le centre harmonique des n foyers réels d'une 
quelconque des courbes du faisceau tangentiel par rapport à ce point, est un point 

Si M est à linfini, et ne coincide pas avec un des points cycliques du plan, 
il est aisé de voir que le centre harmonique d’un groupe de points par rapport à M 
coincide avec-de centre des moyennes distances de ces points; or on prouve facile-. 
ment que, si aucune des courbes A et B n’a de foyer à linfini, la courbe F a une 
asymptote réelle, et par suite, il résulte du théorême démontré plus haut, que le 
centre des moyennes distances des n foyers réels d’un courbe variable, appar- 
tenant à un faisceau tangentiel déterminé, décrit une droite. 

L'application de-ces théorémes généraux au cas d’un faisceau tangentiel de 
. coniques présente quelque intérêt. | 


A * 


V.— Lieu des foyers d'un faisceau tanaentiel de coniques. 
q 


20. Soient deux coniques, À et B, ayant respectivement pour foyers réels 
les points f et /’, g et g': le lieu, F, des foyers des coniques inscrites dans le 
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même quadrilatère que les coniques À et B est, d’après la théorie générale, le 
lieu des points M tels que les systèmes de droites Mf et Mf’, Mg et Mg! aient, 
mêmes ‘bissectrices. 

Rien n'est plus facile que d’obtenir, en partant: de la, l'équation du lieu: on 
nes une ne passant par les points cycliques du plan, et ayant une 
asymptote parallèle à la droite qui joint les milieux des segments ae et 99; 
c. à d. les centres des coniques A et B. | 

Cette cubique peut être déterminée. par points d’une manière très simple. 

La conique A a deux foyers imaginaires, qui s’obtiennent en joignant f et f’ 
aux points cycliques I et J, et en prenant les intersections des droites ainsi 
obtenues; ces deux nouveaux points, ji et Ji, sont aussi sur le lieu des foyers F. 

De même, si l’on joint les points f et f” aux points g et g’, les droites fg et 
°- f'g, fg et f'g se coupent respectivement en deux nouveaux points, % et #, qui 

sont sur #’, d’après la propriété fondamentale de ce lieu | | 

Il y a plus: les couples de points f, et JY, k et X. jouent le même rôle que 
les couples fet f' ou get g. La proposition est évidente pour les points f et ff 
qui sont des foyers d’une des coniques du faisceau; on peut montrer de même 
que & et W sont aussi les foyers d’une de ces coniques: en effet, une conique du 
faisceau a un foyer en Æ, puisque & est sur F; le second foyer réel de cette 
conique est nécessairement en #, puisque les couples de droites fh, fk et 
f'k, ff ont mêmes bissectrices que les couples Jg, Jg et fa A ', avec lesquels 
ils coïncident. | 

En d’autres termes, le lieu F peut être défini, au moyen des 3 couples de 
points f et f’, g.et g, I et J, de la manière suivante: on joint deux à deux les 

- points de deux de čes couples, on obtient, par les intersections des droites ainsi 

construites, un nouveau couple; en opérant de la même manière sur ce nouveau 
couple et sur le troisième, on obtient un cinquième couple; et on continue ainsi 
indéfiniment en combinant deux quelconques des couples obtenus; tous ces 
couples sont sur’ F. On reconnaît la construction discontinue donio par 
Schröter pour les courbes du. troisième ordre ; les couples de points considérés: 
sont des couples de pôles conjugués ; - tls ean de la propriété que les tangentes 
menées à la cubique aux deux points dun couple se rencontrent sur la courbe. 


| 21. On peut dire d’après cela que le lieu des foyers des coniques inscrites dans 
un quadrilatère est une cubique circulaire, dont les tangentes aux points cycliques se 


w 
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coupent sur la courbe; ou, plus simplement, une cubique circulaire qui passe par son 
Soyer singulier. 

Réciproquement, toute cubique circulaire passant par son foyer singulier 
peut être considérée comme le lieu des foyers de coniques inscrites dans un quad- 


rilatère : il suffit de prendre sur cette cubique deux couples de pôles conjugués . 


quelconques, f et /’, g et g', du même système que le couple formé par les points 
cycliques, et la cubique est le lieu des foyers des coniques du faisceau tangentiel 
déterminé par deux coniques, quelconques d’ailleurs, ayant respectivement pour 
foyers les points f et f’, g et g'. 

La propriété caractéristique du lieu F peut, par une transformation homo- 
graphique, être mise sous la forme suivante: | | 

Les deux couples de droites qui joignent un point quelconque d'une cubique 
à deux couples de pôles conjugués d’un même système, situés sur cette cubique, 
sont en involution. 

Ce théorême est dû à M. Cremona. 


22. Les propositions démontrées plus haut relativement aux centres har- 
moniques prennent une forme assez simple si l'on observe, avec Laguerre, que le 
centre harmonique, a, de deux points, fet /’, par rapport à un point M est sur 
la circonférence passant par M, f et f', et que les diras MW, a, f, f divisent har- 
moniquement cette circonférence. 

Par un point M, du lieu F des coniques inscrites dans un quadritatore et les 
Joyers f et f' de l’une quelconque de ces coniques, faisons passer un cercle, et prenons, 
sur ce cercle, le point a, qui, avec les points M, f, f! divise harmoniquement la 
circonférence: d’après un théoréme établi plus haut, le point a décrit un cercle 
tangent en M à la courbe F. 

On voit aisément que ce cercle passe par le point obtenu en prolongeant 
d'une longueur égale à elle-même la droite qui va de M au foyer singulier de la 
cubique. 

Bila courbe F a un point double, le centre harmonique des deux points 


d'un même couple, f et f’, par rapport à ce point double est un point fixe: il est. 


très facile d'établir que la courbe F n’aura de point double que si le faisceau de 
coniques qui sert à la définir contient un cercle ; le point double est alors le 
foyer du cercle. Donc: 


*, 
} YN 
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Si, par les foyers fet f! de l'une quelconque des coniques inscrites dans un 
quadrilatère circonscrit à un cercle de centre o, et par le point o on. fait passer une 
circonférence, cette circonférence passe par un second point fixe, 0’, qui, avec les points 
0, f et f', la divise harmoniquement. Le segment oo a pour milieu le foyer singu- 
lier de la cubique lieu des foyers f, f". | 

‘La courbe F est alors ce que Quételet appelle une focale à nœud; une 
focale à nœud est, d'après ce qui précède, une cubique unicursale passant par 
les points cycliques et par son foyer singulier. 


23. On rencontre cette courbe dans un problème assez intéressant de la 
Géométrie de Fespace. | 

Chasles a fait voir que le pan des pieds des normales 4 un systéme de quad- 
riques homofocales, contenues dans un plan donné P, ‘est une focale à nœud, et 
nous avons démontré que le lieu des foyers des sections faites par le plan P 
dans les quadriques homofocales coincide avec le lieu de Chasles. On peut 
établir directement que le lieu des foyers est une focale à nœud, en s’appuyant 
sur les principes généraux énoncés au commencement de ce travail, et en déduire 
quelques propriétés géométriques simples. 


24, Cherchons en effet l'équation tangentielle, dans le plan P, des coniques 
communes à ce plan et aux surfaces homofocales. 

Il y a deux quadriques du système homofocal qui touchent une droite donnée; 
donc deux des coniques, dans le plan P, touchent ute droite de ce plan, et 
l'équation générale cherchée contiendra un paramètre, 0, au second degré. Elle 


sera de la forme: A + Bô + 0=0, 


et l’on pourra supposer que les coniques A= 0 et C = 0 sont deux quelconques 
des coniques du système: 

-Or parmi ces coniques figure celle qui se compose Bales deux points cycliques 
du plan P, puisque le cercle à linfini fait partie du système homofocal ; on peut 
donc supposer que l’on a: | 
| A= uw ++, 
et l'équation devient | 

o  (u+u)@+ BO+ C= 0. 
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Les coniques ainsi représentées sont homofocales aux coniques 
B0 + C=0, 


qui appartiennent à à un même faisceau tangentiel 

Cette remarque suffit pour établir que le lieu des foyers des coniques est 
une cubique circulaire,-passant par son foyer singulier; observons maintenant 
qu’une des quadriques du système homofocal touche le plan P, et par suite une 
des coniques se réduit (au point de vue tangentiel) au point de contact compté 
deux fois; ce point est donc un point double de la cubique, qui est dès lors une 
focale à nœud. | 

Si maintenant on désigne par f et f', g et g’, les foyers de deux des coniques, 
la focale à nœud peut être considérée, comme le lieu des foyers des coniques tan- 
gentes aux droites Jg, fy’, f'g, fg’, et, puisqu'elle a un point double, ces quatre 
droites doivent nécessairement toucher un cercle décrit du point double comme 
centre. : 


~ 


25. On peut donc énoncer les propositions suivantes. 

Le heu des foyers des sections faites dans une série de quadriques homo focales 
par un plan P est une focale à nœud, dont le point double est le point de contact, o, 
du plan P avec la quadrique du système qui touche ce plan. 

St par le point o et les foyers f et f! de l’une des coniques d'intersection on Fart. 
passer un cercle, ce cercle passe par un second point fixe, o', qui, avec les points o, f 
-et f! divise harmoniquement la circonférence. | 

Le segment 00! a pour milieu le foyer singulier, b, de la focale ; ce point > est le 
foyer de la parabole qui figure parmi lès coniques d’intersection. | 

“Les quatre droites qui joignent les foyers réels de l'une des coniques d’intersection | 
awe foyers réels d'une autre de ces coniques touchent un même cercle agu a pour centre 
le point: o. | 

En particulier : 

Les droites qui joignent deux à deux les points d'intersection de deux coniques, 
focales l’une de l'autre, par un même plan, forment un quadrilatère circonscriptible 
à un cercle. | 
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En aces des foyers des courbes appartenant à un faisceau tangentiel. 


26. Nous avons démontré au n° 18, comme conséquence d’une proposition 
fondimentale, que le centre harmonique des n foyers réels d’une courbe appar- 
tenant à un faisceau tangentiel de classe n, par rapport à un point du lieu F 
correspondant, resté sur un cercle, tangent en ce point à la courbe #. 

_ Par des considérations d’un autre ordre, sur lesquelles nous aurons à revenir, 
à un point de vue plus général, dans un travail ultérieur, on arrive à un résultat 
qui complète le précédent, et que nous nous bornerons à énoncer :. 

Le centre harmonique, par rapport à un point du plan, des foyers réels de 
chacune des courbes d'un faisceau tangentiel, décrit un cercle. | 

‘Ce théorême peut recevoir une forme plus élégante si l’on observe avec 
Laguerre que le céntre harmonique des foyers réels d'une courbe par rapport à 
un point coïncide avec le centre harmonique des points de contact des tangentes 
qu'on peut mener de ce point à la courbe. Ainsi: a 

Le centre harmonique, par rapport à un point du plan, des ou de contact des 
-tangentes qu'on peut mener de ce point à chacune des courbes d'un même faisceau 
tangentiel décrit un cercle. : | 


THE BENEKE PHILOSOPHICAL PRIZE. 


The- Philosophical Faculty of the University of Gôttingen proposes the 
following subject for discussion by the competitors for the-above named prize 
for the year. 1891: | 


Of late years it has become more and more evident that the law of Entropy is of funda- 
mental importance for the theory of all those physical and chemical phenomena which are 
connected with the production or absorption of heat. In the treatises on the law of energy 
written for the Beneke prize of 1884, it was especially recognized that the law of energy requires 
the law of entropy as an essential supplement. At the same time, much progress has recently 
been made in the endeavor to base the law of entropy on the general principles of mechanics. 
For these reasons a comprehensive discussion of all problems connected with the law of entropy 
seems to be particularly desirable at the present time. 

Such a discussion should embrace the following: 

(1). The development of the empirical demonstrations of the law of entropy, together with 
a thorough digest of Carnot’s works. | 

(2). An historical and critical discussion of the eee RARE on the connection of 
the law of entropy with the general principles of mechanics. 

(3). À complete report on all the applications of the law of entropy to the theory of 
physical and chemical processes. 

The theses may be written in the German, Latin, French, or English language. They are 
to be sent to the Philosophical Faculty at Göttingen, together with a sealed letter which shall 
contain the name, profession and residence of the author, and be designated by the same motto 
as the thesis. The theses must be presented before August 31, 1890. 

The award, of the prizes will take place on March 11, 1891, the birthday of the founder, in 
a public session of the Philosophical Faculty. 

The first prize £ amounts to 1700 M., the second to 680 M. 

The prize-essays will remain the unrestricted property of their authors. 

The title-page should contain an address to which the thesis may be returned in case it 
‘does not receive a prize. 

The subjects for the prizes for the years 1888 and 1889 are announced in the Nachrichten 
der Königlichen Gesellschaft der Wissenschaften of Or 1886, No. 8, ane 1887, No. 5. 
GÖTTINGEN, April 1, 1888. 


Sur les lignes géodésiques dés surfaces à courbure 
constante. 


Par R. LIOUVILLE. 


‘L'objet de ce mémoire est d'indiquer la signification géométrique des équa- 
tions différentielles du second ordre ayant leur intégrale générale linéaire par 
rapport aux constantes arbitraires et de former leurs invariants pour toutes les 
substitutions qui ne changent point, soit l’inconnue, soit la variable indépen- 
dante. - | 

I. Les lignes géodésiques d’une surface à courbure constante peuvent être 
transformées toutes ensemble en un système plan de lignes droites, car, après 
application sur une sphère, les plans qui passent par le centre de cette dernière 
tracent sur celui qu’on a choisi toutes les lignes droites qui y sont contenues. 
= J'ajoute que chaque équation différentielle. du second ordre, capable de 
représenter les droites d’un plan, c’est à dire ayant son intégrale générale linéaire 
par rapport aux constantes arbitraires, peut être regardée comme définissant les 
lignes géodésiques d’une surface à courbure constante. Soit en effet donnée ainsi 


da + rte + ag = 0, : (1) 
_ l'intégrale dont il s’agit; a1, &, a désignent des constantes arbitraires, 2, %, 2, 
des fonctions connues des variables w et y, entre lesquelles a lieu l'équation ` 
différentielle : le premier membre de (1) est la solution générale d’un système 
d'équations linéaires aux dérivées partielles du secorid ordre, 


gz Oz Oz \ 
J T P~ + U + Tr = 0, | 
gz p oz , Oz 2 


Px , Qz , Qz iic 
de tP Ge E ay t=, | 


Vou. X. 


e 


` 
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et l’on peut, dans celui-ci, multiplier l’inconnue g, par un facteur u, sans que la 
relation (1) soit essentiellement modifiée. Si done on fait en sorte que le 
produit l 

w (at + a + 25); ° 8) 
soit une constante c’, les expressions zt, &u,...., étant celles qui déterminent 
les points d’une sphère en coordonnées ar nE, et l'équation établie entre 
x et y n'ayant pas changé, il est mis en évidence qu’elle appartient aux — 
géodésiques d’une surface à courbure constante. 

Ainsi la recherche de ces lignes équivaut précisément à l'étude d’une équa- 
tion différentielle, dont l'intégrale ne contient qu’au premier degré les constantes 
arbitraires; comme on le montrerait sans peine, tout revient en ce cas à l’inté- 
gration d’une équation différentielle linéaire, du troisième ordre. 

Lorsqu'on donne l'élément linéaire, 

ds =N'ed + 2fdxdy + gd, 

‘d’une surface, l'équation des lignes géodésiques s’en déduit par des formules 
déterminées et connues, mais la question inverse, notamment pour les surfaces à 
courbure constante, mérite quelques explications. Soit donc | 

y” + ay” + Bay} + Say + a, = 0, (4) 
l'équation des lignes géodésiques pour une surface de cette espèce ; d1, de,...., Ay 
sont fonctions d’x et d'y et vérifient des relations faciles à former. Pour trouver 
les expressions correspondantes de e, f, g, il convient d'obtenir d’abord le 
système, analogue à (2), corrélatif de l'équation (4) et dont trois intégrales satis- 
font à la condition 


>= ++. (5) 
Je supposerai que ce soit le système (2) lui-même et il en résultera évidemment 
= " yh À y L 
Gers a (er 
c'est à dire dè? = T"dæ + 2T'dxdy + Tdy’; (6) 


comme on connait lun des systèmes qui peuvent être pris pour corrélatifs de 
l'équation (4), = aia le suivant 


g? ð ð 
5a tag — ay = — CG 2 — 54 + Pas — 20} z= 0 = A (2), 
Oz oz o Oz Jas Qaa | ue AT 7 
ou + Ae a oy + aes + aa, ZJE =0 = A (2), (7) 
Oz Oz Ja, Cas 


Jr +. a; -5— De aa = + Ge TS + 201644 oui 2a) z= 0 = O, 


LA 
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le point est de trouver le facteur u, par lequel il- faut multiplier ses intégrales 
pour justifier l'équation (5), ou, ce qui est la même chose, de déterminer, pour le 
système entièrement donné (7), l'expression de la somme 


gt 2+ 2=0; 


or ur calcul très simple fournit les quatre équations, aux dérivées partiellés du 
troisième ordre satisfaites par la fonction 6: 


= ta + 2a; A” (0) — 2a, A' (0) + 8 (3 a =. + 24,44 — 2a3 va 
+ fe F- = + 24904 — aai) -+ 243 y + + 24943 — 2a} ) 


— 2a Gr f D se +. ayy — atts) | =), 


aut LUE az. A” (0) — aA (0) + 2 Car = a + dyay — a0 ) < 





da, O dé. ð 
+ es; = ae + 2444 — 243 5 + 0 p T 8 + T ar u at) 


Oy Ot 
+ a _ on + Ray — 2a) — a (F — GE + Das — 208) ] = 0, 


ete., 


elles sont linéaires x aineen six intégrales communes; de Pune d'elles, on 
conclut un système d'expressions pour T, 7’, 7” oue, f, g 

Ainsi, quand l'équation (4) est donnée, les coefficients e, f, g du carré de 
l'élément linéaire ne sont pas complètement déterminés; leurs expressions ren- 
ferment six constantes arbitraires, qui y entrent d’une manière homogène. 
Soient (61, fi, 9:), (@) as 2), deux systèmes distincts d'expressions pour les 
coefficients e, f, g et soient-(a:, 1), (&, Y2), respectivement, les variables corres- 
pondantes: la substitution (x, Y13-%, Y%) est visiblement l’une de celles, en 
nombre infini, qui transforment l'équation (4) en elle-même. 

II. D’après ce qui précède, il est clair que les équations semblables à (4) 
sont toutes réductibles à celle-ci , | 

y =0 


et par conséquent les unes aux autres; elles ne peuvent donc avoir d’invariants 
pour l’ensemble des transformations générales 


v —=p(x, y), n—=VŸ(x, y); 
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mais il n’en est pas de même si l’on se borne à changer, soit la variable, soit 
Vinconnue et, pour fixer les idées, c’est de ce dernier changement qu'il sera ques- 
tion, l’autre étant d’ailleurs exactement pareil. 

Ii convient d’appeler invariants relatifs, à l'égard des transformations 


=e, w= (e y), (8) 
dont il s’agit, les fonctions des coefficients q, a,,...., a, et de leurs dérivées, 
qui se divisent par une puissance de | 
| ` à 
dy 


après la substitution (8) ; ’exposant de cette puissance est le poids de l’invariant 
considéré ; s’il est nul, re est dit absolu. D'après ces deux formules, 


Way + 
=y" = (ex 3 ® 
y= y T y’? my + 2y! zed + La 


le coefficient de y, dans l'équation transformée de (4), est 


a, E3 


a, est donc un premier invariant relatif, de poids égal à 2. 
Une forme invariante ou canonique de l'équation proposée en résulte sans 
difficulté, car la fonction 4} définie par cette relation 


(= = constante, 


ou, avec plus de généralité, par la suivante 


o ; 
T= dfl), Fr 


est manifestement un invariant absolu; lorsqu'on la prend pour inconnue dans 
l'équation (4), la transformée est canonique ; ses coefficients jouent le rôle 
d'invariants absolus, mais ils dépendent d’une quadrature et ne sont point 
en conséquence des invariants proprement dits. . Or certaines questions exigent 
que l’on distingue les invariants de cette espèce ; il convient donc de chercher 
un système de fonctions, formées uniquement par combinaisons algébriques des 
coefficients et de leurs dérivées, données en outre de la propriété d’invariance. 


` 
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C’est à quoi l’on peut parvenir en général comme je devais expliquer. 


Oz 


By a 5 , sont des fonctions d’a et d'y, déterminées par les relations (2); elles 


deviennent des fonctions d’une seule Von satisfaisant aux équations différ- 


entielles - à 
| : dz — cae 4 
a()+ {PE + +g 5 RE +Š Oz ee à )fa v= 0, (9) 
a(S +{(P = if g + Te) +y (e & +04 ae D) de =0, 


dés qu’on y remplace y par i des expressions qui ai l'équation (4). Je 
considère en particulier la combinaison 


a +6, | (10) 


où j'ai désigné par À une fonction arbitraire d’x et dy. Aucune des iranto ma- 


tions (8) ne peut introduire ja dans le premier membrè de (19) et il résulte du 
système LR | 
dt = À [ad — (Pde + Pay)] + (€ —22)[Ady — (Qde + Qdy)) 

+ 2 [da — (Tax + Tdy)]. . (11) : 


Par un choix convenable de 4, je puis rendre nul le coefficient de =, dans cette 
A= PE Py; | . (12) 


cela fait, les transformations (8) laisseront toutes à 1’é Sauto (11) le caractère 
d’une relation entre z et ¢ seulement ; ¢ est donc, en vertu de (12), l'expression 


relation, ce qui exige 


d'un invariant ; il est visible de plus que z est un invariant absolu, S un inva- 


` riant relatif, de poids 1; il en est donc de même de: 2. ne le premier, 
membre de l'é A (12) et par suite la combinaison 


P'+ Py 


jouent le rôle d’invariant relatif, de poids égal à 1. Une autre combinaison de 
même espèce est connue avant toute recherche, c’est le déterminant fonctionnel 


`~ 


288 LIOUVILLE: Sur les lignes géodésiques des surfaces à courbure constante. 


des trois solutions du système (2) et lon sait que d’ailleurs on a 

d log A = — [(P' + Q) dy + (P" + Q) de], 
outre les relations, déjà signalées dans un Mémoire antérieur (Journal de l'Ecole. 
Polytéchnique, LVII. Cahier), 





P=, 2P — Q=3a,, P'’— 2Q = 3%, Q"! = — ay. g” 
On en déduit d’abord p= 1 dlogA | 


mais A peut être pris à volonté parmi les invariants relatifs de poids 1, sans que 
la correspondance étaBlie entre l'équation donnée (4) et le système (2) soit 
troublée. 
J’en profite pour poser 
A’ = ay; 
l'expression (12) se change alors en la suivante 


. 1 2 loga 
ay ay + ay | (13) 





Ww 


et, si l’on divise par aj ce covariant de léquation (4), le quotient n’est modifié 
en aucune maniére par les transformations indiquées; pour obtenir une condi- 
- tion invariante, il suffira d'exprimer que ce quotient, multiplié par dæ, 


ajdy + (mart — = ar? : 2 4) dæ, 





est une différentielle exacte. Je trouve ainsi la relation 


ag St g Oa, OQ, ote 
+ 2a, = (Sa s — 6mm) — 3 aCe Saan ) =0, (14) 


dont le omis membre ne peut être autre chose qu'un invariant relatif, et la 
substitution simple, Ch = y | 


en montre immédiatement le poids, pourvu que c soit une constante, La con- 
clusion est que cette combinaison 


Ve 6ai = -+ 24: 4, (Z — Ga ) — y 2a a (St pas Bayt) (15) 


des coefficients de léquation (4) et de leurs Pe, est un invariant de poids 
égal à 6. 


`~ 
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J'ai remarqué, dans un autre travail, une équation du second ordre, cova- 
riante de (4), pour toutes les transformations qui n’en changent pas la variable ; 
voici cette 7, 


Hans CES DAS 


1 /da, o V0 
_ a Oy a5 + au) = = 0, (16) 





à laquelle on peut donner le nom d’adjointe de la proposée, car il y a entre elle 
et le système adjoint à (2) la même correspondance qu'entre l'équation et le 
système (2). ‘Ll est clair qu’un nouveau covariant des équations (4) et (16) est 
leur différence, qui se réduit au premier ordre ; on aura donc une condition inva- 
riante à satisfaire, si la valeur d’y qui fait évanouir l'expression (13) doit annuler 
aussi cette différence, ce qui implique 


0 0 o 
a sna )( Ox put Sas) FT 6a? D Se = + au) = — 0. (17) 


On en conclut que le premier membre v, de la relation précédente est un inva- 
‘riant relatif, de poids 5. 
Enfin, l'on en trouve un troisième, en cherchant sous quelle condition 


l'équation différentielle 
1 ð 3log a ay 


dy + dy — p Oy = 0 


et une intégrale première de la proposée. L’expression qui doit alors être nulle 
et qui se représente ainsi 


v = 364 2 ($ — Ga ) +- 6a e — 6). o - Ga) 
+ (3 aa) + 18,0, (LE e — bam) | 
— 12 (S S D y + 6a Le — sa) 476%.aia,, (18) 


est un invariant, de poids 9 
Je suppose d’abord que l’un au moins des invariants absolus 


` 


—3 aa’ ad 
Va, var’, via (19) 
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contienne la variable y; en le prenant pour inconnue, on met l'équation (4) sous 
forme invariante, sans qu'aucune quadrature ait été nécessaire. Ses coefficients 
sont alors des invariants absolus proprement dits, entre lesquels l'élimination 
d’y établit trois relations caractérisques. : 

Je suppose au contraire les trois expressions (19) fonctions de x seulement ; 
en ce cas, il faut recourir à la transformée canonique déjà signalée, dans laquelle 
le coefficient d'y" ne dépend que de x; je Pécris de cette manière 


a 


Y + ay’ + Bay” + Say + oy = 0 (20) 
et je remarque d’abord que la relation 
Vey = Hy (x) 
jointe à celles-ci Oo, 5 Oa 
Oy "On T M 
entraine | Oo a 
Sa 2 Jy T A— A). 
Si donc on a déterminé a,, comme cela est permis, par la formule 
6a} — AyD (x) = 0, 
on voit que a, ne contient pas y. 
Ayant de plus nar? = (x), 
ou, ce qui est la même chose, 
af (x) + 68. (ua — aal + 203 — 30a + ata,) = 0, (21) 


on connait, entre a, et a,, une relation linéaire où n’entre que la variabie di 


‘Par suite, l'équation | var? = ĝ (x) 


qui a lieu aussi suivant l'hypothèse et qui s’écrit encore de cette façon 
Ja 
6af E + aa — ai) + Gaya, (ai — 8a) + af (x) = 0, (22) 


définit pour a; une fonction linéaire de y. 

Soient L, L, les expressions, signalées ailleurs (C. R. de l’Acad. des Sc. de 
Paris, 28 nov. 1887), qui s’évanouissent quand l'équation (20) a son intégrale 
générale linéaire par rapport aux constantes arbitraires: a,, a, ne renfermant 


pas y, la combinaison 
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peut être représentée sous la forme 


ht Cag Cds 


OL, — Og Le = Oy Oy oy Qo -a x 20 dx + fau — 303 (as T anas) | 


M ST cae — ont + 2a? — Bois + ofa. | * (23) 


comme on le prouverait sans peine. Or l’ensemble des termes compris dans la 
dernière parenthèse est une fonction de x; d’après l'équation (21), le premier 
membre de l'équation (23) est nul; les termes qui y figurent dans la première 
parenthèse constituent donc une fonction linéaire de y et cela ne se peut évidem- 
ment, si l’on n’a pas = m0; | 
y 

Cette équation ayant lieu, a, et par suite a,, c’est à dire tous les coefficients 
de Péquation (20) sont fonctions de la seule variable x, ce qui donne un cas 
déjà étudié et ramené aux quadratures. O’est le seul dans lequel la méthode 
indiquéé ne conduise point à une transformée canonique à l’aide des invariants 
proprement dits, quand a, n’est pas nul, et il est clair qu’il devait échapper en 
effet à toute considération fondée sur l'emploi unique de ces invariants. 

Si a, est nul, l'intégration dépend d’une équation différentielle, linéaire et du 

. troisième ordre, ne contenant aucun paramètre: la formation de cette dernière est 
le moyen le plus commode d'étudier l'équation proposée; mais, ayant déjà traîté 
ce sujet, je n’ai point à en parler ici. | 

Dans le cas général, jai montré comment l'intégration de l'équation (4) se 
ramène aux opérations suivantes : 
1°. Chercher une solution du système linéaire 


Y py- PZ =o, 

oy 

Z QV—QZ+U=0, | (24) 
D, E 

SS PV—TZ =o, | 


dans lequel la variable « est regardée comme une constante ; 

2, Intégrer une équation différentielle, linéaire et aa 3° ordre, où n'entre 
aucun paramètre. ; 

Or, on peut établir que la fonction Z joue le rôle d’un invariant relatif, 


de poids 1, pour toutes les transformations (8) et il en résulte que, si l’on consi- 
VOL. X. 
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dère l'équation déduite du système (24), à laquelle satisferait ’inconnue 

Zaz ?, 
isolée des deux autres, ses invariants absolus, sont, au sens même qui a été donné 
à ce mot par Mr. Halphen, des invariants de l'équation proposée (4), tels que 
nous les avons définis. | 

Deux cas surtout sont dignes de remarque. 

Le premier se présente quand toutes les relations entre ces invariants 
demeurent indépendantes d'y; les solutions du système (24) s’obtiennent alors 
par des quadratures ; | 

Le second a lieu, quand toutes ces relations sont au contraire indépendantes 
de x; le système (24), dont il faut avoir une intégrale, peut se réduire alors à 
une équation différentielle, du troisième ordre et linéaire, ne renfermant aucun 
paramètre, de sorte que tout le problème aboutit à des équations de cette nature. 
PARIS, le 20 avril 1888. 


On-the Primitive Groups of Transformations in Space 
of Four Dimensions, | 


By JAMES M. PAGE. 


In a series of papers published at various intervals ‘since 1873 Sophus Lie 
has developed a new mathematical theory, which he calls the “Theory of 
Groups’ of Transformations.” His researches are nearly related to several 
other branches of mathematics, especially to the “Theory of Substitutions” 
of Galois, to the Modern Geometry and Modern Algebra, and to the Theory 
of Differential Equations. Lie has very materially modified this last-named 
theory by basing it upon his Theory of Groups, and by showing that this is the 
natural and correct starting point for a Theory of Differential Equations. 

But, in order to derive practical advantage from the Theory of Groups for 
the Theory of Differential Equations and its kindred branches of mathematics, 
it is necessary to know some, and if possible, all groups of transformations. 
Lie has already given methods for finding all of certain classes of groups in any 
number of variables, although to carry out the necessary calculations in some 
cases may be practically impossible. However, he has actually calculated all 
groups in one, two, and three variables. It will be the object of this paper to 
find all of a certain class of groups—the so-called primitive ones—in four 
variables. | 

As Lie’s theory, since he has not yet published a connected work on the 
subject, is not generally known, we shall collect the principal definitions and 
theorems of the same needed in'this paper, in an | 


INTRODUCTION. 


À. We shall always operate with “infinitesimal point transformations,” 
inasmuch as they are most convenient for our calculations, and Lie has shown 
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how to find the groups of finite transformations by very simple means, when we 
know the groups of infinitesimal transformations. 
Lie defines an infinitesimal point transformation in n variables PY the equa- 


tions oy, +E, (tye My) Oe, i=l.. n, (a) 


where dé is an infinitesimal quantity, and where &, are “analytical functions” 
of their arguments, in Weierstrass’ sense of the word. 
For the infinitesimal transformation (a), Lie has introduced the symbol 


NS Cala...) #, 


or, when we write as is customary, 


h I Le + 
the symbol is 2 
XEYE Elta. tt) Dee 
1 


From this symbol we can see at a glance the form of (a); for if f is any func- 
tion of m,....%,, we have | 


F(a. ... al) f(a... a) + Xf) dt, 
ol =o, + &, (a... o a) oe. 


It is easy to see that the symbol X(f), or as we shall for convenience simply 
write it, Xf, is independent of the choice of variables.” 


If Xf, If... Xf 


are 7 infinitesimal transformations, they are said to be independent, when it is 
impossible to choose r such constants c as make the expression 


p cA f + Cado f + ee ae + C,A,f 


from which follows 


vanish identically. 
When we perform the operation 


(XA) — 2A X(N) = » X En) — ald) 2 


*Tf the infinitesimal transformation Xf is ees an infinite number of times, we get oo! finite 


transformations 
=H, +t. X(a) + - XX (a) +. 
where ¢ is an arbitrary parameter. 
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we say that we combine the two infinitesimal transformations X;f and X,/. For 
this operation we shall write Jacobi’s simple symbol 


f | (X,X;). 
Now lie has given the fundamental 
Definition: “If r independent infinitesimal transformations 4, /.... X,/ 


satisfy in pairs all relations of the form 


(XX) = 2 Css (J), PR 
. I i , . 
where the Ciz are constants, then form the infinitesimal transformations 


ye CALS, 
1 

where the c, are constants, a group with r mémbers.” 

The system of constants C, is called the composition (Zusammensetzung) 
of our group. | 

Any three transformations X,/, X,/, X,f must satisfy the celebrated | 
identity of Jacobi, | | 

(X,(X,X,)) + (ZX) + (K(GX)) =O, 

and this gives relations which the c,,, must satisfy, if they form the composition 
of a group, viz: 


r 
X s (Cijs* Cstv + Cing  Cigy + Cris Car) = 0 ? 
1 


| (8,059 8S x: 590) 
Lie has shown, conversely, that if we have a system of C which satisfy the 
equations last written, there are always groups with 7 members which possess 
this composition. 

If all C0, 
we say that our above transformations are in pairs commutable (paarweise 
vertauschbar), or simply commutable. We may take any r independent infini- 
tesimal transformations of our above group, say X,/....4X,/, as representatives 
of that group, since all of its infinitesimal transformations are included in the 
general infinitesimal transformation of the group | | 


r 


D X,f, (ef, const.). 


1 
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and when we know 4:f....X,f, we may at once write all other transforma- 
tions of the group. 

For a group of transformations of r members we shall sometimes use the 
symbol &,. 

If among all the infinitesimal transformations 


T , m 


dE OX, | | 


: i 
of our G,, there are some, say 


Ro. 
which form themselves a group, we call this group a subgroup (Untergruppe) 
of the original G,. If the Œ, contains a subgroup 


Vifdahift....+dyXf, b1....7—9, 


where relations hold of form 


Tp 


(PAS De luf, i b=.. r, 


l 
then is the subgroup Y,/.... Y,_,f said to be invariant in the G, Xf AS; 
and the Y,f are said to form an invariant subgroup. 
The finding of all subgroups of a given G, ree only the Los 
of algebraic operations. 
Two groups are said to be similar (abnlich) when by a proper choice of 
independent variables the one group can be transformed to the other ; that is, 


if we have the two G!, 
AF esar AT OOO AT ose AT, 


they are similar, when it is possible to introduce into X;,f such new independent 
variables that relations hold of the forms 


r 


AS X: Cua Kif, k=l... -r, 
1 
where cw are constants. 


We shall consider all groups known, which are similar to a given group. 


B. For a space of n dimensions we shall use the customary symbol fr; 
and for a manifoldness of Æ dimensions, M, . 
In all operations with infinitesimal transformations we shall be satisfied 
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with a first approximation to accuracy-; that is, we shall drop out of consideration 
infinitesimals of the second and higher orders. 


‘Now a function | Dire) 
is transformed by the infinitesimal transformation X/, in the same variables, to 
F p + X(p) à. 


We say that the function @ admits of (gestattet) the infinitesimal transformation 
Af, or is invariant under Xf, when 


X(?)=0, 
i.e. wher @ is a solution of the linear partial differential equation of the first 
order, | Xf = 0. 


If in the ordinary X Y-plane, a function @(xy) admits of each infinitesimal trans- 
formation of a G,, it is evident that each of the œ! curves 


> (xy) = const, 


_is unchanged by the transformations of the group; that is, each curve of the 
family is invariant under the group. Thus each ordinary point of the plane 
must be simply moved up on one of the curves by the transformations of the 
' group. In this case the G, is said to be intransitive. -If, on the contrary, a G, 
mwy can transform every ordinary point of the plane to every other ordinary 
point of the plane, the G, is said to be transitive. 

Similarly in R,, if a function o(a,....%,) admits of every infinitesimal 
transformation of a group, it is evident that each of the œt Mp1, 


(a... . Xa) = const. 


is unchanged by the transformations of the G,, is invariant under the G,. Here 
every point of general position in À, is moved up on one of these J,_, by the 
transformations of our G,. In this case our group in n variables is said to be 
intransitive. | | 
If, on the contrary, every ordinary point in À, can be carried by the trans- 
formations of our G, to every othersuch point in &,, we call the group transitive. 
Analytically expressed, the group | 


| D | DES emer: © à 
is transitive, when the equations 
a c EEE. E f = 0 
have no common solution. 
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But each member of the family of curves 

(wy) = const. 
in the plane, or, as we may write it, 

Y (D) = const., 
where ® is an arbitrary function of @, need not be invariant for the whole 
family to be invariant. The family as a whole is still invariant when its various 
members are swapped around among each other by the UREN: mations of our 
G,. Now we know 

@ (xy) = const. 
goes by means of the infinitesimal transformation Xf to 

p + X (p) dt = const. 
Thus if X(~) =>) 
the family of curves is as a whole evidently invariant. 
This family of curves is defined by a linear partial differ ental equation 70, 


a of 
Af= a Soon 
J= X +Y F 0, | 
and when the family is invariant ai Af, the differential equation is also said 
to be invariant under that transformation. 


The analytical criterium that 
Af=0 
should be i invar lant under Xf is 
(X, A) =p (ay). Af, 
where p is some function of æ and y. 


Now a group Af mere: ot 
in the plane is said to be amprimitive when it leaves a family of «1 curves, 
$ (xy) = ¢ 


invariant, % e. when 
X; (D) = Y,(6), el EPEE 
Otherwise is-the group said to be primitive. 
Similarly, in À, the œ*—27, 
Pi... Wn) = Chs +- e o Ong (Er © e En) = Cag 


are said to be invariant as a whole under the transformation Xf, in the same 


variables, when | 
X (ĝ:) = Q0, (d; cee Prg)» 
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where the © are some functions of 9, ....@,:_. These M, are represented 1 in 
R, by a system of g linear partial differ ovitial equations JO, 

| 0; A 

wheré 


=) a 

Y,f = i Kri (ay +. Xn) g } 
1 

and for these Y,f must hold the relations | 


(PY) = YE dhs (ta + ++ o tn) Vo 


Such a system is called a ‘complete (vollstandig)* system with g members.” 
‘It may be shown that a complete system with g members in n variables 
always has (n — q) independent solutions. 
The analytical criterium that this system should be invariant under the 
transformation Xf in the same variables is. 


g ’ 
i i= ae Pas (en +. + 0) PS 


where the p are some functions of æ, ....2,. 
Now we say that. a group Xf... e X,f in n variables is impr imitive, when 
it leaves a family of &æ*—2%7 (which fill R, exactly once), 
ilties tn) res. a aa a) — Chace 


invariant, ¢. e. when 


k= 1 eas = 
X: (Pr) = Qu (Qi < -o o Duo); 13 É 7 


1=1....7 
- where the Q are some functions of @,....0,—,. Otherwise is the group said 
to be primitive. 

If we hold any ordinary point in the plane, the directions through it are 
transformed among each other by the transformations of any group. If now the 
group leaves a family of œt curves, 

| | ?(xy) =e 
invariant, one such curve goes through each ordinary point in the plane; and 
when we hold such a point, the curve, and its tangential direction through that 
point, must remain invariant with the point. Lie has shown, vice versa, that a 
group in the plane is imprimitive, when with each ordinary point which we hold, 





*The Theory of the Complete System was developed by Jacobi and Clebsch. 
vou. X. 


se 
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an invariant direction through the point is connected —a necessary and sufficient 
criterium, 

Thus, a group in the plane is primitive when with each ordinary point Po 
we hold, no invariant direction is connected. 

Similarly in Æ,, if we have a group which leaves a family of "7M, inva- 
riant, through each ordinary point goes a pencil of œ2—} directions, whiçh are 
transformed among each other by the transformations of the group, when we hold 
the point. 

Lie has shown that if with each ordinary point in Æ, such a pencil of æ2—1 
directions is invariantly connected, a system of g linear partial differential equa- 
tions JO is invariant. If this system is complete, then it is evident that the group 


in question is imprimitive; if the system is not complete, the group may be 


primitive. | 

Applying the above to n= 4, we see that in À, there are three cases: A 
single direction may be invariant with each ordinary point; or a pencil of œ? 
directions, and no single direction, may be invariant; or a pencil of o? direc- 
tions—and no single direction, and no pencil of œ? directions—may be invariant. 
In the first case the groups are evidently imprimitive ; at any rate, it is easy 
to see that they must be so. Lie has shown that they are also in the second 
case imprimitive. In the third case, however, the groups may be primitive. 


C. From now on we shall confine ourselves to four variables. 
In the infinitesimal transformation 


4 
IFEX Baye... my) pr 
1 


the & are analytical functions, Thus, if x? is an ordinary point in R,, the &, may 
be expanded in its neighborhood in powers of x, —4?. Let us choose the 
origin as an ordinary point, and then we may expand the &, in its neighborhood 
in powers of a,. Thus we wi, write for the ne Mig of the origin 


Xf—= DE a: + > Bik Li Pr -F 5 Ying Cl P; + 


ikj 


Here a, B.... are constants, some of which may be zero. If the constant. : 


coefficients of all terms up to the (4— 1)* vanish, that is, if the transformation 
Af begin with ‘terms. of the 4" degree, we say XF is of the k™ order. : We call 
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the terms of the Æ degree of a transformation of the 4 order the initial terms 
of the transformation. 

_ It is easy to see that a transformation of the 7” order combined with a 
transformation of the 4 order gives a transformation of at least the (¢ + 4 — 1) 


order. 
4 


We may remark that all transformations of the forms 2 a;p; are mere 


1...4 ; l 


translations, and y btp, linear homogeneous transformations. 


Our object is to find all groups in Æ, which transform the directions through 
an “ordinary point, which we hold, so that no direction and no plane pencil of 
oo” directions is invariant. Having chosen the origin as an ordinary point, let us 
hold it, and see how the directions through it are transformed by a transforma- 
tion Xf. If we expand Xf in the neighborhood of the origin, we see that the 
most general transformation which leaves this pomi invariant has the form 


Xf= =) ĝi ik Ti Pr + Y gji Lr P; + 


tkj 
But Xf does Hanoi the points, very near the origin, with the coordinates 
de,. Any such point da®, together with the origin, determines a direction 
through the origin; and these directions are transformed just as the points very 
near the origin da, are. But we see, when we drop infinitesimals of the second 
and higher orders, that X/ transforms the points da;, that is, the directions 
through the origin, just as © 


Yf= > Balpe ` 


does; that is, the directions through the origin are transformed by a linear 
ne transformation. If now we have a G,, 


Xf... Xf, 


Lie has proved that all transformations of the G, which leave a point invariant, 
form a subgroup of the original G.. We have seen that all primitive groups 
are also transitive. Thus in the G, which we seek there must always be four 
infinitesimal transformations of the zero order: 


Denise k=1....4, 


# 


~ 


302 Pace: On the Primitive Groups of Transformations 


otherwise would every ordinary point like the’ origin be translated on.a mani- 
foldness by the transformations of our group; that is, the group would be 
intransitive. Thus in a primitive Gin R, there must always be (r — 4) inde- 
pendent infinitesimal transformations of the form 


ze v: Pk T re Wtr P; F ARS ° 


143 


pli, a 
and the X f must satisfy nn: of ie fon 
r—d | 
(XX) = 2 GX | (y) 
The directions through g ne will be transformed by . . 
rs Par LD p—=1l....r—4, 
exactly as by 20h «248. Xp: and if we substitute for X,f....X,_,f their ` 
values in (y), we find a | | 
(FANS De au, f the 1 te PS. 


That is, our primitive G, in R, transforms the directions through the origin when we 
hold this point just as the initial terms of tts transformations LO do. These initial 
terms of the transformations TO form, taken by themselves, a group of linear homo- 
geneous transformations. 

Thus to attack the problem of finding all primitive G, in Æ, we shall first : 
find all linear homogeneous G,, Yaf, in R, which leave no direction and no 
pencil of œ? directions through an ordinary point, which we hold, invariant. 
Then we take the transformations.of these linear homogeneous groups as initial 
terms of the transformations JO of the primitive G which we seek. 

But since the Y,f are linear and homogeneous in a.... a, we may con- 
sider the a,....2%, as homogeneous coordinates in fy. Thus to find the linear 
homogeneous G, in À,, we must write the projective groups in À homogeneous 
and linear In a... - Xg 

We shall ben Fe those of these linear ee G, which leave no 
direction, and no pencil of œ? directions, through an ordinary point which we 
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hold, invariant, and determine the combinations of the primitive G, and the G, 
themselves. 

, In calculating our primitive G, we shall make use of an important theorem 
of Lie. He has proved that if we can give a G, which has the same combination 
as a required G, and if the initial terms of the tr ansfor mations of the two groups are 
thé same, then are the two groups SIMILAR. 

Suppose now we ae a G, in À, 


AS errr oy À 
where the transformations have y developed 1 in series, so’ that 


me | ED Es + 
where we ie write the initial ts on the right hand. Then the expres: 


sions 
anf = = > Se 


form themselves a G,. If now 


rT 


(X;X;) = > CingX of ; 


: 1 
and at the same time : 


(XiX) —_ Se Crs Ast E 


1 


where ¢,,, are the same constants in both equations, then we say that X,f....X,f 
are connected by normal relations. 


D. Lie has found all projective G, in À; and has classified them accor ding 
to the figures they leave invariant. He distinguishes : 


(1). The general projective G, me leaves no figure invariant. 


(2). “ a : “plane “ 

(3). *“ ” i . ‘ linear complex invariant. 
Co £ ý «© straight line se 

(5).¥ t tt ce ce ce F, T 

(6). “ Sig . _ “ twisted curve ZITO invariant. 
(7). “l Š É “í “ point invariant. 


#7, is sometimes used for ‘‘ Surface of second degree.” 


va 
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Lie has already found the primitive G, in À, given by cases (1) and (5); we 
give them at the end of this paper. 

We may exclude case (7) at once, since that evidently assigns to each point 
of general position, which we hold, an invariant direction, so that the groups are 
imprimitive. Further, it is easy to prove by the theory of Pfaff’s Problém, as 
Lie has shown, that case (2) gives only imprimitive G,. ° 

Thus we have only the cases (3), (4), and (6) to discuss. The cases (3) and 
(6) give only one projective G, each, which assign to a point of general position, 
which we hold, no invariant direction. But there are a large number of sub- 
groups of the general G, in case (4) which may give primitive G, in Ry. 

Thus our first object will be to find these subgroups in case (4). 


E. The general projective group in À, which leaves a straight line which 


we may choose as z = Const. =c, invariant, 
has the form P, q, 2p, esse (To) ` 


xq, TP — YJ, YP +... (Un); 
r, ep + yq + 2er, cap + yzg + er... . (V 
| xp + yg....(W). 
We see that the transformations T, are in pairs commutable, and that they leave 
each of the planes z = ¢, and each point on the straight line z=, absolutely 
invariant. Further, the U, form a group which leaves the planes g = c singly 
invariant, but transforms the points on the straight line 2=c. We see that the 
T, form an invariant subgroup of the group Ur, Th. 

The V, form a group, of the same combination as the Up, which leaves the 
points on the straight line z= e invariant, but transforms the planes z= c. And 
the T, also form an invariant subgroup of Tp, Vye U, and V}, by the Principle 
of Duality, are equally privileged groups. | 

The transformation W leaves the points on the line z= ce as well as the 
planes 2==c both absolutely invariant. We see that Ta, U,, V, form a G— 
subgroup of our G,—of which each transformation is absolutely invariant 
under W. | 

From what we said above we see that the subgr oups which we seek must 
leave no point or plane in R; invariant. Thus: 

We wish to find ull subgroups of the above Gun which leave the straight line 
z= c, but no point or plane, invariant. 
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Consider two transformations of our G: | 
Se (ay: T; + BU, + Vu Vi T ô, W), 
i SS (aT, + BuU, + ya + GW). 


If we combine these two we get a transformation in which the new £ depend 


only on the old 6, and the new y on the old y. No à occurs in the new trans- 
formation. Thus we conclude that 


NE (BuU; T Yri Vi T Oy W) 


Se BU, NE ya 
form also a group 


If we compare the group X5 6.0, with the original G,,, we see that the 


form themselves a group. 
Further, we see that 


two groups transform the points on the line g= c in exactly the same manner r; 

and also the group NE ya, transforms the planes z= c just as the G,, does. 
Thus if the group Xe BuU; contains less than three members, a point on 

the straight line z= c will be invariant, which case is excluded. Same way 


must the group Semel, contain three members, otherwise we would have an 
invariant plane. 
Thus we wish to find all subgroups of the group 


Se Bu Tes dora’. 


which transform the above-mentioned points and planes so that no point or 
plane is invariant. Hence, since all the U must occur, we may write these 


subgroups, 
3 3 : 3 
Ui + 2 Oa: Vi, U, + 2 di Vi, Us + 2 as Vir DE BV, 
1 1 1 | 


But since all the V must occur, we may write the required groups, 


Vi + TA V, T Se i, Ver Sa, eyed, 
| 1 1 1 


* By a theorem of Lie’s on the groups of the M,. 
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Since U and V are equally privileged, we easily see that, the only. possibilities 
here are the two groups 
| V+ Un Vi Un Vs— Us, and Vi, Vp, Vs, Ur, Us, Uh. 

We shall call these two our “abridged” (verkürzte) groups. The G, which we 
seek must all contain the transformations of one of these abridged groups. 
Since the’ 7; and W transform neither the points nor the planes mentioned above, 
these transformations may occur in the required G, free, or added with constant 
coefficients to the transformations of one of the abridged groups. 


(A). Let us take up the case where the transformations of the first of the 
above abridged groups occur in our sought subgroups; that is, the transforma- 


tions of Vit U, Ve— U, V;— U, occur. 


(1). Suppose for the present a transformation W occurs at all; and also no 
meg transformation of the frm Jo Ò, T,. Then the transformations of our 


sought groups can only have the ic ms 


W+Ut+¥ aT, DU + YE BG, Vi + denn. 
Let us introduce new variables into these transformations by means of the sub- 
stitution | dr ee. y=y+ À. 
. Since nothing depends upon the symbols we use, we can drop the accents 
from the new transformations, and our substitution is equivalent to putting 
Oy = Og = h = 0. 

We now easily find by combining our transformations, and remembering that 
they must form a group, that the only possible group is | 

r+ ag, 2(yg + ar), wep + yeg + Êr — yp. 
It is easy to see that this projective group leaves the J, 

l y — 2% = 0 
and all generators of one family, absolutely invariant. 


If the transformation W occurs, it is easy to see that it cannot occur 
additively, 7. e. only free. Hence we get the group 


r+ag, ap + ya, 2(yq + zr), cap + yzg + #r— yp. 
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This group leaves the.}, 
y — ze = 0 


and two different generators of one family invariant. 
" (2). Suppose a transformation of the form 


: 4 
F | debt, 


occurs free. Suppose for the present that no W occurs; our transformations are 
r + xq + ur, 2(yq + zr) + SP GT, (xz — y)p + yzg + 2r + den 
S73. 0.260, + bh + DT + DT 
By making die same change of variables as in (1), we can again put 
Has | 


By combination we find that the transformations 


(ò + 83)(p — zq) + (84 — ôg + D), 


059 — dgzp 
must occur: . 
(1). Suppose à, = — à and 
(a). d—0. - 
Then we see (8; — 6:)(¢ + zp) 
must occur. i 
(i). Suppose ô = ð. Then must à, x ò + 0. Hence 
| pHa 


occurs. Any other transformation No aL, which occurs has the form 
ap + bq + cap. 
Combine this transformation with r + ag + > a; T,, and we see 


c(p— 2q)— aq, 
and | 2cq 
occur. If here c+ 0 we see 

Prd: Ps |, 


Vou. X. 
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must all occur. Thus we find the group . r 
r+ ag, yq + zr, (xe — y) p + yzg ter, P, 2P, q, zq- 
If the transformation W occurs, we see that it can only occur free, and we find 
a group of which the last is a subgroup, 
rag, yq + er, (ax —y)p + yqter, xp + yd, pP, 2P, g 2g 
It is easy to see that these groups leave two coinciding straight lines invariant. 
If above we have c = 0 and a + 0, we find these groups again. Thus 
c= a= 0, 
and we see then DEO; 
Our transformations now have the forms 


r+ ag + ap + agg, 2 (yq + 2r) + Bap + Beg, 
/ i 4 


(wz —y)p + yeg t r+ YE yTy p+ ag. 
By combination we easily find = 
| yı a = b= 0, P = — a. 
If now a, = 0 we find the group 
r+ xg, yq + zr, (xe — y) p + yzg + Àr, p + eg. 
If a, + 0, introduce new variables by means of the substitution 


a z Y 
tn f o 
gm— +e yrs 

Cig: g° I a,’ 


and we find our last group again. 
This group leaves the surface of second degree 


y — zæ = 0 


and two coinciding generators of the same invariant. 
If the transformation «p+ yp occur, it can only occur free, which gives 
the group | 
r+ ag, yg + ar, (a — y) p +yz + èr, p + eg, xp + yQ. 
This group leaves a surface second degree invariant, and also one of its gene- 
rators. 
(ii). Suppose now ò E dy. 
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Thus we see g + zp occurs. Combine this transformation with r + ag + ye uT, 


and we see P— 29, q 
occyr also. 

We see at once that no other transformation Des. T, can occur, unless all 
oceyr, a case which we have already finished. 

We easily find the group | 

r+ ag, yg + er, (az — y) p + yeg +27, q, 2P, Pp — zg. 
The transformation wp + yg may occur free, which gives a group of which the 
last 1s a subgroup, 
rag, ya ter, (2a — y) p+ yeg + Pr, ap +: q, Ep, p— 4. 

Lie has shown that these groups leave a linear complex and one of its straight 
lines invariant. 

We now come to the case 

(b). | do = — ds, à. R 


We see at once that the transformation q + 2p occurs. Combine this with 
r+ xq + Se aT, and then we find that also 





P— 9,4 
must occur. . Thus we have the same groups as in the last case. 
ih (I1). ò £ — dge —_ 
US, — : = "à — 0j 
p—2q+k(g+zp), k 3, Fe, 
occurs; also , Oo — dep. 


(a). If now ò + 0, then zp — - g occurs. Combine with 
3 


r+ agt Yi aT, 


and we see . P—2q, q 
occur. Thus we have again the same case as above. 
(b). If ô = 0, then à, + 0 and g must occur, with p— zg + k.zp. IfKHO, 
we see that we get the above case again. 
If k= 0, we have 
q: Pp — aq. 
Combine the last transformation with 
étre 
and we see that we get still our often-mentioned case above. 
These are all the groups possible in category (A). 
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(B). Let us now take up the case where the transformations of the abridged 
| group Di, Us, Us; Vis Var Va 
occur in our sought groups. 

(1). Suppose no transformation ST occur free. Then we have 


T+ So aL, T+ BG, Vit din o, 
di Kit YE aTa n+ YE GT, e+ Ye an. 


We easily find that this gives the group 
29, VP — YF, YP; T, p yg + 2er, (xz — y) p +yz ter. 
The transformation wp + yq may occur free, which gives the group 
x], OP, YJ, UP; T, Mp + yg + r, (az — y) p + ygt er. 
These groups leave two different straight lines in R, invariant. 


(2). If one transformation ye 8, T, occurs free, it is easy to see that all the 
T must then occur free. Thus we find the group 
xq, MP — YJ, YPi T, ep Hyg + Pwr, wap + yzg + er — yp, P,Q P, A. 
As ‘usual, xp + yg may occur free; and we find so the original Gy, of which the 


last is a subgroup which leaves a straight line invariant. 
These are all of our required groups. 


Lie has given general formulae for writing projective transformations in 

(2 — 1) variables linear and homogeneous inn variables. For writing projective 
transformations in «yz linear and homogeneous in txxx, the formulae are 

LY = LiPo, Vr E L ps, YP =X, YT = Xa Pg, 

ZP E= LD, 2F E Lg P, 

Pay) ŒE ae, T EE UP; 
v. UE — pa, Y. UE — my, 2. UE — Tg Pir 
U + wp E mpy — Pa, U + yg = wep, — Xa Pa, 
UA er E taps — WPa, 


å 4 
P 1 D Ee 1 D 
e ir 4 t Pi, YY a re t Ui Pis 
l ; | 1 


4 


AY = X3 P3 — ; i UP; 


1 
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where we write for brevity 


UZ xp + yq + or. 


If we reverse these formulae of transformation, and write the transformation 
$ 
4 


i C= 2 Li Pi 


1 


in the-variables xyz, we get zero, i. e. the “identical” transformation. Thus we see 
that when we write our projective G,, in xyz, linear and homogeneous in xxx, 
the transformation U may also occur in the linear homogeneous group, free, or 
added with a constant coefficient to the other transformations. ; 


CHAPTER I. 
A Twisted Curve IITO is Invariant in Rz. 
$1. 


The projective group written in the variables æyz has the form 
pt 2xq + 34r, wp + 2yq + 8er, 3x%p + 3ayg + START — = 2yp — 29, 
_ and leaves the curve JO | 
y — è —=0,z—-m=0, 
invariant. 
When written linear and homogeneous in a,x, according to the formulae 


| p. 310, the group has the form 
Lp + pa + Bip Ps, Wy Py — VP + 3 (tapas — Ps) 22, Dy + LP FLP, 


4 
1 


In the following we shall only write the initial terms of our transformations, for 


_the sake of brevity. ` 
When we have found the transformations of a group in finite form we shall 
enclose them in a frame to catch the eye. 


to which may be added 
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§ 2. 
Thus the transformations JO of the groups we now seek have the forms— 
writing only the initial terms— ° 
D= tp, + 2 p + sup, | 
D= nP — Un + 8 (044 — Vs ps), À 
Se = 2a + LaPa + BPs, 
to which may be added | $ 


UE Ji mp. 


1 i 
For the initial terms of these transformations the relations hold 
(S1) = — 281, (8185) = 8, (S83) = — 283, (SU) = 0. 
Thus we see that if the transformation U does not occur free, it cannot occur 
at all. 
We wish to see what transformations of an order higher than the first can occur. 
If a transformation ZO occurs it must have the form 


Xf = &y (axes) Pit & (rx) Pr + &s (xas) Pa + Ea (x104) Pa. 
For we know that the four transformations zero O:p, must occur; thus, if £, were 
a function of x, we could by a proper combination of X, A ith the », get a 
transformation JO of the form 


YF E tapı + no po + Ns Ps + MPa. | 
But Ff must be a transformation of our group, and so, linear in the 8,. We see 
at once that this is impossible, hence &, is free of Ag. Same way we see that 
Es, £a, &, have the above forms. | 
Since the £, are analytical functions of their arguments, we may write 
AJ = (aa + biw + cæ + ait + ets + fixy) Di + (agx + baxt + Ca) Ps 
+ (ai + bawa + Gé + dite + tits + Joints) Po + (ati + bars + cé) Pa 
where a, 6,....c, are certain constants. 
Combine now Xf with pz, and we get a transformation JO, 


“Af = (20x3 + bx + Ja) Pa + (bz + 2C3Xs) Ws, 


which must belong to our group. Thus we must have 
3 


4,f= ye Sr + aU ; 


1 
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where the « are certain constants. But we see at once that this relation gives 
Cy = Gy SS fy Og ey 0 
Hence 
A= G + bw + aag + dta + ati + Nit) Pi + Ap Pa 
+ (agar, + bei + due) po + (art + bits + caai) Pa. 
Now tombine Xf with p,, and we find a transformation JO, 
Lyf = (rats + ex + fie) Pr + (Ose + 20x04) Pas 
which must belong to our group. Thus as before we must have 


3 
Af=* BS, + BU, 
1 


where the B are certain constants. We find without difficulty that this gives 
nas at. 
Proceeding in exactly the same manner with Xf and p, and p, we find 
0) = 6, 3 GS GS SS a = 0: 
Thus we find that all constants are zero; that is, that no transformation JIO can 
occur at all. Also none of J/7O can occur, for a transformation ZITO combined 
with a transformation zero O gives a transformation ZIO, which cannot occur. 
We see in this manner that no transformation of an order higher than the first can 
occur. a Oo 
-~ We have now two cases according as the transformation Ọ occurs or not. 


$3. 


Suppose the transformation U occurs. In this case the transformations of our 


group are 
4 


Pir Par P31 Pa) Si = Ta Pi + 221 Py + 3% Ds; UE D: apr, 
1 


D =E MP — Wy Py + 8 (a4 — Xs Pz) ; 

Sg = 223 p + xapa + 8a, Da. 
Let us find the composition of our group. We see that the S, and U are con- 
nected by normal relations, and so are the S; among each other. We shall first 
choose the transformations zero O so that they are connected with U by normal - 
relations, 2. e we shall “normalize” with U, and then we shall see how the 


v 
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transformations zero O are connected with the other transformations JO and with 
each other. | 
. If now we combine p, and U we must get a transformation of our group, - 


thus, | oe | 
(AU)=p + X: as, + BU, (x, B consts.). 
1 


Let us introduce a new p, by means of the substitution 
3 
p=p + Xi 4S, + BU, 
1 
where A; and B are certain constants. Then we have 
i 3 3 
(R0)=P— Yo AS — BU + Di aS, + BU. 
1 l 


Now put A,=a,, B=P, 

and we have (pU) = Pi 

Since nothing depends upon the symbol we use, we may write this 

| (pU) = Pr; 

remembering that this is a new 7. i 
Proceeding in just the same manner we may write 


(PU) = P, | 
(PU) = Ps, 
(paU) = Pi. 
Thus we have normalized the transformations zero O with U. Let us find the 
relations between the p, and the S;. We have LL 


3 
(p81) = 2P + Se aS, + bU. 
1 . 


Form Jacobi’s Identity with p,, S, and U, thus 
((P181) U) T CS: U) Pı) T (( Up,) S1) = 0, 
or — 2(pU)— (pS) = 0, 
and (pS) = 2po. 
Thus p; and S, are connected by a normal relation. In exactly the same manner 
we find that the other transformations zero O and JO are connected by normal 


relations. 


in Space of Four Dimensions. 319 


It remains to see how the transformations zero O are connected among each 
other. 

We cannot say a priort of what order a transformation will be which we 
obtain by combining two transformations of zéro O, since no transformations of 
minus first order can occur. 

~ Thus we must write 


4 3 . 
(Pip) = Ye Pi + Se bu, + CU, 
1 i3 


where a,, b,, c are certain constants. 
Now form Jacobi’s Identity with pı, p, and U, thus 


. ((2122) U) + ((p2 U) pı) T (( Up,) pe) = 0, 


Sean 2(np)=0 


1 


à. €. | (p1P2) = 0. 
In the same way we find 


| (PiP) = 0. | 
Thus we have found the composition of our group, and find that all transforma- 
tions are connected by normal relations. 


A group of this composition whose transformations have the same initial 
terms is | 


Pir Pas Pas Paj WPi — Xapo + 3 (MPa — VPs); Z Pi + Vape + 8 Pa 
5 Xa pı F Pe + Bay Ps, MPa E Ly Po F LaPa + VPs. 


By Lie’s theorem, p. 303, this is thus the group we seek. This group is primitive, 
for with any ordinary point which we hold is, as is easy to see, no plane pencil of 
directions invariantly connected, and also no direction. 


$4. 
Suppose U does not occur. 
Here we have the four transformations zero O and the transformations JO, 


A == 4p, + Lay p. + 3a Do, 
D = CP, — Lpa +3 (Pa — Lg Pa), 
S3 = 2m pı Pape + 82 Pa. : 


Vou. X. . 
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We see that the transformations JO are connected by normal relations. To find 
the composition of our group, let us normalize with §,. We have 


8 
(p82) = p1 + dE aS, (a; const.), ° 
1 
and when we introduce a new p, by means of ; 
> | | 


P =y -+ > A,S;, (A, const.) ; 
1 


we get 


3 i 3 
(pS) = Pi — Se AS; + ye aS; — 24,8, + 24383. 
po 1 


We can evidently choose our constants A; so that 
(18:) = Pı, 

or, as we may write it, (po) = Pre 

In the same way we find 


(Po) — — Pr, 
1 (Pss) maS 3P3) 
(PS) = BPa- 
Now we wish to see how the p, are connected with S, and 8;. We have 
- 3 


TA 
(pS) = 2p, + Dia, (a; const.). 
1 


Form Jacobi’s Identity with »., & and S, thus 
(CP) S) + (Sp) + (S221) 81) = 0, 
or | ( 9,S;) = 2p,. 
Thus we see p, and 8; are connected by a normal relation, and in same manner 
we find that all (p,S;,) are normal. 


It only remains to see how the transformations zero O are connected among 
each other. We have 


| 4 3 
(PiP) — dE ap. + NE Bas, (a, B const.) k 
I i 
Form Jacobi’s Identity with pi, p, and &,; thus 
( (192) Ss) — (pipe) + (Pp) = 0, 


or | = de di Ci = 6, = 0: 


8 
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Thus, (Pipe) = Bas. 
| [(P1P3) = Y, 
Same way | (pips) = (paps) = 0, 


| | (Papa) = 0888, z 
O (Papa) = ai. 
Form Jacobi’s Identity with pı, p, and pz; thus 


(Copa) ps) + ((peps) p1) + (pap) pa) = 0, 


or 8b: ps + 8/1P3 = 0, yı = — fz- 

Also ((P1P2) 81) — 3 (pips) = 0, 

or 28.8, — 378 = 0, te Ba = y —=0. 

Similarly we find without difficulty by means of Jacobi’s Identity 
| | de & = 0. | 

Hence all i (PiP) = 0, 


and our transformations are connected by normal relations. Our group is evi- 
dently 
Pis Pos Pas Pas Xa Pı F. 221 PY. + 8x Pg, 20 pı + Xs Pz T SPA 
Hy Py — La Pa F 3 (a Da Sn Le Ps). 


This group is a subgroup of the one found in $3, and we see at once that this 
one is also primitive for the same reason that that one is. 


CHAPTER Il. 
A Linear Complex is Invariant in Ry. 
$1. 
The projective group written in xyz has the form. 
p—yr, a+ ar, T, ag, YP; xp — YQ, up + yg + zr, 
eg+a.U0, ep—y.U, cap + pa Tin, (where U= gp + yg + er), 
and leaves the linear complex 


de + xdy — ydx = 0 
invariant. 
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When written linear and homogeneous in 2,2,%,7, according to the formulae 
p. 310, the group has the form 
` EaP — Le Ps, LaPa F Wy Ps, LPs Ly Pq, WPi — Ly Po, LoP, 
a Pı + Las Ca Ps — Ls Par Kapa — Vy Py, LaPa, 
to which may be added a 


U= Se ap f 


1 


$ 2. 
Thus the transformations JO of the groups we now seek have the forms 
D =P, — te pz, Da = MPa + x ps3, D3 E aps, MUE N Po, 
Ss = G Pi — Lo Po, So = Lo Pi D = La Pr E Xo Da; Se = Xg Pa —~ Va Pa) 
Sy = Xg Pa — V Pa, Sto Es Pas 


to which may be added : 


L 
Let us see what transformations of an order higher than the first can occur. 
Let s be the maximum order, so that we suppose a transformation of form 
ASE EY, + EY Ds + EDs + EPP 

occurs, where the index (s) shows that the £, are of the s degree. 

Since in our group a, & are equally privileged with à, a,, we can suppose 
that £ and ES are not both zero. If now #P + 0, by combining Xf with 

© Pe, %yP3— Us Po, % Ps — Lz Po 
in proper order, we see that 
Yf= aip + Hips + EPp + Bp 
occurs. Combine y, and Y/, hence 
Zp = spi + yS Pa + yF PDs + YE Ds 

must be a transformation of our group. | 

Combine now Zf and Yf, hence 

ad tp + Ep + Ep + tp, 
| must occur. But s is the maximum order, hence 
2s — 28 +1, or s< 38. 

Thus when £ + 0, s< 3. 
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If & = 0, then & + 0, and 


AS = ES Da +é PPs Ak PPr 
Combine this transformation with 


Lp Pr, CDs — Ly, MPa F LPi 
in proper order, and we find that 


3 Der E Ep, + EP ps + Ep 

must occur, and proceeding just as with Yf above, we see s<3. 

Thus at all events is s< 3. 

Now let us see what transformations JIO, if any, can occur. If any trans- 
formation ZIO occurs, we wish now to show that one of the form 

EP, + EPp, Li ESP EP), 

must occur, where EP + 0. 

First we must prove that no transformation ZIO of the form 

ASE GPi + Eo Pa 

can occur, and since a, , are equally privileged with a, #,, of course then 
none of the form | + EP, 
could occur. | 

If Xf occurs, then must & be +0. For if not, a transformation 

| Epo = ti P | 
must occur. Combine this transformation with x,», and we see 
29610 Pa — wy Pi 

must occur. Combine the last transformation with xip, and we get a transfor- 
mation ZJO, which is impossible. | 

Thus £, + 0 when Xf occurs. 

By combining X/ properly. with «,p, and a, p,, we can arrange so that 


a (arts) Pı + ED, 


must occur. But from the transformations JO we see that £, can contain no a; 
here. Thus a transformation | 

ASE xi, + EP 
occurs. Combine 2,9, — qıp, with Xf and we see 


ra RIA 
Yf= ip + + {a ge Lo 5 ae tah ps 
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must be a transformation of our group. Here Yf must be the same transforma- 
tion as Xf, otherwise, by subtracting, we would find a transformation 








NaP 

which would belong to our group. But we saw no such transformation ‘can 
occur; thus Yf= Xf, 
and hence a ie oe E E ey 
Hence vl = ap. + on + baz + owe, + dati) pa. 
Combine this transformation with ps, p, and we see 

b=c=d=0; 
thus © LiP, + Aie Pa 
occurs. Combine this with p, and we see at once 

a = — 2. 

Combine now | LÉ Pi — 2e Po 
with xp, and we find that Lpa 


must occur. But we saw that this was impossible ; thus, no transformation of 


form Pp, + Ep, or fps + EPpy 
can occur. Thus if a transformation of form 


EP, +é PP F £ Op, A Pp, 


ZSE np + nP pst ners, 
we must suppose that £® + 0. Hence j 
Xf=E dp + ns + pe + Pre 
must occur. Combine this transformation with «,p,— «,», and we see 


at, 2 Ta 
Yf E p +a ore — Le oe + é) P + (a A — Le es ) Ps + O2: 


occurs, but not 














must belong to our group. Subtract Xf from p and we see that 


(ax Se — aly oa a) po + (a st — Hy Se ii Es) Ds + ()p4 


also belongs to the group. But this is a transformation of the form Zf, and 
since by hypothesis none such can occur, we must have 


ae 
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2 “2% _. 4 E ae, , _ 
oy Oa, — h Ja = Os Bee B On = £3, © "1 Oa, — = ky, 
and hence Eo = Eo (xyz, Ug, da), Es gi Es (L1, Vz, Ts). Wy 
and E= E, (2t, T3 ; La) „Tr. 


Since our transformation is of the JIO, 


Es = r . Es (X3, Ws), Ea = X. Ea (25, Xa). 
Thus a transformation of the form 
iP, + (atw + bsta + 003 + dæi) ps + 2 (ets + gx) Ps + ay (dxs + gx) Pa 
occurs. By combining this transformation p, Dn Pz, Pa We easily see that also 
LPi — 2X Py + (exw, + ex3 + da) ps + wy (ex + 2dx4) Pa + wy (Aca + Ets) Pa 


must belong to our group. Combine this transformation with x,p, and we see 
that «jp, must occur, which we saw to be impossible. 
Thus a transformation of the form 


Z TE gop (2) > + Ely (2) + EP, - 


must occur, if any transformation JI Q occur at all; and here £® + 0, and not 
Em, EP both can be zero. 
Combine properly with x,p, and xp, and we see that a transformation 


AJE & (a, Ts) Pa + Eps + Epa 


occurs, where all &, are free of a. Combine Xf again with ~p, and we find 


ot 





Oa, 28 + a 2) — ae 
But no such EE T can occur; hence 
Es = Bars), E= RES (xs). 
From the transformation JO we see ue no a, can on in & here; thus 
En ang, Ey arte + Na (ays), (a = const.). 
Thus a transformation JIO of form 


Ea (arts) Pa + axé ps + {a204 + 14 (arts) } Pa 
must belong to our group. Combine this with p; and we see a= 0; thus 


Xf = Ey (2123) po + Ea (2183) Pa, S 
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where £,.£, +0. By combining Xf properly with ap; — ap, we see that 


wi pa + Ey (arcs) Pa 
occurs, or . xi Pa + (day + bars + 0073) Pe- o 
Combine with p, and p; and we see | 

b= — 2, c= 0; ° 
thus | ai Pa + (dai — was) Po 


occurs. Combine with x,p, and we see 
AX f= wy ps + 2X Hy Pa 
occurs. Combine xp, with X,f and we see 
Aaf = GP — Lys Pa — Ur P3 


occurs. Combine #,f and X,f and we get a transformation 2/70; but such a 
transformation cannot occur; thus no transformation [TO can occur. 

We now have two cases according as U occurs or not. We easily see that 
U cannot occur additively. 


| $3. 
Suppose U occurs free. 
In this case we “normalize” with U just as in $3, Gide: I, and find without 
any difficulty the group 





Pis Pes Pas Pas Lai — Lo Pg, LaPa + Ly Pz, Ly Pg, Wy Py — Xo Po, Le P1, WPa, 
Xe Py E Lo Pi, Ly Po — MPa, Hy P4, LaPa — Ly Py, Ly Py + LaPa F Ly Ys3 F LPa- 


We see at once that this group is primitive, for the same reason as those found in 
the last chapter are primitive. 


$4. 


Suppose U does not occur free. 
Our transformations JO are 


La Pi — Xo P3; LaPa T Ps 43, Pos Ua Pa — LaPaz, Xa Pr, 
Ba Py F Vy Ps, La Po — LPa, LPa, LaPa — LaPa. 


Let us designate the first nine of these transformations in the order written 
respectively by #,....4,, and put 


T = Hy Pi — LaPa + (EPa — XPa) - 
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These transformations JO are connected by normal relations, and we see by 
combination that U cannot occur additively. We may at once choose the py, 
without loss of generality, so that l 


| (PT) = — P, 
: |@n= Ps: 
: (2T) = — ps. 


Further, we find without difficulty by means of Jacobi’s Identity that now all 
the relations (p,S;) are normal. It remains to see how the transformations 
zero O are connected among each other. We have 


4 5. 
(Pip) = YE bipi + de a8, + bT. 
` 1 + 1 


Form Jacobi’s Identity with p,, p, and T, thus 
( (PPa) T ) = 0, 


or (Pipa) = aD + as + aS, + DT. 
Also now ((m122) S)=0, de. a; —b = 0. 
Finally ((P P) Ss) = 0, i. e. a, =- 
Thus (P1P3) = 0. 

Analogously we find (PiP) = 0. 


Thus we find that all of our transformations are connected by normal relations. 
Our group is evidently 


Pirs Pas Pss Psy Mi — Ce Pz, Po Wy Pz, Ly Pz, Ly Py, Ly Py — Le Pp ; 
We, Lyf F Le Ps, LaPa — Ly Py, gPa, Le Ig — Wy Pa. 


This is a subgroup of the one in §3, and is, for the same reason as that one, 
prog. 


Vou. Z. 
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Carter III. 
À Surface of the Second Degree and One of its Generators Invariant in Rz. 


Si. 
The projective group written in the variables xyz has the form ° 
r+ ag, yg + zr, (ar — y) p + ygt er, mp + yg, p+ 2g, 
and leaves the surface of the second degree 
y — zæ = 0 

with one of its generators, invariant. 

When written linear and homogeneous in mxx, according to the formulae 
p. 810, our group has the form* 

KaPi — Ly Pg, MPa — LaPa Lz Ps — UPa, Lz Py — VPs, Vg Pı — Pa, 


Ly Py — Lo Pa — Lg P3 Ly Pa, a 
to which may be added 4 


U= >: Li Pi. 


i 


§2. 
Thus the transformations ZÔ of the groups we now seek have the forms. 


= Ly Py — La Pe D = LP; — Pa F 2X3 Pg — La Pa; S3 = U3 Po — Pa; 
Sig = La Py — a Pq, Sy = Ly Py — Lo Pa — LaPa + Ly Py, ` 
4 


to which may be added 
U= Ye LiP» 


1 
For the initial terms of these transformations the relations hold, 
(SyS_) = 28, (885) = D, (8,83) = 283, (SyS) = 284, 
° (SS) = (8185) = (8,84) = (S55) = (0a) = (8395) = 0, 
(S: U) aen 0 . | S 


* The form in the text is not that given immediately by the formulae p. cit., but an equivalent one 
which we choose on account of the following calculations being so somewhat more convenient. We 
obtain the group given by the formulae p. cit., when we perform the simple-transformation 

LIE Tg, Uy Mn, Wg = Las Vi 4, 
on the group in the text. 

The same change is made in the next three chapters. 


.* 


r 
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Thus we see that if U does not occur free, it can occur additively only with $,, 
in form D + aU, (æ const.). 


. Let us see what transformations of an order higher than the first can occur. 
No transformation J0 of the form | 


. | EP p, + ÉD: 
can occur; for then we would have 
g0 = =e (mas), ED = ED (ax), 
and by combining with p,, we find that then 
| ATEN 


Thus if a transformation LO of form 
4 


: xe Pp 


1 


occurs, we must have either £® +0, or Ef 40. We see also 


E H = p (£33), £ P= EP EP (Xos), gy = == EY p) (2X34), H P= gp EP (xxx). 
= J EP p: 
l l 


is a transformation sO which occurs, by combining Yf properly with xP, — %4, 
we can arrange so that 


Thus if 


L3 Pa + ny Ds + np, + nD, 


must occur, when we suppose £ +0. In this case thus, when s is the maximum 
order, we must have s< 8. 
If = = 0, then & +0, and 


x3 Ps + NSD, li nf wil + ny Ds 


must occur. ‘Thus, as above, s<< 3. 
Thus, at all events, no transformation of an order higher than the second can 
occur. | 
What transformations TIO can occur in our group? 
4 


~ (1). Suppose 
do EP. 
1 
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is a transformation ZTO which occurs, and let £® be +0. Then as above a 


transformation | | 
XF = XP, + Es (203) P3 + Ey (rss) py + Ea (24) Pa 
must occur. Combine Xf with x Pı — 2,9%, and we see 


Yf= a Po +. is -5 et 5 (a, sa paid 6 ) ps + Lo Pa 





occurs. Hither Yf is the same transformation as Af, or not; if not, a BeNOR 
mation ZTO of the form 

na (x3) Pa + m (Exata) Pi + Na (X4) Pa | 
which we get by subtracting Yf from Xf, must occur. Here we must have 
ns 0, and by combining the last transformation properly with x, p — «491, we 
see a transformation of form 


Lf = ps + mass) Pr + Ma (E24) Pa 
occurs. 
By combining p; with Zf we see that m, = m (x2). 
Combine Zf with ap; — xp,, and we see 


Om ge 
3. Ps + La de Pı + (e SE ne —7) Pa 
must occur. Subtract this transformation from a and we find . 
On 


Om Ons 
n Fe ty m Be = Mo 


or ny — UNa; Na = Bari, (a, Ba const.). 
Thus Zf = p3 + Or Pi + Bari Pa. 
By combining Zf with p, and p, we find 
= ae 0 
Thus Lf == Ps, 


and no such transformation can occur. 
7 we find that Yf must be the same transformation as Xf; that is, 


o o 
Lo Le = Éz, a a = 0, n Se = &. 
Thus Es = Allg, E = £ (ws, X4) » Ey = Vas, 
or .. HED, + atw Ps + (ex3 + dagta + exh) Pi + bros Pa 


occurs. 
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By combining this transformation with p3, p,, pa respectively, and express- - 
ing the results linearly in the transformation ZO, we find when U occurs free, 
| _e=e=0; a—=b—1-—d. 
Thus in this case the transformation ZIO, 


, Af == Lh Po + Wy Da — LaLa Pı F Xola Da 


occurs. Combine this transformation with xp, — +9, and we find that 
Xp f = Ps + Lots Pa + Late Pa — Vy, Pa 
also occurs, and by combining the general transformation JIO with p, we find 
that Xf and X,f are the only transformations ZZO which can occur when U 


occurs free. We easily see that if U does not occur, no transformation JIO can 
occur at all, and if U occurs in the form : 


S;+aU (œ const.) 
we find that X,f and X,/f can occur where 


w 


i a=— 2. 
Now we come to case: | 
(2), where £P = 0 in the original transformation JIO, 
| : 
Xf= Ye EP. 
1 


In this case we have a transformation of form 
n3 P3 F MPa T MP; 


and we saw on the last page that no such transformation could occur. 
In finding our groups we shall now distinguish the two cases where trans- 
formations 270 occur, and where no transformations ZIO occur. 


§3. 


Suppose no transformations ITO occur. | 
If the transformation U occurs free, we normalize as usual with it, and find 
without difficulty the group 


| Pis Pos Ps, Paj MPa — Wy Ps, Pi — LaPe F Lg Ps— Wy Py, LaPa — Ly Pa: 
La Pı — Lo Pa, Lı Pı — Lo Po — LaPa F Pa, Ly Py F Ge Po F Las + Ly Py. 


+ 
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But this group is imprimitive, since the family of œ? manifoldnesses 


fa = const. 
xX = const. 
is invariant. 
Suppose U does not occur free. Our transformations are then 


à 4 
Pri Pi — Ps E Sy, WPi — La Po F 3 P3 — tp = Sp, LaPa — V Pp = Ss, 


o Xa Pı — MPa = Si, 
4 


D +a. UE t pi — tP, — La Ps + La + à. >: LP saa 
l 
where a is some constant. 


Let us normalize with &,. 
We easily see that we can, without loss of generality, choose the transfor- 


mations zero O, so that (m8)= M, 
(Pad) = — Pa, 
(P) = Ps, 
(Pa) See | 


and we find without any difficulty, in the usual manner, by means of Jacobi’s 
Identity, that all the relations (p,8;) and (pT) are normal. We wish to see 
how the transformations zero O are connected among each other. 

We find directly from forming Jacobi’s Identity with »,, p, and &, 


(PPa) = bo + OT + bidi: 
s (PiPs) = bsi, 
(PPa) = a8, + aT + a, 
(PaPa) = Basa + OTH Bas, 
(PaPa) = 728s; 
(PPa) = oS, + CT + cas, 
where the b,b ....0c, are certain constants. 
Now form Jacobi’s Identity with p,, »,, S,, thus 


(2122) 8:1) + (pips) =O, 
or 4 26,8; + busi = 0, by = 2b, . 


Proceed in exactly the same manner with the other p,, Pr, S, and Pi, p,, T, and 
we find a number of relations between our constants, viz: 


ee 
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Gba == $5; 0. 
en AEN OR by =o. 


o Suppose a = 1, then b = y; = b = 8, = 0, a we have 
(PPa) = ba, (PaP) = baT, (PaPa) = — buh, 


and by forming Jacobi’s Identity with p,, pP, Ps, we find b = 0. 
Hence all of our transformations are connected by normal relations i in this 
case, and we find the group 


Pis Pos Pas Das Cg Py — Ly Pz, MPa — Lo Do F Bg Pg — Las Lz Yo — LD; 
Wg) — Ly Pg, Wy Py — LaPa — Ps + Ly Pg, Wy Py F WPa. 


_ This is a subgroup of the last one found, and:is imprimitive for the same reason 
that that one is. 

(2). Suppose a + 1. 

(a). Let a = 2; hence 

b= y= h= =a =h. 
All relations are normal except 
(PaPa) = BS; 

Thus we see that ,, p, is an invariant G, in our group, and hence the group is 


imprimitive.* 


(b). Suppose (a — (a — 2) 0; hence 
B=ea— j= 5; = 0, 


(P1P2) = beds, 

(PPs) = 2,8), 
(14) = 0 = (Peps), 
(PaPa) = 2b, S3, 
(PaPa) = baD- 


and we haye 


* For E i p: =0, p; =0 
is an invariant complete system with the two solutions 
T —=const., %, = const. 
Thus our group leaves the family of Œœ? M, , ta = const., #, = const., invariant. 


ow 
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Form Jacobi’s Identity with 7, Pa, PA and we see at once 
b= 0. 


Hence all of our ions are in this case normal, and we find again the imprim- 
itive group written above. 


$4. | l 
Suppose transformations IIO occur. 
Let us further suppose— 
(a). U occurs free. In this case we normalize with U as usual and find 
without difficulty the group: 


Pir Por Pas Pay Lapi — Uy Pz, Hy Py — LaPa + Lg Pa — LaPa, La Po — Ly Pe, 
La Pi — Ly Par yy — Ly Pq — La Da F Ly Py, Wy Py F We Po + He Pz Wy M4, 
Xg. U — (arity + data) Pa, Hy. U — (one + dons) Pr. 





This group is imprimitive, since the family of œ? manifoldnesses, 


= const. 


£; = const.’ 
is invariant. Let us now suppose 


(b). U does not occur free. Here, as we saw above, 
Ss rO 2 U 
must occur. Thus our transformations have the form 


Pry Xa Pi — Xa Pz = Sy, GPi — LPa + Lg Pz — w4 Pi = Sz, 
Lo Po — Vi Pa E Dzs Wy Pr — WY, — Va Pa + LaPa = Da, 
TE — & + 2U =E np + 3 yp, + tPs) + tPs, 
Ay f =E ty. U — (xX + Vata) Pa, Aof = 2. U — ( Pr. 


Lei us normalize with T. We have 
(ST) =aX + bX,f, (a, b const.). 
Let us introduce a new 8; by means of 
S, = 8 + AX, f+ BX,f. 
Then (BT) =aX,f + X,f—3(AXf) + BES). 
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Here we may choose our arbitrary constants À, B so that. 
(ST) = 0, 
or * (ST) = 0, 
as we may write it. | 
‘Same way, we may without loss of generality choose the other S, so that 


the relations (S,T) are all normal. > The S, and X,f are already connected by 
normal relations; we wish to find how the S, are connected among each other. 


nee (88) = 28, + A f + B1Xf : ` 
Form Jacobi’s Identity with S, S, and 7; thus 


(CSu) T) + (ST) Si) + (TS) &) = 0, 


or ((S18) 7) = 0, 
à. €. a, = Bi = 0. 
. Hence | (SS) = 


a normal relation. Analogously we find that all (S.8;) are normal. 
Now let us normalize the transformations zero O. We have 


4 
(pT) = p+ X 8+ oP + BRS + yS. 
l 1 
Introduce a new p, by means of 


4 DA 
| AEn+ DE AS, + AT + DE AZ | 
1 1 
Thus | 
: 4 2 l 4 
(pT) =p D2 AS; TT AT— NE AX f + dE aad, + aT + BX 
1 1 1 


; 2 
+ X,f— 248, — 8 DE AIX. 
l -A | 


Vou. X. 
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Here we may choose the constants so that 


(D T) = P ; 
or ' (iT) = Pp. | ° 
Analogously (PaT) = 3P, 
(PeT) = 3Ps, . 
(PaT) = Ps. 


Now to find how the », are connected with the other transformations’ of our 


gréup. We have 
(pdf ) == Sy t+ dif + AAS. 


Form Jacobi’s Identity with p, Af and T; thus 

(P:S) T) + (XAT) px) — ((m7) Xf) = 
or = 28,—3(uXif + af) + (pf) = 0, 
à. e. | (14,7) = A- 


Analogously we find that the other (p,X,/) are also normal. 
Now for the (pð). We have 


4 2 


(p191) — ye aS; + aP+ Se GX. 
1 1 


Form Jacobi’s Identity with Pr S,, T, thus 
(CPS) T) — (St) = 0, 
à. e. (781) = 0. 


In the same manner we find that the other (p,8,) are normal also. 
It remains to see how the transformations zero O are connected among each 
other. We have | 


4 R 4 2 
(p) = Xi upi t Yb ABTHYS GX. 
1 1 


1 
Form Jacobi’s Identity with »,, », T, thus 


( (Pp) T) a 4 (P1P2) = 0, 
à. €. | (pp) =.0. 
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Analogously we find (PiP) = 0. 


Thus all of our transformations are connected by normal relations, and we find 
the group : 


Pis Pas Pas Pa; t pı — LaPa, Wy Pı — Wy Py T Xz Da — C4 Pas La Pa — Ly Pas Va Pi — Xa Pas 
w Pi + 8 (2Ps + XPa) + LaPar Xg. U — (rit + ayy) Pas Ly. U — (XX + te) Pi. 


This is a subgroup of the one last found, and is imprimitive for the same reason 
that that one is. 


CHAPTER IV. 


A Surface of the Second Degree and Two Coinciding Generators Invariant in Rz. 


$1. 
The projective group written in wyz has the form 
| r+ ag, yg ter, (az —y)p Hy ter, p+, 
and leaves the surface y — 2x = 0 
and two of its generators which coincide invariant. When written linear and 
homogeneous in tæx3t, our group has the form 


Pi — LoP, WPi — LaPa E 3 3— Ly Ys, Lg Pa — LPs, UP — Lo Ms, 
to which may be added ; : 


U= Se Li Di» 
1 
S 2, 

Thus the transformations JO of the groups we seek in this chapter have 
the forms | | | 
= w Ppr T2 Ps, So E 01 Ppr Uy pa t Caps — Xp Py, De EN Pa — WPa, Da =E Xg Pr— Co Pa, 
to which may be added $ 


T=) p. i 


1 
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As to the transformations of sO which may occur in our group, we find 
immediately as in Chapter III, $2, that when s is the maximum order, 


sLB, - | P 


, Let us see what transformations IIO can occur. 
The calculations here are similar to those in the above-mentioned chapter 


and $. | 
4 
dye ; 


Suppose 
is a transformation JIO which occurs, and let us suppose for the present that 
EP +0. Then we see a transformation ZIO of form - \ 


As= X3 Pa T EP (as) Ps + E a (20034) P + E (224) Pa 
must occur. 
Combine Xf with S, and we find 


| 3 Ô 
Y= 23). + | oF — — T3 = + Esl pa + fas ss + Ki iy, oe — bh pa 


{né + a ji n — A 
must occur. 
If Yf is not the same transformation as Xf, we see e by subtraction that a 
transformation of the form 


nD py + aP Pps + nepa 
must occur, where yf is + 0. Hence we see that 
ZJ = ps + ny (ts) pi + nf? (x24) Pa 


must belong to our group. Combine Zf and #,, so 


ony On | One 
= Sas — | 0,5 Ja — % oe Al mn — Ge Oat, F % m ns| Be 


occurs. Multiply Zf by 3, and add to the last transformation ; thus we get 


On, On 
at — Aa i 4. 
On — Mah 1B = 9, An — Da Ox, by a das = 0. 
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From the last equation — af Ta 
y- Na = Ana (=) . 


But since na is only of the second degree, we have 
m= 0. 
We now easily find by combining Zf with the p, that also 
a = 0. 
Hence Lf = GPs, 


and we see at a glance that this transformation cannot belong to our group. 
Thus Yf must be the same transformation as Xf, 4. e. 


Oks Obs __ fa ky Ob, _ a Se a __ 
wa 3 Gg = a a 3 On, Um — = 0, be 9 Mt = = 2g. 
Hence | Es = Alatz, E = bris + Cast E, = den. 
Thus Xf = 05 Po + arp + (bay, + cs)? pıt ree 


Combine Xf with the p, and we find at once. 
a=b=c=d—=0. 


Since æp, cannot occur, we see that no transformation JTO can occur at all. 
Thus in the case where £@, in the transformation ZIO, 


DE, i 
mt P 


is + 0, no transformation JIO can occur in our group. 
If & = 0, we have a transformation of the form 


nip, + nS Ps + NP Pas 


which, as we saw above, cannot occur. 
Hence no transformations of an order higher than the first can occur in our 
TOUS. 
We shall, as usual, distinguish the two cases where U occurs free and where 
U does not occur free. | 
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83. 
Suppose U occurs free. 
We normalize as usual with this transformation and find without any diffi- 
culty the group: 


PiP PaPa; LaPı — Laps, Ly Py — LaPa + La Ps — LaPa, Va Pı — Vi Pa, 
Lo Pı — Lo Pas GPi F Lo Po F LaPa F LaPa- 


This group is evidently imprimitive. 


§4. 
Suppose U does not occur free. 
We easily see that in this case U can occur del only in the form 


Sitta.U (a const.). 
Thus our transformations JO are 


NE= Xa Pı — X Pz, Do = G Py — Va Po + Xa Ps — Pa, D3 =E LaPa — MPa: 
4 
T= Sy a. UE tpi — Pa + a XE wip | 


1 
Let us normalize with 8. We easily find that we may without loss of 
generality choose the transformations zero O, so that 


2 ( (pds) = Pr: 


( 72.83) — — Po; 
ap — fs 
(pad) — 7 Pa. 


Now we wish to see how the p, are connected with the $; and with T. We 


3 
(p6) = Z mS, + mT. 
1 


have 


Form Jacobi’s Identity with pı, S, and S,, thus 
| ((prSt) 85) — 3 (pu) = 0, 
Ù e. (p) = 0. 
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Thus p, and $; are connected by a normal relation; in the same manner we find 
that the other (p,8;) and (pT) are normal. 

It remains to see how the transformations zero O are connected among 
each other. 

In the usual manner, by forming Jacobi’s Identity with p,, p, and &, we 


find” (PP) = b, + OT, 
| (Pips) = bisi, 
(Pips) = GS, + aT, 
(PaDs) = BS, + BT, 
j (2,4) re Y3h93 5 
pans) = Sp + eT. 
_ Now form Jacobi’s Identity with p,, p, and S, thus 


( (PPa) Si) + (Pips) = 0, 
or — 26.8; ae bS — 0, bi — 2b, . 


Proceed in the same manner with Pi, Prs Sj} Pis Prs T and Pi, Pr, p,; then 
we find that our above constants must satisfy the relations 


a e E a Pa o e eee a 0, 


ab 22.0; 
Hence "(Pr Po) = (PiP) = (Pips) = (Papa) = (PaPa) = 0; 
( PaPa) =ß.T. 


These relations show that the transformations p,, p, form an invariant G, in the 
groups we here seek. Hence are these groups imprimitive.* 

If 8 + 9, it is easy to see that we find the dns very peculiar imprimi- 
_ tive group: 


á a? Bae \ 
v3 Ugly 
Pis Ps, Pst Cle Pı — -F Pas Pals Py — CoP, (a, — a V2 — Xo Pa 


3 a8 
+ Z Pas LPi — LaPa + La Ps — Ue Ps, Xa Po — GPa + Es Pr 


* Compare p. 829, note. 
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If, on the contrary, 6 = 0, our transformations are connected by normal 
relations, and we evidently get the imprimitive group: 


Pis Po Ps» Pas L4Py — Ps, LP — Lo Po F LPs — Las gPa — VPs |" 
gy — LaPa F A (Hy Py F LaPa F Lps + Ta Pa) - 


CHAPTER V. 


. À Surface of the Second Degree and Two Different Generators of one Fam ily 


Invariant in R. 


SE, 
The projective group written in the vanie xyz has the form 
r+ ag, xp + yg, (a — y) p + yeg + er, ya + er, 
and leaves the surface of the second degree 
y — ee 0 


and two different generators of one family on this surface invariant. 
When written linear and homogeneous in «axsx,, the group has the form 


` Pi — Lo Pg, Py — LaPa F Logg — LaPa; LaPa — GPa; Ly Py — La Po — L3 Ps — La Pa 


4 


to which may þe added 
U= ji «, De. 
1 
$2. 
Thus the transformations JO of the groups we seek now have the forms 


La Pı — MPa = Sy, LP — La Po + La Ps — Pa = So, aP — G Pa E Sz, 
Wy Pı — Lo Po — La Ps + LaPa = Su, 
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to which may be added : 


1 


‘What transformations ZTO can occur? If any transformation ZIO occurs, 
it must have the form 


EP (x124) pi + EP (ass) pa + EP (eames) ps + EP (2124) pa 
= (axi + ayers + oxa) pi + ( ) Pa + () Ps + () Pa. 


By combining this transformation with the p, we easily see that all the constants 
ab:.... are zero. . | 

Thus, no transformation of an order higher than the first can occur in our 
: groups. | i 

We shall distinguish as usual the cases where U occurs free and where U 
does not occur free. 


$3. | | 
U occurs free. | 
Here we normalize with the transformation U as usual and find without 
difficulty the group: 





Pis Por Pss.Pas Lai VPs, Ly Py — Lo Pr Tr Ts Pg — Ly Pas U3 Pq T XP; 
Li Pi Ba Pa — Ua Ds + LPs Ly Py F LaPa F 3 Y3 F XPa. 


We see at once that this group is imprimitive since the family of œ? M, 


li = const. 


X = const. 
- as well as that of i = const. 
| La = const. 


are invariant. 


$4. 


U does not occur free. 
It is easy to see that U can occur additively only in the form 


Sta. U, (a = const.). 


VOL + X. 
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. Our transformations JO are ` 


Sy = LaPa — Pz, Do E GPi — La Pa + Cas — LaPa, Ds = Vo Pa — MPa; 


4 ‘ 


Ny a. U E Pi — Xa Po + C3 Ds + Ly Py + aS p= T: 


1 
Let us normalize with S,. We find as usual without trouble. 


( (P10) = Pr, 

(PoS) = — Pr, 
| (PS) = Ps, 
l (Pa) = — Pa. 


We find in the ordinary manner that all the other relations (yj), (pT) are 


normal. | 
We wish to see how the transformations of the zero O are connected. We 


find in the usual manner by forming Jacobi’s Identity with p,, Pr, and &, 


( (7192) = BS, + DT, 
| (PPs) = 68), 
(Pips) =a,8, + aT, 
(Paps) = Bad + ET, 
(PaPa) = as, 
(PPa) = CoS, + CT. 


By forming further Jacobi’s Identity with Pi, Pr, S;; Pi, Pr, Tand Pi, Pe, Pis 
we fnd for our above constants the relations 


e e a a 0, c= — b, by = y; = 20, = ey, b —b +y = 0, 
a.b = a.b = 0. ` 


Ifa +0, we see that all constants are zero, and our transformations are all con- 
nected by normal relations. This gives the group: 

Pis Por Par Pay Car — LPs; Ly Py —~ Ly Po F Hy Pg — aa; Lz Po — Vy Pa; 

Li Py — LaPa — Ug + Ly Py t a (Py + LaPa + wy pz + XPa). 





pore 
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If, on the contrary, a = 0, we have 


(PiP) = by ($ + 384), 
(P1P3) = 26,8, 


(P1Pa) = 0; | 
| (PaP) = 0, 
: (PaPa) = 2b: Ss» 


(Pap) = b (8; — 38). 
Here we may suppose b + 0, otherwise we would get the above group 
again, We may arrange so that b, = 1 if we put 2,.p. for a new p,, and bz. ps 
for a new p;. This gives the group: 


Pis Po + LP — (das, — ges) Po — Dita Ps + UNPa, 
Pas Pa + Dita Pr — Uka Po — (Ass + Dit) Ps + 2h Pas 
41 — Ly Pg," Pi — LaPa + Wz Ps — Las La Po — Li Pas 
X1 Pı — La Po — Wg Ps T La Pa. 


Both the groups in this § are imprimitive, since the family of œ? manifoldnesses 


p = const. 

La = const. 

is invariant under both. | 
CHAPTER VI.: 


A Surface of the Second Degree and all Generators of One Family Invariant in Rz. 


$1. 
The projective group written in the variables xyz has the form 
r+aq, yg + zr, (az — y) p + ye ter, 


and leaves the surface of the second degree | 
y — zæ = 0 


and each generator, of one family, of this surface invariant. 
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Written linear and homogeneous in the variables a,a,0,0, our group has 
the form | 
Ba Pi — Xp Pg, Ua — Ly Pa F Xa Pa — LaPa, Va Pa — MPa 


to which may be added : 


T= YO wep. 


1 


$2. 


Thus the transformations JO of the groups we now seek have the forms 
4 


S = Uy P1— Le Ps, Sy = L1 Py — Lo Po + Xa Ps — MaPar Da E Va Pa — HP, UES 2 Li Di, 
1 
where Ü may or may not occur. For the initial terms of these transformations 


the relations hold, 
(S) = 28,, (8183) = 82, (8,83) = 283, (U) = 0. 


Thus we see that if U does not occur free, it cannot occur additively. 
| Let us see what transformations JIO. can oceur. 
We easily see that the general transformation /ZO has the form 
Xf = EP (xx) pr + (EP (x3) pa + ES? (ays) Ps + EP (arts) Da 
= (ami + baies + exi) Pi + () pe + ()ps + () Pa 


where a, b, c.... are certain constants. If now we combine Xf with 
Pis Por Ps, Py and express the results linearly in the transformation JO, we find 


GS = p e a 1 


Thus no transformation ITO can occur, and-so none of an order higher than the 
first can occur. 
As usual, we have two cases according as, U occurs or not, 


$3. 


Suppose U occurs. 
Here we normalize with U as in the preceding chapters, and without any 
difficulty find the group: 


Dy, Pos Das Pas Rai — Uo Dr Ly Py — Ly Po + LaPa — Xa Ve, 
Lg Pa — Uy Pay Cy Py + Le Po + Xs Ps + Vy Pa- 
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This group is imprimitive, since the family of «I, 


| xı = const. 
| La = const. 
as well as that of : f x, = const, 
xz = const. 
are invariant. 
$4. 


Suppose U does not occur. | 
Let us normalize here with $. Our transformations are 


Pis Par Pos Pas Xa Pi — Xa Ps = Si, Wy Py — Lp Po F La Ps — La Pa = Sy, Va Po — Py = Ba. 


We easily see that, just as in §3, Chap. I, we may choose, without loss of 
generality, the transformations zero O, so that 


i (Pus) cake Pi; 
| (PS) = — P, 
| (Pasa) — Ps: 
\ (pS) = — pa. 
Now let us see how the transformations zero O are connected with the 


other transformations JO. We have for example 
i 3 


(PS) = >> CAN (a; const. ). 


1 


N 


Form Jacobi’s Identity with p6, and $,, thus 
((p8:) 8) — 8 (18) = 0, 
| or | (p) = 0. 
| Thus (p,S,) is normal; same way.we find that the other (Prsi) are also normal. 


It remains to see how the transformations zero O are connected among each 
other. We have 4 


| 3 
(Pip) = Ye ti Pi + > b,S;. 
1 1 


Form Jacobi’s Identity with p,, De and 6, thus : 
(pit) S) =O, 
or a; = b = b = 0 


and (21 Po) = brg. 
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(Pips) = dos, 
À (Paps) = Ss, 
| (PoPa) = es, 
(ps9) = Jaa. 


Now form Jacobi’s Identity with »,, p, and &, thus 
((P:Pa) S53) — (Pp) = 0, 


Same way | (2123) = adi, 


Or . 28 — egs = 0, 2b, = 63. 
Same way (( 2192) 8) + (pips) = 0, 
or — 26,8, + aS, = 0, 2b, == ay. 
Further — (Ps (PiPs)) — (Pı (paps)) + (Po (MPs) =O, 
or — bPa — Pi — Gy P3==0, by = — ay, Cg==0. 
Thus by = à = G == & = 0, 


and we easily find in the same way that 
| h Eh = 0, 


Thus all of our transformations are connected by normal relations, and we 
evidently get the group: 





À Pis Pos Pas Das WPi — Uy Ps, Da Da — Lo Po + Xa Pa — LaPa, L3 Po — Pa 


This is a ns of the one found i in the last $, ai is imprimitive for the same 
reason that that one is. 


The necessary limits of this article do not permit me to give at present the 
calculations in the four cases which remain of this problem. Suffice it to say 
that I have finished these somewhat long and difficult calculations, and have 
shown that no primitive groups, except those already known, exist in the space 
of four dimensions. I hope to publish the calculations themselves at a later date, 
thereby furnishing a solution of a considerable part of the important and exten- 
“sive problem of finding ALL groups, primitive and imprimitive, in R4. 
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Synopsis of all Primitwe Groups in fy. 


. We shall designate those groups, which Lie has determined, as he has done, 
and refer to his works for an explanation of the names, when such is needed. 
(A). Groups which transform the directions through a point, of general posi- 
tion in E, which we hold, in the most general manner possible. 





1). 





Duy Ce Puy 0,0; ta U; a U, ty U;i,k=1....4, 
4 


Here as usual U denotes Se a, ps. This is the general projective group in Ra. 


1 


2), 


Pir Mi Des 4, heler 








This is the general linear group. 





3). 


Per Ue Pry CPx — Uy PR; 1 T k; t, k= EE. 


This is the special linear group. | 
(B). Groups which leave a Surface of the Second Degree in Rg invariant. 


1). | Pos Pe Pe} Pe co earn: T | 


This is the group of Euclidean motions (Euklidische Bewegungen). 


4 


2). Di; Li Pr a Ty Di; yi £; Pj 5 à, k= 1 we = 4, 
1 


serene 


This is the group of Euclidean motions and similar transformations (Euklidische 
Bewegungen und Ahnlichkeitstoff). 


3). | pi — C U, Pr — trp; t, k=1.... 4. 
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This group leaves a surface of second degree 
4 


2 sp 


1 ' E 
in À, mvariant. 





4 


Pir iPr — Uy Pi; U, 2x; U — p,. 2 x; talb =e LL: 


1 


4). 


This is the group of conform transformations. 
(C). Groups which leave a twisted curve TTITO in R; invariant. 


1) Prs Pi — XPa + 3 (LPa — LaPa), LP, + LaPa + LaPa + VPs, 
Pı + 2Ps T BL Pg, 2Xy Py F L3P_ + BN Pa. 


2): Puy UP + Py + 3X Pz, 2 My F Xapo 8X, Pa | 
Ly Py — Wy Py + 3 (as Pa — LaPa) - 
(D). Groups which leave a linear complex in R; invariant. . 


Pry LaPi— Xe Pz, MPa T LPa, LPs, Ly Py — Wy Py, Lor, Wy Yo, Le Py + LoPa) 
La Po — Uy 94, Ly Pq, Ly Pg — Ly Pg, XP + LaPa F Ugg + LaPa- 





1). 





Day Lai — LD Ly Dy + Pz, Mass WPa, LP; — LaPa, XM, 


2). 
La Py + LaPa, Lg Po — TiPs, 3g, Ly Py — La Py + Xz Pg — Ly Pa 


These are all the primitive groups in space of four dimensions: only eleven in 
number., | 


Line Congruences. 


By W. ©, L. Gorton, Fellow at the Johns Hopkins University. 


This subject, which has already been otherwise treated by Hamilton and 

Kummer (Crelle, Vol. LVII), I propose to treat by quaternions, I have obtained 
_ allthe results given by Kummer in the above-mentioned paper, and have also been 
enabled by the method employed to carry out certain steps which he has only 
indicated. Since in this paper the straight line is determined as a function of 
two independent parameters, there will be a double infinity of the straight lines 
. in space, and through each point in space will pass one or more rays. Every 
ray will be determined by a point through which it passes which we call the 
initial point, and by its direction. We will take a surface cutting all the rays as 
the locus of the initial points, and then through each point of the surface will 
pass one or more rays of the system. Lets = @(¢, u) be the equation of this 
surface, and let the direction of the ray be given by + — Wey , where @ and 4 
are vector functions of ¢ and u. The locus of the extremity of + will then be 
a sphere of radius unity, and when we refer to the surface + we will mean this 
‘sphere. The equation of any ray then is of the form | 


p= + ar, 


S1. 
The Foci and. Focal Planes. 


Let p =o + r be the equation of any ray, then any consecutive ray will 
be of the form | p = © + do + y(r + dr). 
In general this ray will not cut the ray 7, which we will refer to as the primi- 
tive ray. In order that it may, we have.the necessary and sufficient condition, 
| dp = do + adv + dur = 0, | 
which gives us Srdodr = 0, (1) 


Von. X. 


~ 
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a quadratic in dé and du; which will therefore give us two values of the ratio 
of dt to du. This quadratic may not always have its roots real. They will be 
real or imaginary according to the law which unites the straight lines into one 
system of rays. Therefore we have two kinds of systems of rays, one in which 
every ray is cut by two consecutive rays, and the other in which a ray is gene- 
rally cut by no consecutive ray. As a third kind of a system, we have that in 
which certain rays belong to the first and others to the second kind mentioned 
above. The points in which consecutive rays cut the primitive ray we will call 
the foci of this ray, and the planes of these rays and the primitive ray we will 
call the focal planes. To obtain the distances of the foci from the initial point 
of + we have i 

do = 0,6 dt + d,odu 
and dr = 0,7 dt + 0,Tdu, 

dp = do + xdr + dar = 

= (0,0 + xor) dt + + xot) du + dat = 0, 

which gives us 


Sr (do + raro + xdr) = 0. (2) 
If we call the roots of (1) 5 - and = ~ then | 





re = dr dt, + rdin, 


dr, = dr dt, +2 «vds 
we will call the focal lines. 


For the ray in question we will take 
Soror = 0 and Tor = To,r = 1. 
Since we have two independent parameters, if dr and 0,7 are not perpen- 
dicular, let us take ¢ and u functions of two new parameters, say # and w. 


Let t= n (t, u) =a, + at + aw +.. 
u = G (t, w) = bi + Bt! + baw +.... 
Then dt = nit! + n/,du! 
and . du = Eat! + Cl, du! E 
and -o dæ = (nOr + Glor) dt! + (“hog + Car) du’. 


We may assume any value of # and w’ for this ray, say 0, 0; for if they had the 
values # and u! we could take ¢/— # and w’— wi as new variables. Then for 


this ray we have 
Fu Pres ls = 
Ver camel Cs; Vast mn Ag, cs —— ba and cl, — bs, 
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since the derivatives of the terms containing #/ and u’ to more that the first degree 
would contain ¢’ or w’ and therefore vanish. We have then 


dr = (ar + 00,7) dt! + (asdT + 50,7) du’. 


In any case Srdr = 0 since T7= 1, and therefore GT and d,7 are always 
perpendicular to +. If dr and 0,7 have not the same direction, since we have 
at our disposal four arbitrary constants, we can make 


at + bur and a,0,7 + 6,0,7 


have any directions perpendicular to 7 and any lengths we please. It is evident 
that we can make ðr and 0,7 perpendicular for any ray since we have an 
infinity of constants at our disposal. We will so choose a), a, b, and b; that 
dr and ðr will be the bisectors (of length unity) of the angles between the 
focal lines. We can evidently always make this choice, since if the roots of 
(1) are not real they are conjugate imaginaries, and hence the bisectors of the 
angles between the focal lines are always real. Thus we have now 


So,707 =0, Ta,r = Tor =1 


for the ray in question, and in every case, since the tensor of + is constant and 
equal to-unity, Srdr = 0. Let us choose also as the surface o (the locus of 
initial points) the locus of the point midway between the foci on any”ray. This 
point we will call the centre of the ray, and thus o is the locus of centres. Let 
us now see what simplification these assumptions will introduce into our formulae. 
Since 0,7 and 0,7 are the bisectors of the angles between the focal planes, we 
must have the sum of the roots of (1) zero, therefore 


STAAT — ST0,T0,0 = 0. 
Also, since we have taken the surface o as the locus of centres, the sum of the 
roots of (2) is zero, 


“. St0,00,0 + Svd,00,0 = 0, 

which two equations give us | 

ST000,7 = 0 

and 5 STaTO,6 = 0. 
Putting for r, drû,r, we have 


NTI uT = SOTO TOO, = — (0,7) SAT = Sac since (0,7) = — 1. 
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Also 


Srarro, ¢ = — Soevo,o = — S0¢070,70, = — SO,00u7; 
. Hoot = 0, | (3) 
eve = 0. ° (4) 
§2 ° s 


The ‘Vertices of the Ray and the Principal Planes. 


We will now find the distance from the initial point to the foot of the 
common perpendicular to + and any consecutive ray. The direction of the 
common perpendicular is rdr. We must have 

| xt = do + y (T + dr) + adr. 
a by S(t + dz) qdr and neglecting terms of thé third order, we have 
a (dr) = — Sdodr, 


ee Sdedr 
oe Ga 
Since do = Jodi + d,0du 
and PEE dv = Jadi + d,7du, . 
we have | | didu (SO, adit + Sd) | | 1 
| dE _ + du? (1) 


For any value of the ratio of dé to du this expression gives the distance x of the 
centre of the ray from the foot of the common perpendicular 7 + and the con- 


secutive ray corresponding to this value of n . By giving < — all values from 


— œ to + we will get all the different values of x. For an values of dt and 
du the denominator of « cannot become zero, and therefore œ cannot become 
infinite; hence it must vary between two limits, a maximum and minimum 


i W Òx 
value. For a maximum or minimum value of x we must have a = 0, and 


therefore we have for a maximum or minimum $ 
dé + du? — 2d? = 0, 
dt N? 
or i) ara 
du a) = oe | (2) - 
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; ; di 
To obtain the two values of x corresponding to these values of the ratio of — , 


du 
since we have = = 0 and oh —.0, we must have | 
2xdt — (SITI + S0,TO,0) du = 0 
and | 2xdu — (SITI + Souro) dt = 0, 
and therefore i 


2x, Sd,70,0 + S0,T0,6 
N ATOS + S o uTO:O, 23% 
or . | e m - 0,t0,0 is SO.t0,0\? 





= 0. | (3) 


The points so determined we will call the vertices of the ray. By taking 


dt 
ane = + 1 we get 
= (Or + 0,7) dé 


and = (T — 0,7) dt. 


These lines we will call the ui lines. The planes of + and the principal 
lines we will call the principal planes. | 

. From (2) and (3) we get the following theorems: 

I. The principal lines bisect the angles between On and 0,7, and therefore 
the principal planes are at right angles. 

IL. The point midway between the vertices coincides with the point midway 
between the foci. This point we have called the centre of the ray. 

Let us call the roots of (2), §1, pı and p,, and the roots of (3), §2, 7; and n. 


Pr = HV 80,70,080,,70,6 , 
Pa = —V8d,70,0 80,70, , 


and S TOO + S0,T0,0 

T1 = Da a j 
EN SATO + SO,,70,0 

o 2 La | 

i oe 9 ; : 
we have De — ( S0,00,,0 : Ses os) | (4) 

or since pn=—p and 1.=—v7, 

A= (es > Sany, 
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We have thus the theorem that the distance of the foci from the centre is never 
greater than the distance of the vertices from the centre. We have for v, the 
distance from the initial point to the foot of the common perpendicular to + and 


any consecutive ray, 
| Sdodr _ dtdu(Sa,r0,0+ SOrd,o) 


TT) — dE F du 
Let us call.o the an gle which the common perpendicular makes with the 
first principal line. dr, = (0,7 + 0,7) dt. 
| | S’drdr (dt + du} 
D eye Sad DS Sn 
CoS O = (dz (dz,) {dr} 
9. Stdrdr,-__ (dt— du’? 
Sn o = ded F 
Sd,tdve + Souro,o (dt + du? 
| NUE cls hd doi ll sad Med d 
Ti COS © = 5 D 
800.0 + 80,20,0 (dt — du)? 
20) =< poe ae Be ee 
Ty Sin? © 5 CS 
+. 7, COS © + 7, sin’ o = — AE ie mL 
| (dry 
ur; 


Therefore we have the neat formula 
r= r COS © + r sin’ ©. | 
All these results have been obtained by both Hamilton and Kummer. 
For the foci we have | 
drilla 80,60 + 0,70 80,70, 
for the principal lines 
ar, = (dr -+ Out) dt, , 
Av, — (Oe _— OT) dt, . 
We have then for the equations of the focal planes, 
S(p — 0) r (ar So cor + 0,207 80.790) = 0 


and Sp — 0) T (OTN 80,607 — ATV S0,70,0) = 0. 
Putting t = ATAT, we have for these equations 
S(p — 0) {atv SITE — Or KaT t = 0, (6) 


and S(p — 0) aav Sd,70,0 + 0 tV/S0,00,0 f= 0. (7) 
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For the principal planes we have 
Sp — o) (dT — AT) = 0, (8) 
S(p—o)(Oe-+ a) =0 (9) 


These equations have not been given by Kummer. 


. §3. 
The Surfaces connected with the System of Rays. 


The foot-pôints on every ray of the system, namely, the two foci, the ver- 
tices and the common middle point, determine five surfaces as their loci. The 
two surfaces on which the vertices lie present themselves analytically as but one 
surface, in so far as they are both represented by one equation, but they may 
be looked upon as two surfaces or the two parts of one surface. Let us call the 
two surfaces F; and F,. These two surfaces so divide space that between them 
lie the feet of the common perpendiculars to any ray and all its consecutive 
rays, but outside of them none. 

When we have taken the surface o as the locus of centres and not making 


the assumption Tor = Td7=1, we have the eguanons of the principal 


surfaces, 
= (S0,r0u9 — S0ut00)' — 48 (Vout det) DaT 
eee J 48 (Vaura) dre ii (1) 
TA (S (Sd {TOuF — 5 Out O6) — 4S ( Va,rar) Oo Qu o ( 2) 
48 (Voutd;t) OTOT 


The two auias on which the foci of every ray lie, which we call the focal sur- 
faces and which we will designate by $, and @,, exist as real surfaces only when 
the roots of (1), §1 are real. Their equations are 








Si Srur, 

PT - + : SrTOTOuT (8) 
er Std,,¢ 0,0 

poe we STOT Out | 


We may now find what relation the rays have to this surface. For the tangent 


. ` plane to @, at the first focus whose o from the centre is i 


dp = (as + pot + g dt + (a, o + pdt TT CES qu, 
on | 
STOLOu? == ST (as + pide k Ti D(a o T 010.0 + Ta 
= Sr (0,0 + PT )(0,0 i pers ; 


` 
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but since p, is a root of 
St (06 + «d,7)(0,0 + xdr) = 0 

we have STOPOup = 0; - 7r (8) 
. every ray touches each focal surface, and the system of rays may be 
therefore looked upon as a system of common tangents to two surfaces, or a 
system of double tangents to a single surface. If the two surfaces &, and ¢, 
intersect, then every straight line tangent to the curve of intersection will be a 
ray of the system since it touches each surface once, namely, in the point at 
which it is tangent to the curve. The middle points lie on a surface whose 


— g + athe 


equation is 


a 


or = St a c + AQU) | 
a x ASC | (8) 


This surface is always real. 

All these surfaces may in special cases degenerate into lines or even into 
points. As a special case of a system of rays we may have all the straight 
lines through a point, in which case the focal surface is nothing but a point. 
Also the rays may be normals to a surface, in which case, as we shall see after- 
-wards, the focal and principal surfaces coincide. 


. $4. 
The Measwre of Density. 


Since Tr = 1, the locus of the extremity of + is a sphere of radius unity. 
Then for each ray of the system we will have a corresponding point on the 
sphere, and for each continuous succession of rays a continuous curve on the 
sphere. Ifat any point ofa ray we pass a plane perpendicular to the ray and take 
a closed curve, in this plane, then to the group of rays which pass through this 
curve we will have a corresponding closed curve on the sphere. If we take the | 
closed curve so that its points are at an infinitesimal distance from the ray, then 
we will have a corresponding infinitesimal curve on the sphere. The ratio of the 
area of the curve on the sphere to that of the curve in the plane (which in the 
case when the system of rays is normal to a surface, and the perpendicular plane 
a tangent plane, has been called by Gauss the measure of absolute curvature) 
we will call the measure of density. If at any point of a ray we pass a plane 
through it perpendicular to the ray, which will cut the bundle of consecutive 
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rays in a curve whose area we will call f, and the area of the corresponding 


D 


curve on the sphere we call &, then the ratio -;-is the measure of density of 


the system of rays at this point. We have 
= + TV. (de + dae) = + f TV .dedde, 


where ~ dr = Ordi + d, rdu 
and … de’ = 0 rddt + I ridu, 
ORS Jf (ddu — duðdi). (1) 
- For the perpendicular do + «(¢ + dr) on + we have 
| = + Vr}do + at + adr} 
= — gdr + + Vrdo. 


Then for the equation of the section of the bundle of rays by a plane perpen- 
dicular to + and distant x from the centre we have | 
p = zdr + + Vdor, | : (2) 
~. f= | [TV (xde + + Vdor)(oddr + + Vidor) ade + Vdor 
= Qe (adt — duSd,t0,0) + Our (adu — duS0,70,6) $ 


Let us write 
S0,70,6 = B and S0,70,6 = C. 


Then 
f= = J (adi — Bdu)(xddu — Còdi — (xdu — Cdt)(addi — Bôdu) 
= Z f (a? — BC) (dtddu — duddt), (3) 

Le f= («— BC)®, | 
or D 1 

J 7 &—BC' 
but Pipe pere FT. BC, . à X 
: 1 : 
we have + = Gaara 0e pi + p= 0. (4) 


Therefore we get the following theorem: The. measure of density at any point 
of a ray is equal to the reciprocal of the product of the distances of this point 
from the foci of the ray. The méasure of density of a ray at any point is 


always real even if the foci are imaginary. For points lying outside of the 
Vou. X. | ; 
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focal surfaces the measure of density is always positive, while for points inside it 
is always negative. We can easily see from the expression that it has its least 
negative value for æ = 0 or at the middle point, since PrP, is negative, and at the 
foci it is infinitely great. In the system of rays with imaginary foci the measure 
of density is always positive, since p,p, is positive, and is a maximum for «= 0, 
i. e. in the middle point. Ifwe now take a section of the bundle of rays at 
another point «, we have for the measure of density at this point . 


1. À 
er a 
. X 
fe 


We thus have the theorem that the area of a section of a bundle of rays at any 
point (the plane of the section being perpendicular to T) varies inversely as the 
measure of density. All the points on the different rays of the system which 
have the same value of the measure of density, lie on a surface which we will 
call a surface of equal measure of density. Since the measure.of density has 
all possible values, we will have an infinite number of such surfaces. For the 
equation of a surface with the constant measure of density $, we have 


1 
D + Pipe = as 
1 
wa LA — pip» 


therefore the equation is 


In order that these surfaces be real it is necessary and sufficient that a should 


lie betwéen pp, and œ. For = œ the surface will be real if the foci are real. 
We see then that the focal surfaces are surfaces of the constant measure of den- 
sity œ. The construction of these surfaces is very easy when the focal surfaces 
are given. 


§5. 
The Twist of a Ray. 


If we are given two lines in space, and as we pass along the second drop 
. perpendiculars from each point. to the first, then we will call the angle passed 


"e 
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through by the perpendicular from a point a to a point b in the first ray the 
twist of the second line about the first from a to b. 

For consecutive rays the twist for the length of the whole line is two right 
angles. If the two lines lie in a plane, the twist of the second about the first is 
zero or two right angles according as the segment of the first does not or does 
contain the point of intersection. 

We have for the perpendicular from do + æ (r + dr) to x by §4, eq. (2), 

. dọ = adr + T Vdor; 
at the initial point «= 0, 
dp, = T Vdor. 

For brevity write B= S 370.0, C= S9,70,0. Call a the angle made by 
dp, with the principal line dr, = (dr + 0,7) dt, 

S*dryt Vdor S?drar Vdor 


COS 2a, = cos” Xp + - sin? Xp — (dr) Vrdo) (dr (c Vdor? ; 


where di is the other principal line (0,7 — uT) dtz, 
dp = ot (xdi — Bdu) + 0,7 (adu — ` Odò), 
do, = — Bduge — Cda,r, 
S'drir Vdor __ (Cdt + Bdu)’ 
(dr:}(r Vdor?  2(B'du? + Cde)’ 
S'dr,r Vdor (Cdt — Bdu) 
(de}(r Vdor? — 2 (B'du? + Cde)’ 


_ 2BCdudt 
COS 2a) = Baw + Ode? (1) 
Cab Bade 
sin 20) = ms B DE ue Ode: (2) 


Let us.call 6 the twist of the second ray about the first when we advance 
from the initial point a distance x along the first ray, then 
T Vdodos __ a (Cd? — Bdu’) 
Sdodo, ~ Pdi? + Cd —x(B + C) dudt’ 
(B'du? + Cd?) sin p 
~ (Gi — Buu) cos B + (B+ O) dudt sin A ` 20 
2BC 


Multiply both ou and denominator by Ode Fa 


o 


tan 8 = — 


and add to and sub- 
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Cde — B'du? - 


tract from the denominator Bad Ford 8 6. We get 
” - 2BC sin p 
% — (B— Ol B'du® + CE) cos 8 + (B + C)}(C2d? — B’du®) cos 8 + 2BCdudt sin p! 
Bde + Cd | 
S 2 BC sin f (4) 
"FT (B—C) cos f + (B + C) sin Qa F A) ` | 


Let us regard @ as a constant angle and inquire along what rays we get a 
_ maximum or a minimum value of œ. The maximum and minimum values are 
evidently given by | 

sin (2a + 8) =1 and sin (2% + 6) =— 1. 


o .2BC sin f _ 28 sin f 
— (B— C0) csp —(B+ 0)’ (BC) cos P+ (BEC) 
Calling a the angle made by dp with dr + 9,7, we have 


Let us put 


ay 


Ê = a — dy, 


| 1, x 
1 1208 (a +3 8 —~P) (B+ 0), | (5) 
m ty 2BC sin B 
ï B vx | 
i oa 2 sin? (ao + -y — +) (B+ 0), (6) 
cos” ( + = >) sin? (a + 4) 
1 wF g EAN oT 9 4 (7) 
e Xo vy 


Thus if we proceed along any ray until its twist about the primitive ray is equal 
to a constant angle @, this equation gives us the relation between the distance 
along the primitive ray for this ray and the angle made by this ray with the 
principal line dr and the maximum and minimum distances. This relation 
becomes, when the rays are normal to a surface, the Hulerian theorem, 

1 _ cos a , sin . | 


R R R, ’ 








where R, and À, are the radii of curvature in the ‘principal section, and R the 
radius of curvature in any normal plane, and a, the angle made by this plane 
with one of the principal planes. In the case of the two focal rays the twist is 
either zero or two right angles. In the case where the foci are imaginary, the 
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twist cannot be zero for a finite segment of ihe line, and therefore thé twist of 
the ray cannot change its sense. Thus we hava two kinds of systems of rays with 
imaginary foci, those in which the twist is to the right and those in which it is to ` 
thé left. When the foci are real; the twist of any ray from one focus to the 
other is found as follows: ` - 


° | dp = 07 (xdt — Bdu) + 0,2 (xdu — Cdi) 
for the foci e= +v BOZ + A, 
then | dp, = dr (Adt — Bdu) + Gr (Ada — Cat) | (8) 
— dp, = dt (Adt + Bdu) + Cr (Adu + Cdt). (9) 
Calling @ the angle between dp, and do,, we have 
172 
tan? g = — 7 oes ae i 


Vdp,dp, = 44? (Bd? — Cdf}, 
 S?dp.dp, = (B — CŸ(Bdu? — Car), 
. R AA um 4A’ | | 
-and is therefore independent of = 
` We have the focal lines B 7 
à drill Bar eee / CIT, 
dix,||/ Bor + VO. 
i B) the angle between them, we have 
V'dr.dr, _ ABC 
S'dridra  (B— Cy’ 


Ce. | (10) 
Therefore we have the following theorem: The twist of any consecutive ray 


from focus to focus of the primitive ray is constant and equal to the angle 
between the focal lines. 


_ Since Æ = BC, we have 


$6. 
The Sections of the Burdle of Rays. 


If we construct at any point of a ray a plane perpendicular to it, we get an 
infinitesimal curve lying in this plane which is the section of the bundle of con- 
secutive rays. The vector equation of this curve is 

p = gdr + r Vdor, 
or p = Q (xdt — Bdu) + dut (xdu — Cdi) ;: 
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the origin being the point at which the perpendicular plane is constructed. 
To see the character of the sections at the foci, we put x= + A. Writing 
x = À we have 


p = Or (Adi — Bdu) + 0,7 (Adu — Cdt); ° 
A Q . T 
but -z — g since Æ = BO, | 
= ($ dt — du )( Bor — Ar) 
= /B (+ dt — du \( Boge — / Car). 


But the focal line driv Bam —sv Oð. Therefore we have the following 
theorem: The sections at the foci are lines coinciding in direction with the focal 
lines. The lengths of these lines are zero when 


WV Boa — N'Cd,r = 0, 


aad v Bog E V OdT = 0; | 
“PTE 0, C= 0. 
2 
But since Po = — gas ) 
and. pip = — BC, 
we have - | n=n= pS ps 0, . 


and therefore in this case the two foci and the two vertices coincide with the 
centre. Thus we have every consecutive ray going through the centre of the 
primitive ray. These rays we will call principal rays. Generally there are 
no principal rays since we have three equations to be satisfied, namely, all the 
coefficients of §1,.eq. (1) must be zero. : These conditions are in general only 
equivalent to two; but there is also another condition, namely, that- the foci 
must be real or 


SATA = S0,70,0 . 


In case only the two foci coincide with the centre, the section of the bundle of 
rays is only a straight line at the centre. The section in this case would lie in 
the plane in which the two focal planes have united. Because the condition 
that the two foci coincide with the centre only involves one equation between 
the parameters, there is generally a continuous succession of such -lines which 
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form a ruled surface. All rays which are tangent to the curve of intersection 
of the two focal surfaces have their foci coinciding. 
Let us now investigate the character of these sections. Suppose dé and du 
are connected by the equation 
| Bd + Od? = x’, 


whére x is an infinitesimal constant. We have 
dp = (xdi — Bdu) dc + (xdu — Cdi) 0,7. 


Since 0,7 and 0,7 are unit vectors perpendicular tc each other, we may write 


edt — Bdu= X, 
and edu — Od = Y 
then di = men Meola and du = ol aan 


Therefore the Cartesian equation of any section is 


X + BY? vY + OX? 


2 2 
Pgo) + F0) =” 


Thus we see that under these conditions the section of the bundle of rays is 
always an ellipse with its centre in +. 

For «= 0 this is a circle. Therefore the perpendicular section at the 
_ centre of the ray is a circle of radius x. 
If we call 3 the angle made by the major axis on any section with X, we 


have _ 2BC 
| | | tan 23 = x (C— B) ) 
or, since pip = — BO, nos 20102 
~ @(B—0)’ 
for «= pı, 202 
tan 23 = (B—O) 
for £ = pp, 2 
tan 23 = (BO) 


These give us the tangent of double the angle made by the focal lines with 3,7. 
As we shall see further on, in the case when the rays are normal to a surface, 
Bea, : olan QoS: ©: 

| S = 45°, 
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.. the principal lines are the principal axes of all sections in this case. Let us 
now obtain the expressions for the lengths of the axes in any case. When the 
equation of any ellipse is in the form 


ana + Ay” + G33 + 241907 + 24132 + 20237 = 0, 


T i | A 
the squares of the semi-axes are given by — ——— and ——, where ; 
À Ags — AAs 
Gun x is 
A = | an Gp a Ale 
7 21 2 23 33 — 
A Ag 








Cs, sy gg 
dis = dy, etc., and a, and A, are the roots of 
2 — (an + ay) À + auan — ah = 0. 
In our case we get 
-32 (BE 0%) a? + 2BC A +22 (a? — BOY = 0, 
Æ = — (a — BOY, 

wohare y n BLOA 0B + OW MB OE IBS 
If we write 

m= (B + Oa? + 280 — a (B+ OW a (Bo OF FIBO, 
and  2%=(B+ Cr + 2B°O? + (B+ CO) 2 (B— OP + 4B, 


for the first focus x =v BC. 
Substituting this value of æ in the expressions for the two axes, we have 
= A — 0 
hda . 
We have | © 
A 22 (a? — BOY 


— lAs (B+ CO) a? +280 2 (B+ Oe (B— OF + ABC 


Soe : 0 
which is indeterminate, being of form —-. 


0 ; 
Differentiating numerator and denominator twice, and substituting x = vV BC, 
we obtain _ A (B +F 
: AA gs BC i 
or the length of the major axis is a the length of the minor axis being 
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zero. ‘The lengths of the sections at the foci are therefore in this case, viz. when 
the section at the centre is a circle of radius x, 
22 (B + C) aa 22(B + C) | 
y Pi | Pa 
we have dp = ot (xdi — Bdu) + dır (adu — Odi); 
at the foci = + VBC, 
s dt, = (V Cdt — v Bdu){N Boa — Cat, 
dit, = (V Cdt + v Bdu){s/ Bag + Vv Coe}. 
These are the focal lines, and it is interesting to observe that through each point 
- on the focal line two rays pass, namely, the two rays corresponding to the values 
of dt and du which we get from the two equations 
~ Cdt — V Bdu = constant, 
or i vV Odt -+ V Bdu= * 
- and Bde? + Od? =: 
for a ray passing through the first focus 
í v Cdt — v Bdu = 0, 





or - d xB 
du / CO 
Substituting in Bd? + Ode = x, we get the two pairs of values 
x x 
BE TOBLO) O E 
sue Cb me à Gah SE ee +, 
VCO(B+ C)’ \ B(B + 0) 


We may inquire where these rays cut the second focal line dt Substituting in 
dv, we get the lengths to lie 2x and — 2x. The case is then thus: 


9 


dr 





VOL, X. 
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To obtain the values of dt and du which give us the rays passing through the 
extremities of the focal lines, we have for dr, | 
~ Cddt — v Bôdu = 0 
and B'duôdu + Cdtôdt = 0, 
.& _ BVB . 
du O/C 
Substituting in Pd? + Cdi = x’, we get 
= J Bx Iu = xa/ O 
CNB+FC'"" B/B+C 
and Oe _ a/ Bx D xaf O 
aa a O ro pme 
For the other focal line | 


dt == 


V Côdt + v Bidu= 0 


and B'duddu + Cdtôdt = 0, 
. dt _ EVE 
du CC’: 
and substituting in Bdu’ + Cdf = x’, we get 
OV B+0’ ~~ BVB+C 
and [ae x B du = x CO 
Cv B + C' BVB+0 


` We thus see that the rays passing through the extremities of the focal lines do 
not coincide. Let us now find where the ray 


passing through the extremity of: dr, cuts dr}. We have for the distance of 
this point from the second focus 


~V B+ C(V Cdi +  Bdu). 

In this case we have this distance 
xn/ B a Ox _ B— 
JC(B+C) ZBO) ~* VBC 





Q 





VE FU! a 





B i \ E . 
Ni 

t course a whole family cf surfaces 

Te é equation of condition between # and u. 


Yan NN cacao 
ae hen S0,70,0 = S0,t067 the roots of equation (1), §1 are the same as those of 


(2), $2, and also those of (2), §1 the same as those of (3), §2. Therefore, in 

those systems whose rays are normals to a surface, the focal and principal planes 

coincide, as do also the foci and vertices. If in this case we choose any surface 

which cuts the rays normally, we have the’ distances of the foci from the initial 

point equal to the two principal radii of curvature, and also have the theorem _ 
r = 7, COS © +1 sin’. 


~ 


If we take the bundle of normals consecutive to the given normal, then we 
have seen that the perpendicular sections at the foci are in the direction-of the 
focal lines. Therefore all the normals consecutive to a given normal pass 
through two lines, one perpendicular to the normal at one principal centre of 
curvature and the other at the other, and also-since in this case the focal lines 
coincide with the principal lines, these two lines lie in the planes of principal 
section. In the case we are considering the principal and focal surfaces coincide’ 
and become the. surfaces treated by Monge, namely, the loci of the principal 
centres of curvature. For the lines of curvature of the normal surface we have 


g Srdrdp 0, 


since y is normal to the surface and this is the condition iut a consecutive 
normal cut the primitive one, but 


E a dp = do + mdr + da, 


~. condition is Srdodr = 0, and .. we have the theorem that the focal 
. lines give the directions of the lines of curvature on the surface. The 
-umbilics of a surface, or the points at which the normal is cut by all consecu- 
tive normal and consequently the two principal centres of curvature coincide, 
correspond to the initial point on-a principal ray in the general theory. Also in 

















rr a 
i “sa 
Z á dt = a a , u =~ z= y aces ee 
J B? + C? V BY + O 
x À 
ee ee = — IV 
C= — TRL &= pra 
For the points where I cuts the focal lines we have 
VB+ Of Cdi — V Bdut 
and VB + CIN Cat + SJ Baut, 
and substituting, we have 





VBE OC (VO VB) and Gas 


For the ratio of the lengths cut off on the focal lines by any ray we have, call- 
ing ò that on one and e that on other, 
ò- vV dt J Bdu 


en nar nm Path tr 


E WV Cdi+ v Bu 





| 87. 
Systems of Rays Normal to a Surface. 


Let p = 0 + ær, where œ is a function of ¢ and u, be the equation of any 
surface to which the rays are normal. Then we must have 
STop = 0 and STdup = 0, 


dp = 0,0 + ade + Z T, 


On: 
Ou? me OO + LOT + “Ou T, 


ð i 
Std, = ST — = = 0, since += — 1 and Srg = 0, 


oe GU 
STOp = Std,0 — a 0, 


Gorton: Line Congruences. 367 
the case considered the measure of density coincides exactly with Gauss’ measure 
of absolute curvature. Our formula for the measure of density becomes the 
reciprocal of the product of the distance of the point from the foci; in the case 
of normals, the measure of density at the initial point is the reciprocal of the 
product of the principal radii of curvature. 

e In conclusion I would state that the arrangement of this paper is like that 
of Kummer, and also that I am indebted to Dr. Story of the Johns Hopkins 
University for many valuable suggestions. 


Some Theorems concerning the Centre of Gravity. , 


By F. FRANKLIN. 


Lagrange’s two theorems on the centre of gravity may be expressed by the 


equations : 
Mm, (GA) = Emm, (AB), (1) 
Zm, (OA) = Xm, (GA) + M(OGY, (2) 
where G is the centre of gravity of the particles of mass ma, m,,.... situated 
at the points A, B,....and-M is the sum of the masses. These theorems 
admit of extensions, in which, instead of the distances GA, AB,:..., there 
appear the areas of the triangles GAB, ABC,.....; or the volumes of the . 
tetrahedra GABO, ABCD,....; and so on, in space of more than three 
dimensions. Namely, we have the series of relations | 
Mm, (GAY = Em, m, (ABF, | 
MIm mM, (GAB) = Emmm, (ABC), T. 


MSm,mym, (GABOŸ = Emam, (ABCDY, | 
ete. J 
Zm, (OA) = 3m, (GA) + M(OGY, 

Emmy (OAB? = Em,m, (GAB? + Mem, (OGAY, | 
Immm, (OABCŸ = zm, mm, (GABOŸ + MEmim, (OGABY, | 
etc. | J 

These theorems may be proved almost instantaneously. I shall give the proof 
for the case of triangles, any other case being obviously demonstrable in the 
same way. 

I. Let the origin of coordinates be the centre of gravity, and consider 
the matrices | 


MaYa MY MY MaYas s.. 
Maka MyZy Mie M aka CCC 


Ya Yo Ye Yass». 


1 1 1 hu. 
? 
Ba m B Byrveee 


Ma M Me Ma +... 
? 





6: 
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and the similar pairs of matrices in z, œ and x, y. The sum of the products of 
corresponding determinants in these matrices is evidently 4m,m,m,(ABC)’. 
On the other hand, multiplying the pair of matrices above written, we get " 


M o , 0 , 


0, EM Ya > EM Ya 
.0e, ZM Yaar LM ghia ; 


Mala» WhyZy Whey ee os Hay Bb) Bajer’ 


Yas Yo» ka 








Now, since Œ is the origin, the determinant - A [i twice sthe projection, on 
a b ` 





the plane of yz, of the triangle GAB; hence the sum of the products of corres- 
ponding determinants in the last-written pair of matrices and in the similar pairs 
in z, x and w, y is 4AMEmm,(GABŸ. Therefore 


MEm,m, (GABF = Zm, m,m, (ABCY. 


I. Let the origin be at any point O; let the coordinates of G be x, y, 2; 
let those of A be & + x,, Y + Yas Z F Za, ete. Then on the one hand 


Ma (Y + Ya), m, (y + yp); m, (Y + Ye), w , Y + Yas YY, YF Yes CE RA 
Ma (Z + za), My (2 Ta) M, (2 + %), he a Fee +; 2 F Zes a eie 


added to the two similar products, gives 45m,m,(OAB)*. On the other hand, if 
we apply the process for the multiplication of matrices, and bear in mind that 
Emi = 0, Em = 0, it is plain that the product of the above two matrices is 
equivalent to that of the two following : 








Ys Yas Ys Yo) RE 


By hay Rs By y By Bey wees 





MYI MeaYar MoY, MY MY, MYor +++ 
} 





And the product of these, added to the two similar products, evidently gives 
4{ Smm (GAB) + Mam, (OGA)}. Hence 


Sm,m, (OABY = Smm, (GABF + MSm,(OGAY. 


: Any theorem under I is a sufficiently obvious corollary of the correspond- 


‘ing theorem under IT; but it seemed worth while to give an independent proof 


of the former. The method of that proof gives rise also to a theorem con- 
cerning the principal moments of a system at the centre of gravity which seems 
not without interest: If, besides taking the origin at the centre of gravity, we 
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take for axes of coordinates, the principal axes of the system of particles, oe 
multiplication of the matrices 


Ma s My M, Mı pesee 1,1,1,.1,.... | 
Malas Mly, Mile, Mala, eoe. Dar Wye ng Rares 

MaYar MoYo: MeUers MaYas + + +. | Yas Yor Yes Yare.. l 

Maas Moos Mies, Maire». Zas Bos Bey Saye ees ° 


gives the equation 
Ms x5, Sma Yi. ~~" = 362m,m,m,m, (AB CDY. 

Treating in the same way the similar pairs of matrices with three and two 
rows respectively, and writing 

Ima = A, Imak = B', Img = O, 

Smm (ABY =5,, 25mm m, (ABOŸ = 33, &Sm,m,m,m, (AB ODY = Da 
we have | i | 
M(A' + B+ 0)=5,, M(B'O + O'A + AB) = 35, MA'B'0'=5,, 
so that 4”, B’, C’ are the roots of the-equation 
Ma? — >A? + 3,4 — B= 0. 

Thus the principal moments at the centre of gravity are determined in terms of 


the masses and mutual distances of the particles. .Of course a similar Paion 


holds for any number of dimensions. 
The moments of inertia themselves are B'+ 0’, C!+ A’, A! + B’, and 
the equation of which these are the roots is 


Ms — 2M Sa! + (23 + MS) u — (Z2 — MZ) = 0. 


